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PREDICTIVE ONLINE OPTIMISATION WITH APPLICATIONS
TO OPTICAL FLOW

Tuomo Valkonen*

Abstract  Online optimisation revolves around new data being introduced into a problem while
it is still being solved; think of deep learning as more training samples become available. We adapt
the idea to dynamic inverse problems such as video processing with optical flow. We introduce
a corresponding predictive online primal-dual proximal splitting method. The video frames now
exactly correspond to the algorithm iterations. A user-prescribed predictor describes the evolution
of the primal variable. To prove convergence we need a predictor for the dual variable based on
(proximal) gradient flow. This affects the model that the method asymptotically minimises. We
show that for inverse problems the effect is, essentially, to construct a new dynamic regulariser
based on infimal convolution of the static regularisers with the temporal coupling. We finish by
demonstrating excellent real-time performance of our method in computational image stabilisation
and convergence in terms of regularisation theory.

1 INTRODUCTION

On Hilbert spaces X and Yy, (k € N), consider the formal problem

(11) min Z Fr(xX) + G (Kpx®) st xF1 = Ap(x5),
k=1

xLx2,...

where Fi : Xj — R and Gy : Y. — R are convex, proper, and lower semicontinuous, Ki € L (Xj; Yx)
is linear and bounded, and the temporal coupling operators Ay : Xi — Xi41. One may think of
min(Fy + Gi o Ki) as a problem we want to solve on each time instant k, knowing that the solutions
of these problems are coupled via the environment acting through A. For example, Ay can describe
the true movement of objects in a scene, that we cannot control, and do not necessarily know. This
problem is clearly challenging; even its solutions are generally well-defined only asymptotically.

Instead of trying to solve (1.1) exactly, what if we take only one step of an optimisation algorithm on
each partial problem

(12) min Ji (xe) := Fi(x*) + Ge(Kiex),

xR eXy

and use an approximation Ay : Xy — X1, called the predictor, of the unknown Ay to transfer iterates
between the steps? Can we obtain convergence in an asymptotic sense, and to what? We set out to
study these questions, in particular to develop a predictive “online” primal-dual method.
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Our simple model problem is image sequence denoising: we are given noisy images {b*}rey in
the space’ X = L2(Q) on the two-dimensional domain Q C R?, and bijective displacement fields
oF : Q — Q such that the images roughly satisfy the optical flow constraint b**' ~ A (b*) for
Ar(x) := x o v*. For an introduction to optical flow, we refer to [5]. The static problem (1.2) is the
isotropic total variation denoising

1 k2
1. min —||x - b + a||Dx|| m,
(13) min = llx = b1 + @llDxl v

where a > 0 is a regularisation parameter and D a measure-valued differential operator. In the dynamic
case we would like the approximate solutions {x*}cy to also satisfy x**' ~ Ar(x*). In principle, we
could for the first N frames for some penalisation parameter § > 0 solve

N
| 1 p
min > (5||x’< = VNI +allDxF|pe + S I - Ak<x'<>||§<) ,

xl,.. . xNHlex

or a version that linearises Ag. However, when the number of frames N is high, these problems become
numerically increasingly challenging. Also, if we want to solve the problem for N + 1 frames, we
may need to do the same amount of work again, depending on how well our algorithm can “restart”.
Primal-dual methods in particular tend to be very sensitive to initialisation.

An alternative is to try to solve the problem in an “online” fashion, building the gradually changing
data into the algorithm design [38]. We refer to [19, 6, 25] for introductions and further references
to online methods in machine learning. Online Newton methods have also been studied for smooth
PDE-constrained optimisation [8, 17]. Our approach has more in common with machine learning
and nonsmooth optimisation. From this point of view, basic online methods seek a low regret for a
dynamic solution sequence compared to a fixed solution. With the notation x*V := (x%,...,xV), for
any comparison set B C X, where we expect the true solution to lie, we define the regret as

N
regret, (x"™N) := sup Z (]k(xk) —Jk(ff)) .

xeB 15

This does not model the temporal nature of our problem, so in [18] dynamic regret is introduced. For a
comparison set By.ny C ]_[fj: , Xi of potential true solutions, it reads

N
(1.4) dynamic_regretg (x"N) = sup Z (]k () = Jk (fk)) .

J_CI:NEBLN =1
For example, we can take
(15) Bin ={(&,...,xN) | 2% € By, 1 = A (x5, k=0,.... N-1}

for some By C Xj, where we expect the initial true x° to lie, and the true temporal coupling operators
Ay : Xg = Xiy1. For the optical flow problem, (1.5) would read

Bin={(x’0d,...,x%00,0---0dy) | #° € By}

'The total variation term in (1.3) in principle requires x € BV(Q), the space of functions of bounded variation on Q. This
is not a Hilbert space, but merely a Banach space, where our overall setup (1.1) does not to apply. However, due to the
weak(-*) lower semicontinuity of convex functionals, any minimiser of (1.3) necessarily lies in L2(Q) NBV(Q), so we are
justified in working in the Hilbert space X = L2(Q), and seeing BV(Q) as a constraint imposed by the total variation
term.
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for some true displacement fields ;. and a set B, containing the initial non-corrupted frame x¥°. Thus
By.N consists of all potential “true” frames . xN generated from all potential initial %0 by the
true displacement fields. When the dynamic regret (1.4) is below zero, the algorithmic iterates x*V fit
the data and total variation regularisation of (1.3) better than all ¥V € B,.n,, but may not satisfy the
constraint x*N = (x®00y,...,x% 00; 0 - - 0vy) for any displacement fields v. Specific algorithms may
additionally seek to approximately satisfy this constraint for some measured or estimated displacement
fields ovg.

The idea now would be to obtain a low dynamic regret by some strategy. One possibility is what we
already mentioned: take one step of an optimisation method towards a minimiser of each J, and then
use Ay to predict an approximate solution for the next problem. Repeat. In this approach, data frames
exactly correspond to algorithm iterations. The strategy of very inexact solutions is motivated by the
fact that neural networks can be effective—not get stuck in local optima—because subproblems are not
solved exactly [9]. A different type of applications with only intermittent sampling is studied in [2, 27]

In Section 2 we we prove low dynamic regret for predictive forward-backward splitting, in line with
the literature [18, 36]. This serves to introduce concepts and ideas for our main interest: primal-dual
methods. Indeed, forward-backward splitting is poorly applicable to (1.3): the proximal step is just as
expensive as the original problem. It is more effective on the dual problem, however, we are given
a primal predictor Ay. Moreover, purely dual formulations are not feasible for deblurring and more
complex inverse problems. A solution is to work with primal-dual formulations of the static problems

(1.2),

(1.6) min max F(x) + (Kix, y) — G, ().

x€Xy yGYk
Here G| is the Fenchel conjugate of Gi. A popular method for this type of problems is the primal-dual
proximal splitting (PDPS) of Chambolle and Pock [11]. We refer to [31] for an overview of variants,
alternatives, and extensions to non-convex problems.

MAIN CONTRIBUTIONS

We develop in Section 4 a predictive online PDPS for (1.1). For the primal variable we use the user-
prescribed predictor Ay : X — X1, but for the dual variable the regret theory imposes a more
technical predictor. This forms the main challenge of our work. To prepare for this, we introduce in
Section 3 appropriate partial primal gap functionals to replace the dynamic regret (1.4), not applicable
to primal-dual methods.

We finish in Section 5 with computational image stabilisation based on optical flow and online
optimisation. We obtain real-time performance and show convergence of the algorithmic solutions in
terms of regularisation theory [15] as the noise level decreases. Before this we introduce notation.

NOTATION

We write x™™ = (x",...,x™) with n < m, and x™ = (x",x™,...). We slice a set B C HZ":O X
as Bum = {x"™ | x"° € B} and B, = Bp.,. We write L(X;Y) for the set of bounded linear
operators between (Hilbert) spaces X and Y, and Id € L(X;X) for the identity operator. We write
(x, yIm = (Mx, y) for M € L(X;X) and, if M is positive semi-definite, also ||x||p = v/{x, x)um-

We write M > 0 if M is positive semidefinite and M ~ N if (Mx, x) = (Nx, x) for all x.

Forany A c X and x € X we set (A, x) = {{(z,x) | z € A}. We write 4 for the {0, co}-valued
indicator function of A. For any B C R (in particular B = (A, x)), we use the notation B > 0 to mean
that ¢t > 0 for all t € B.

For F : X — (—o0,], we write domF := {x € X | F(x) < oo} for the effective domain. With
R := [0, 00] the set of extended reals, we call F : X — R proper if F > —oo and dom F # . Let
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Manuscript, 2020-02-07 (revised 2020-08-03) page 4 of 34

then F be convex. We write oF (x) for the subdifferential at x and (for additionally proper and lower
semicontinuous F)

1
proxy(x) := argmin F(x) + E||5c —x||* = (Id+0F) ! (x)
xeX

for the proximal map. We recall that F is strongly subdifferentiable at x with the factor y > 0 if

F(X) - F(x) 2 (2,5 —x) + gn;z “x|? forall zeaF(x)and% € X.

In Hilbert spaces this is equivalent to strong convexity with the same factor.
Finally, for f € LY(Q;R"), we write || |54 := ”§ - ||f(§)||p||Lq(Q) .

2 PREDICTIVE ONLINE FORWARD-BACKWARD SPLITTING

We review predictive online forward-backward splitting (POFB) for (1.1) with Ky = Id. This is useful to
explain online methods in general and to motivate our proofs and the dual comparison sequence for
the online PDPS. We recall that given a step length parameter 7 > 0, forward-backward splitting for
min[F + G] iterates

x* = prox,  (xF — 7VF(xF)).

We present a predictive online version in Algorithm 2.1. To study it, we work with:

Assumption 2.1. For all k > 1: F, G : Xi — R are convex, proper, and lower semicontinuous on a
Hilbert space Xj. VFy exists and is Li-Lipschitz. We write Ji := F + Gy and yF,, Y5, > 0 for the factors
of (strong) subdifferentiability of Fr and G. We suppose for some step length parameters 7x > 0 and
some i € (0,1] that
(2.1) 0<yx:= {YGk YR e T 0’- . .

YGi> YF, = 0 in which case we require 7Ly < (k.

We are also given predictors Ag : Xi — Xj4 and a bounded comparison set 8 C [];_, Xi of
potential true solutions. They satisfy for some (Lipschitz-like) factor Ay and prediction error i, the
prediction bound

1 A .
(2.2) EllAk(xk) - 2)? < 7k||xk — P +an (" eB keN).

Remark 2.2. Typically 8 is given as in (1.5) by some true (unknown) temporal coupling operators
Ay : Xg = Xi,1 that the (known) predictors Ag approximate. Then (2.2) reads

1 o Ag _
A () = AP < St = 22 4 e

If we knew that Ay = Ay, and the operator were Lipschitz, we could take Ay as the Lipschitz factor and
the prediction error ¢4 = 0. Typically, however, we would not know the true temporal coupling—or
would know it only up to measurement noise—so need the prediction errors to model this lack of
knowledge or noise.

We need to develop regret theory for Algorithm 2.1. We recall the following smoothness three-point
inequalities found in, e.g., [30, Appendix B] and [14, Chapter 7].

T. Valkonen Predictive online optimisation



Manuscript, 2020-02-07 (revised 2020-08-03) page 5 of 34

Algorithm 2.1 Predictive online forward-backward splitting (POFB)

Require: For all k € N, on Hilbert spaces X, a primal predictor A : Xy — X1 and convex, proper,
lower semicontinuous Fi41, Gi41 : Xk+1 — R such that Gg,q has Lipschitz gradient. Step length
parameters 7x4; > 0.

1= Pick an initial iterate x° € Xj.

2: for k € N do

3 2K = Ap(xF) > prediction
4 Xk = prox, c,.. (25 = 141 VEj (Z51)) > forward-backward step
5: end for

Lemma 2.3. Suppose F : X — R is convex, proper, and lower semicontinuous, and has L-Lipschitz gradient.

Then

(2.3)

(VF(z),x —x) > F(x) — F(x) — §||x—z||2 (%,z,x € X).

If F is, moreover, y-strongly convex, then for any > 0,

(2.4)

1
-2 2 —
[l = x[I” = Zllx = zlI"  (x,2,x € X).

(VF(z),x — %) > F(x) = F(x) + T

Lemma 2.4. Suppose Assumption 2.1 holds. Then, for any k € N,

_ - k _ k
(9G() + V() 6k = 59 2 () = Jee) # ok = 2 = S - 24

Proof. If yp, = 0, (2.3) in Lemma 2.3 with the (strong) subdifferentiability of Gy yield

_ _ YG _ Ly
3Gk (x*) + VF(2F), x* = 35y > Jo(xF) = Je(2F) + Tkllxk - xF)1% - ?lek —2F|1%.

Due to (2.1) and Assumption 2.1 ensuring 7xLx < {k, this gives the claim in the case yp,_ = 0.
Ifyp, > 0,by (2.4) for = ¢ 17, and the (strong) subdifferentiability of G,

(3G (x*) + VE (%), x* = 2%) > Jo(xF) = Je(#9)

-1 2
YGr + YR — O Tkl ko ooknz Sk uk ky2
+ - ok = P = 2 = 2

This gives the claim by the case yp, > 0 of (2.1). O

We now have the tools to study regret. The sets B,y in the following results would typically be given
by (1.5) through some true temporal coupling operators Ay : Xi — Xi41. The “testing parameters” ¢y
can be used to derive regret rates from the regularity of the problem. We explain them in the corollary
and remark to follow.

Theorem 2.5. Suppose Assumption 2.1 holds and some testing parameters {@x }ren C R satisfy ors <
k(1 + yrm) AL forallk =0,...,N — 1. Let x N generated by Algorithm 2.1 for an x° € X,. Then

(25)

wp S e L) () +ZMM B A ()

xlNGB“\] k=1

(Po(l"'}’ol'o) _
e
x0eB, 2
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Proof. We can write Algorithm 2.1 implicitly as
(2.6) 0 € e[0GK(xF) + VEL.(Z)] + (x* = 2) (k=1...,N)

where 281 = Ap(xF) for k = 0,..., N — 1. Following the testing methodology of [30, 14], we take any
7~ e X and apply the linear * testmg operator” ¢i( +, x* — XY to both sides of (2.6). Following with
Lemma 2.4, this yields

@7 02 gt -k -y BIEE b k- Bk P g (k=1 N)

for
G = pere () — Ju(#)] + 228 ke
We recall the Pythagoras’ identity or three-point formula
¢9) ek = 2wk = 2Ky =k R 2k

Hence (2.7) yields

Pk i} @ (1+ Tyk) _
7||Zk o i [ Tllxk -3 P+ G (k=1,...,N).

Now taking ¥V € B,y and using the prediction bound (2.2) followed by @i Ar < @r(1+ yTk), We
obtain

k(1+ yiti) _
4 Vi ”Xk _xk”2

1+ T)
_ Pres1 (1 + Vi1 Tesr) ||xk+1 _ ik+1|l2

2 +gk+1 (k:O,...,N—l).

+ Qr+1€k+1 2

Now we just sum over k = 0, ..., N — 1 and take the supremum over N e By O

The next corollary, obtained with ¢, = 1 and constant 7 = 7, is similar to [18, Theorem 4] in the case
1+ yxT = A, i.e., when any available strong convexity balances the non-expansivity-like Ay > 1in the
prediction bound (2.2). Often in the online optimisation literature, regret, (x%..., N ) < CVN. The
growing regret bound can arise from violating this step length condition or from the penalties Zlkvz 1 €k
in the prediction bound (2.2). For our purposes, bounding the regret in terms of the initialisation and
the prediction bounds is enough.

Corollary 2.6. Suppose Assumption 2.1 holds with 7. = T and 1+ y,7 > Ay forallk =0,...,N —1. Let
N generated by Algorithm 2.1 for an initial x° € X. Then

. 1 N §k+1 k+1 kyji2 [lx® =% &k
dynamic_regretg (x,. )+ Z [[x"7 = A (x©) || < xoeg W + kzz; <
Remark 2.7 (Weighted dynamic regret). Suppose 1+ yx7x > Ag. Then {¢i}ren can increase while
satisfying ¢r+1 < op(1+ ykrk)Agl. If infy 7 > 0, then (2.5) places more importance on Ji for large k:
we regret early iterates less than recent. If 12’;—’;:" > ¢ > 1and g; = ck¢y, this growth in importance is
exponential, comparable to linear convergence on static problems; cf. [30]. With F; = 0 it is even
possible to take 7 — 0o and obtain superexponential growth (superlinear convergence).

If, on the other hand 1+ y 7 < Ay, then the condition @ry < @r(1+ yka)A;1 forces {¢k }ken to
be decreasing. We therefore regret bad early iterates more than the recent. In the context of static
optimisation problems, we are in the region of non-convergence or at most slow sub-O(1/N) rates.

T. Valkonen Predictive online optimisation
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3 PARTIAL GAP FUNCTIONALS

We start our development of a primal-dual method by deriving meaningful measures of regret. We
cannot in general obtain estimates on conventional duality gaps or on iterates, so need alternative
criteria. Throughout this section F : X — R and G : Y — R are convex, proper, and lower semicontin-
uous, and K € L(X;Y) on Hilbert spaces X and Y. We write £L(x, y) := F(x) + (Kx, y) — G*(y) for the
corresponding Lagrangian. We recall that the first-order primal-dual optimality conditions for

min F(x) + G(Kx) equiv. minmax L(x,y)
x€X xeX yeY

are
(3.1) —-Ky € 9F(x) and K'x € aG™(p).

We call such a pair (%, y) a critical point.

3.1 COMMON GAP FUNCTIONALS
By the Fenchel-Young inequality applied to T(x, y) := F(x) + G*(y), the duality gap
G(x,y) = [F(x) + G(Kx)] + [F"(-K"y) + G*(y)] = 0,
and is zero if and only if (3.1) holds. We can expand
G(x,y)= sup (L(x,y) - L(x).

(%,y)eXXY

This motivates the Lagrangian duality gap
G*(x,y:x.3) = L(x.7) = L&, ).

It is non-negative if (%, y) is a critical point, but may be zero even if (x, y) is not.
Since the Lagrangian duality gap is a relatively weak measure of optimality, and the true duality
gap may not converge (fast), we define for bounded B c X X Y the partial duality gap

Ge(x,y) = sup [L(x,7) - L(x y)].

(x.7)€B

This is non-negative if B contains a critical point and equals the true duality gap G if B=X X Y. The
partial gap converges ergodically for the basic unaccelerated PDPS [11].

3.2 PARTIAL PRIMAL GAPS

If we are not interested in the dual variable, we can define the partial primal gap

(3.2) Gs(x) = sup inf GZ(x,y;%, 7).
(x,y)eBYEY
We now try to interpret it.

Lemma3.a. LetF : X — RandG:Y — R be convex, proper, and lower semicontinuous, andK € L(X;Y).
PickBc X X Y. Then

(33) Gs(x) = [F+GoK](x) - inf [F+GoK](®)

for

(3.4) G(y) = sup (. 9) -G (9) - Js(%, 7)) — J5(0,0) and
xeX,ye

JB(%,y) = F(x) + G(KX) + 6p(%, J).

T. Valkonen Predictive online optimisation
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Proof. We have

inf GZ(x, y;%,7) = L(x,7) —sup L(%,y)
yGY er

= F(x) + (Kx, 7) —= G*(§) - [F + G 0 K](%).

Thus X
Gs(x) =F(x) + sup Y((Kx, y) =G (9) — [F+G o K](x) — 35(%, y))
xeX,ye
S PG+ sup (Kn5) =67 (5) = Ja(x.9)) = FG0) + G(K) + J5(0,0).
xeX,ye
Since J;(0,0) = —inf (4 ) eg[F + G o K| (), this establishes the claim. O

Example 3.2. If B = Bx X Y for some Bx C X, then Jg(x, y) does not depend on y so that we obtain
G = G. Thus the partial primal gap reduces to a standard difference of function values,

Gpyxy(x) = [F+G o K](x) - inf [F+GoK](%).

If now Bx contains a minimiser of F + G o K, this difference is non-negative.

This example gives an indication towards the meaningfulness of the partial primal gap. In particular,
if we take a smaller set B than in the example, we can expect G (x) to attain smaller values. It may be
negative even if Bx contains a minimiser of F + G o K. This is akin to the regret functionals from the
Introduction. Indeed, we will use the partial primal gap as the basis for a marginalised primal regret
that “fails to regret” what F + G o K < F + G o K cannot measure.

In the applications of Section 5, G(y',..., yN) = Zszl a||Dyf||M, compare (1.3), and B is a primal-
dual extension U.n of Bi.n from (1.5). The construction of G convolves the static total variation
regulariser G with the temporally coupled objective Jq,, . The effect is to produce a new dynamic
regulariser, alternative to [21, 35, 24, 23, 12, 26, 34]. The following instructive proposition elucidates
how this works in general. However, the convexity assumption on B is not satisfied by U;.n. We write
E O E for the infimal convolution of E, E : X — R.

Proposition 3.3. Suppose B is closed, convex, and nonempty, and both G and Jg are coercive. Then
G(y) = inf (G(y' = 5)+ J5(0.5) = J;(0.0)).

Proof. We recall that (EQE)* = E* + E* for proper E, E : X — R [3, Proposition 13.21]. The infimal
convolution E O E is convex, proper, and lower semicontinuous when E and E also are, E is coercive,
and E is bounded from below [3, Propositions 12.14]. Since then (EQE)* = EOE, we obtain EOE =
(E* + E)".
By the convexity of B, Jg = J;*. The coercivity of Jp implies that J; is bounded from below.* Since
G is coercive, taking E(x, y) = G(y) + d(0}(x) and E= Jg, we get
G(y)= sup ((¥,3)—G'(9) —J5 (% 3) - J5(0,0)
xeX,yeY

= ([(x,3) = G*(3)]" 0 Jp)(0,y") = J5(0,0)

= ([(%,7) = G(3) + 610} ()] T Jp)(0, ") — J5(0,0)

= inf (G(y' = 7) +J5(0.5) - J5(0.0)) . D

2Any coercive, convex, proper, lower semicontinuous function E : X — R has a minimiser %. By the Fermat principle
0 € 9E(x). Thus % € 9E*(0), which says exactly that E* > E*(0).

T. Valkonen Predictive online optimisation
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Example 3.4. Take B = Bx X By for some convex and closed By € X and By C Y. Then Proposition 3.3
gives G(y') = (GO 83, )(¥):
In particular,let G = a|| + ||y for some @ > 0 and By = B(9,p) :={y € Y | ||ly—J|ly < p} for some

“expected solution”  and “confidence” p > 0. Then G(y’) = (G* + 8g,)*(y’) = 52(0,0()03(37,;,)()/’)-

If |§lly = @ and p < a, this means that G will not penalise points y’ = Kx with (y’, §) < 0. We
might interpret this as follows: since we are highly confident (small p) that Kx o« j for an optimal
x, we are not even interested in studying dual variables that point in the opposite direction. If K
were additionally a (discretised) gradient operator, as for total variation regularisation, roughly
speaking this would say that we are not interested in studying gradients that point away from the
expected gradient.

More generally, we can construct an infimal convolution lower bound with respect to the set of
primal-dual minimisers of J. The coercivity assumption in the next lemma is fulfilled for F the squared
distance or B bounded, both of which will be the case for the optical flow example.

Proposition 3.5. Let F : X — R andG : Y — R be convex, proper, and lower semicontinuous, and
K € L(X;Y). Pick a closed subset B C X XY and suppose Jp constructed from these components is coercive.
Let

Bi={(x7) €B|n(x7) =infJs} and By:=1{7] (%3 B}
Then G defined in (3.4) satisfies G > (G* + d5,)"

Proof. Since Jg is coercive, lower semicontinuous, and bounded from below, Bis non-empty. Since
inf Jg = —J;(0,0), we calculate

Gy z sup ((y.9) -G () - Js(%,9)) = J5(0,0)
(%,9)€B
= sup ((,9) -G (9) = (G"+53)"(y"). O
yeBy

Remark 3.6. If By is convex, then 6, = O'; for the support function oy . As this is convex, and lower
Y
semicontinuous, we get that G > GO Of,-
We always have G < G since — J5(0,0) < Jp(%, 7). The following establishes a lower bound on Gin

the our typical case of interest, with G a seminorm. It does not help interpret G, but will be sufficient
for developing regularisation theory in Section 5.

Lemma 3.7. Let F : X — R be convex, proper, and lower semicontinuous, and let G = 8y, be the support
function of a closed convex set By C Y. Pick B C X x By. Then G as defined in (3.4) satisfies G > —G(—+).

Proof. (%, y) € dom J implies y € By, hence G*(y) = dp, () = 0. Thus
G(y)= sup ((¥.9) - Js(x 7))~ J5(0,0)
xeX,yeY

> inf (y,y)+ sup (-Jp(%,3)) - J5(0,0)
(x,y)€B xeX,yeY

> inf (y,§) = -85 (-y') =-G(-y). O
ylgByw V) By (—Y") (=)
4 PREDICTIVE ONLINE PRIMAL-DUAL PROXIMAL SPLITTING

We now develop for (1.1) a predictive online version of the primal-dual proximal splitting (PDPS) of
[11]. The structure is presented in Algorithm 4.1; our remaining work here consists of developing rules

T. Valkonen Predictive online optimisation
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Algorithm 4.1 Predictive online primal-dual proximal splitting (POPD)

Require: For all k € N, on Hilbert spaces X and Y, convex, proper, lower semicontinuous Fj; :
Xiyy — R and GZH, GI’:H : Ve — R, predictors Ay : X — Xg4 and By : Yy — Yiy, and
Kis1 € L(Xgy1; Yerr)- Step length parameters 7y11, Og41, Ok+1 > 0.

1 Pick initial iterates x° € Xj and y° € .

2: for k € Ndo

3: = Ap(xF) > primal prediction
& v+ = prox ey (Be(¥*) + 6x41Ki s &) > dual prediction
5 xXMi=prox, p (8 - Ky uF) > primal step
6: yk*1 .= prox 0k+1G,*cH(Uk+l + O Kpear (2xH1 — k41 > dual step
7: end for

for the step length parameters 741, 0k+1, and 64 such that a low regret, for a suitable form of regret,
is obtained. Algorithm 4.1 consists of primal and dual steps (Lines 5 and 6) that are analogous to the
standard PDPS. Those are preceded by primal and dual prediction steps (Lines 3 and 4). The primal
prediction is basic, based on the user-prescribed predictor A, but the dual prediction is somewhat more
involved, imposed by a our regret theory. In particular, it involves the somewhat arbitrary functions
Gr1-

4.1 ASSUMPTIONS AND DEFINITIONS

To develop the regret theory, with the general notation u = (x, y), uk = (xk, yk), etc., we work with
the following setup:

Assumption 4.1. For all k > 1, on Hilbert spaces Xj and Y, we assume to be given:
(i) convex, proper, and lower semicontinuous functions Fj : X — R and Gz Y — R, as well as
Ky € H_(Xk; Yk).
(ii) Primal and dual step length parameters 7, o > 0.
(iii) Primal and dual predictors Ay : Xy — Xi41 and By : Yy — Vi1
(iv) Some py.1-strongly convex, proper, and lower semicontinuous GZH : Yiy1 — R and parameters
Ok4+1 > 0.
Further, we assume:
(v) to be given a bounded set of primal-dual comparison sequences

U c {ao“"’ € Ty Xi % Yi

Sk _ cktl , ~ —k+1
e _prOXc}kHé*H(y "+ 01 Kien X°7)
for some 75*! =: (@) € Vi, VE > 0

with which we define the set of primal comparison sequences as

B .= {X.O:oo | aO:oo c 7/{}

(vi) for some (Lipschitz-like) factors Ag, ©x > 0 and prediction penalties g1, Ex+1 € R the primal and
dual prediction bounds

1 Ky k)2 Ak k k2
(4.1a) EllAk(x ) =%y, < 7||x - x"|lx, + €& and

1 . O _ ~ _0:00
(4.1b) SIB(yS) = 5, < Y = 51 +fen @ € U kEN),

where U and 7**! are as in (v), and (x*, y¥) are generated by Algorithm 4.1.
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Remark 4.2. Assumption 4.1(v) and (vi) are not directly needed for formulating Algorithm 4.1. They
are needed to develop the regret theory. The Lipschitz-like constants Ay and O will, however, appear
in the step length rules that we develop.

In a typical case x¥*! = A () and §**' = Br(7*) for some true (unknown) temporal coupling

operators Ay and By, that the (known) predictors A, and By approximate. Then (4.1) reads

1 N S » Ak ok
5||Ak(x ) — Ap(x )||§<k+1 < 7||x - X ||§(k + &k and

1 _ O B -
SIBe(y") = Be(7O)5,,, < S Iy" = 515, + & (kEN)

where the comparison points ¥ and 7* are given through the recurrences **' = Ax(x%) and y**! =
prox; & (Bi( 75) + 641K 112541, It may be easiest to omit the recurrences and prove the inequalities
k+1

for any comparison points ¥ and 7*. If we had Ay = Ay and By = By, and these operators were Lipschitz,
we could take Ay and Oy as the corresponding Lipschitz factors and the prediction errors ex4q = 41 = 0.
Typically we would not know the true temporal coupling—or would know it only up to measurement
noise—so need the prediction errors to model this lack of knowledge or noise.

Example 4.3. We can always take, and in practise take, éz a=Gi, L 2l - ||§,k+l.
We now define for all k > 1 the monotone operator? Hi : Xi X Yr =3 Xi X Y and the linear
preconditioned My € L(Xy X Yi; Xi X Yi) as

OFi(x) + Ky

(42) Hi(w) = (aG*( B
k

1 o
) and M = (Tk ld K )

—Kj O'Izl Id

Then 0 € Hy(it¥) encodes the primal-dual optimality conditions (3.1) for the static problem (1.6) while
Algorithm 4.1 can be written in implicit form as

(4-3) 0 € He(u*) + Mc(u* - 25) (k> 1)
for

Ag(x)

s k> 0).
prox&kHGZH(Bk(y)+0'k+1Kk+1Ak(x)) (k> 0)

(44) 2= (L0 = 5e(wh), Sew) = (
We now derive regret estimates based on the partial primal gaps of Section 3.

4.2 A GENERAL REGRET ESTIMATE

We need the following strong non-expansivity from the dual predictor. The result is standard, but
difficult to find explicitly stated in the literature for y > 0:

Lemma 4.4. On a Hilbert space X, suppose F : X — R is convex, proper, and y-strongly subdifferentiable.
Then proxp is (1+ y)-strongly non-expansive:

(1+y)|l proxg(x) — proxF(fc)Hg( < (proxp(x) — proxp(x),x —=x) (x,x € X).

Proof. Let y := proxp(x). By definition, y + ¢ = x and j + ¢ = X for some q € dF(y) and § € IF(y).
Since JF is y-strongly monotone, {(q — ¢,y — y) > y|ly — y||>. Thus

A+lly -l =(y-gx-x=(g=-@) +ylly = JII° < (y — . x - %). O

3The double arrow signifies that the map is set-valued.
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The next lemma derives basic step length conditions, which we will further develop in Section 4.3,
from basic properties of the linear preconditioner My and an overall primal-dual prediction bound
analogous to (4.1). The “testing” parameters ¢, ¥k, fx > 0 model the respective primal, dual, and
joint (e.g., gap) convergence or regret rates. They are coupled via (4.5a) to the step length parameters.
Any one of these parameters is superfluous given the others, but all are included for notational and
conceptual convenience. The testing parameters are not directly required in Algorithm 2.1, but will
serve to study “regret rates”.

Lemma 4.5. Suppose Assumption 4.1 holds. Fix k € N and assume for some k € (0,1) and testing
parameters 1, @, Yx > 0, the step length conditions

(4.52) Nk = QkTk = YiOk, (primal-dual coupling)
®k’7k+15';;2 1

5b 1 > a2 -6l imal predictor restricti

(4.5b) Pht1 Z o2 U+ o 200m o (proximal predictor restriction)
Pkt ok || Kk || : .

. 1+ > Ay + , I met dat d
(4.5¢) Ok (1+ ykth) 2 Qi =) (1 + oepn) (primal metric update) an
(4.5d) 1> 1ok || Kl (metric positivity).

Let
_ Yk Id ZKZ
(4.6) Tk = nk (—2Kk pcld)

Then ni My, is self-adjoint and positive semidefinite, My + I} is positive semidefinite, and we have the
overall prediction bound

K(1+ oxpi) Vi -
——— &k

1 k+1 _ —k+1y2
25 ==
20

@7 5 “

1
<5||xk—;z (k=0,...,N-1).

2
NetMis = My, T Phea1ék1

Proof. Using (4.52) and Young’s inequality, we expand and estimate

_eeld —meK) ok Id—nfy KiK. 0
(4.8) UkMk—(_UkKk sld ) > ‘ ol

Thus 1My is self-adjoint due to (4.52) and positive semidefinite due to (4.5d) and (4.5a). It follows,
using Young’s inequality, that

(4.9) MM + T} ~ (

2
@k(l + Yka) Id _’]kKZ ) > @k(l + )/ka) Id —mKZKk 0 .
—NiKi Yie(1+ proy) 1d 0 0

Thus ng My + I}, is positive semidefinite by (4.5¢) and (4.52).
We still need to prove (4.7). Writing (&5+1, vk*1) .= 2K+1 = §; (uF), we have

1 ok Pr+1 ok Vit a1k
(4.10) S =B, = T A ) — B B et — g
— kst <Kk+1(§k+l _ J_Ckﬂ), Uk+1 _ )—)k+1>
as well as
Lok o+ yeme) ok ke, Yk prok) g
(411 Sl = TN g, = P kg2 g PRET RO e

— (K (xF = 75, yF — 5.
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Since ékﬂ is (Pr+1-strongly) convex, by Lemma 4.4, (4.4), and Assumption 4.1, (v)
(14 G 10541 = I < (051 = R, B (9) = 749 4 Gy i (541 = £5°)),

By (4.5a) and (4.5b),

Oy’ 62

qu+1 k+1 _¢k+1
2k(1+ okpi)¥e ~— 2
Consequently, also using (4.5a), (4.1b), and Young’s inequality, we obtain
_’7I<+1<Kk+1(§k+1 - 3_Ck+l)’ R - 37k+1>

= 16 (B (¥F) = 757 + GpanKpeas (£671 — 241, pFH — ety

~—1 ~ ~
_Uk+10'k+1(1 + Ok 41Pk+1) +

+ e Gy (B (YF) = 757,08 — 541
< MGy (1 Gt ) IV = PN + i Gl (Bie(¥F) = 757,08 = 547)
Vit _ k(1+ ok pr) Yk .
< =R R - PP B (F) - I
2 20
Ukt k1 keyz  KA+0kp)¥ (Ok 0 x kyz L =
< Il - +—— P == - + Fa1 |
S - ) o (5 I = I +
Applying this and (4.1a) in (4.10), we obtain for pr1 == @Prr16re1 + %@m that
1 _ Pr+1\k _ k(1 + oxpr) Yk _
(412) ~||2* - Lth'lllfmﬂA,Ik+1 < +T||Xk - %)%+ f”}’k = 317 + prss-

We also have by Young’s inequality

e (Kie (xF = x5, yF = 3%

2
Mk e ez A=A+ 0kp )V & _kn2
< 1K (x5 = =9)I% + 1y — 511
2(1- ) (1 + orpr) Ui 2 Yoy

Hence (4.11) gives

2 2
Lok k2 Nl Kkl o+ vem) )y k kuz
(413) 2”u @ llpeagem, < (Z(I—K)(1+crkpk)l//k 2 Il =7l
K(1+0'kpk)¢k kK —kn2
5 ly" = y"II°

Combined, (4.12) and (4.13) show that

Lokt k12 Lok k2
[l — @ +1”’7k+1Mk+1 B 5”“ —u ||'7kMk+Fk S Pea1fh T Pt

PNk ne 1K l? ~ o1+ yemi) Ik — 2512
2 2(1 = ) (1 + oxpr) Y 2 '

From here (4.5¢) shows (4.7). O

To state the final regret estimate, for brevity we define

N-1 N-1
Fin (2™N) = 3" meFen (5, Gen(3™N) = 3 kG ("5, and
k=0 k=0
Kinx™N = (noKyx', .. .,ryN_lKNxN).
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We recall the comparison sets U and B and from Assumption 4.1 and the slicing notation U,,.,,, and
B,,.m form Section 1. With these we also define

(414) Cv;lN(yl/N) = Ssup (<y1,N7 > - 1N(y ) J(ulN(xl N’ _1N)) _];/(LN(O’ 0)

XI:N’yl:N

with the supremum running over ¥V € Xj x --- X Xy and N € ¥; x - -- X Yy and

~1:N) .

J(LIl;N (JE_I:N, ¥ ~1:N).

= [FI:N + GI:N o Kl;N] ()z-lzN) + 57/{1;1\1 (JZ'l:N, ¥
Observe that G*N(y1 Ny = Z ’7ka+1(3/"“) and

N-1
(415) [Fiv + Groy © Kiw] (") = 3" il Fess + Gieas © K] (7).
k=0
After the next main regret estimate, we comment upon its assumptions and claim.

Theorem 4.6. Suppose Assumption 4.1 and the step length bounds (4.5) hold for uN generated by Algo-
rithm 4.1 for an initial u® € X, X Y;. Then

uk+1 Sk (uk) ||’7k+1Mk+1

. | i
[Fin + Grn 0 Kin] (V) = inf  [Fioy + Gun 0 K] (87Y) + Z

X‘ltNe.(Bl;N 2
N-1
k(1 + o pr) Yk
072 .
<en:= sup |Iu =@ [omesry + Z (£k+1<pk+1 + o, k-
ueU, k=0 k

Proof. For brevity, and to not abuse norm notation when I is not positive semi-definite, we write
I[x]]%k = (X, x)r.. By Lemma 4.5, ni My and ni M + I are positive semi-definite, so we may use the
norm notation with them. For Hy defined (4.2) and I} and ny in (4.6), the (strong) convexity of Fy and
G, yield

1
(4.16) (Hy (uF), u* - a*),, > E[[uk -]} + G (k=1....N)
for
(4.17) G = [ Frn (57 = Fa (@) + G, (OF) - G, (5

<Kk+1y k+1> + <Kk+ k+1’ yk+1>]

Following the testing methodology of [30, 14], we pick any @#* € X; x Y; and apply the linear “testing
operator” (-, uk — ¥ ). to both sides of (4.3). This followed by (4.16) yields

0> (k- zF uk _”>r7kMk+ [[u —ak]]rk+g,f’ (k=1,...,N).

Pythagoras’ identity (2.8) for the inner product and norm with respect to the operator ni My now yields

1
k(2 k2 H k_ k2
—||z —a"|| M > —||u —u"| Mt T G +5||u -z ”’7kMk (k=1...,N).

We now take #% € Uy.y and apply the prediction bound (4.7) from Lemma 4.5 to obtain

_k K(1+ oxpr) Vi -
_Hu —u ||,7kMk+rk Ple+16k+1 T —2®k Ek+1
1 1
k+1 _ -k+1 H k k2 _
s L Gl M-, k1N,
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Summing over such k and taking the supremum over #*N € Uy, we get

1 k+1 k+1
Sup Z (gk"'l Ellu ||’7k+1Mk+1 S en-

uONG(UON k=0

By Lemma 3.1 applied to K = K.y, F = Fi.y and G* = G, and (4.17) we obtain

sup ngH [Fun +Gin 0 Kin](x"™) = inf  [Fuy + Gin o Kin] (2™Y).

ulNG(l/[lN k=0 fl:NGBl:N
Since z5*! := Sk (u¥) by (4.4), these two inequalities together verify the claim. O

Remark 4.7 (Satisfying the conditions). Assumption 4.1 is structural. Aside from Grsts everything in it
depends on the application problem and the predictors we can design for it. The function G, can
be taken as in Example 4.3. The step length bounds (4.5) can be satisfied via the choices in the next

Section 4.3.

~k+1 _

Remark 4.8 (Interpretation of the dual comparison sequence). Let 7**! = By (7*) for a dual temporal

coupling operator Bi. Then the definition of U in Assumption 4.1 (v) updates the dual comparison
variable as

(418) P = proxg, g (Br(F°) + 6Kient™)

This amounts to the POFB of Section 2 applied with the predictor By and the step length parameter
Tk+1 = Ok+1 to the formal problem

o DTG - KRk yF), Y = Bi(y)
T k=1

An “optimal” ¥, achieving inf, GZ( y) — (Kpx*, y), would give
[Fic + Gi 0 Ki] (x5) = Fie(2) + (Kix®, 7%) = GL.(5).

This is approximated by 7**! generated by (4.18), better as &x — co. In the setting of Example 4.3, if
also pr~0, then we get closer to calculating [Fy + Gy o Ki](x%).

4.3 SPECIFIC STEP LENGTH CHOICES

We now develop explicit step length rules that satisfy the step length conditions (4.5), and then interpret
Theorem 4.6 for them. The proof of the next lemma is immediate:

Lemma 4.9. The right hand side of (4.5b) is minimised by 641 = ,&%. With this choice (4.5b) reads
2Mks1Prnt = Yiws — KO (1+ o pr) Y-

The following examples use Lemma 4.9:

Example 4.10 (Constant step length and testing parameters) In Algorithm 4.1, take as the step
length parameters 74 = 7, ox = 0, and 6x41 = K(po) for some constant 7,0 > 0 and k € (0,1)
satisfying for the strong convexity factors yx, px, pr+1 and the Lipschitz-like factors O, Ay from
Assumption 4.1 the inequalities

7o |K|I*

—— = and 1> 70||K¢||%
(1-x)(1+0opk)

1 (1 _ k(1+opy)

(419)  Pra = e or ) T4+t > A +

(By Example 4.3, we may simply define py.; through the first expression if we choose to take
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éZ+1 =Gy, + 24 - ||§,k+l.) Then (4.5) holds for the testing parameters . = 7, g = 1, and i) = Z.

In this case, Theorem 4.6 shows for an initialisation-dependent constant Cy that

N-1

. _ . ok k(14 opr)T ..
[Fun +Grn o Kin|(x*™N) = inf  [Fuy +Gry o Kin () < Co + § (€k+1 g €k+1) .
Xt e-81:N k=0 2®ko-

Suppose sup px < p and infx O > O for some p, © > 0 (such as when py and O are constant in
k). Minding the sum expression (4.15), where now 7 = 7, for a constant C > 0, we get

N-1
1 v . . T _
S Fiy +Gun o Kin] ) = inf = 3 [Fiaa + G 0 Kieu] (2°11) <

X-I:N EBI:N =0

Co +C X0 (ekar + Eks1)
L .

Exact interpretation requires being able to calculate Gy.n, however we can make a rough interpre-
tation. We distinguish two cases:

(@) If 277 (ek+1 + &k41) < oo, then the left hand side converges below zero as N — co. Roughly,
subject to how well we can measure with Gy in place of G;.n, this says that asymptotically
x"N are at least as good solutions of the averaged problem inf,.v & Zifz _01 [Fri1 + Gryg ©
Ki+1] (x**1) as the best constrained N € By.n.

(b) If % ZQ’: _01(8k+1 + &x+1) < 0 for some constant § > 0, then, again subject to how well we can

measure with Gy in place of Gy.y, this says that asymptotically x*N stays “within average
noise level” § of the best xN € By.n.

The bounds on the the prediction errors ¢4 and & can be interpreted as the noise level of the
“measurements” Ay and By of the true temporal coupling operators Ay and By either vanishing or
staying bounded (on average). In the optical flow example, to be further studied in Section 5, this
means that the noise level of the displacement field measurements has to vanish or stay bounded
(on average).

Example 4.1 (Everything constant). In particular, in Example 4.10, if the strong convexity and
Lipshitz-like parameters are constant, px.1 = p, yx = ¥, and O = 0, and Ay = A, with no dual
strong convexity, px = 0, and we take 6341 = 6 = %", then (4.19), hence (4.5), hold if

1-x07! 70| Kie||?
/322—, 1+}/T2A+M, and 1> 7o||Kx|*
o —K

Examples 4.10 and 4.11 give no growth for the testing parameters ¢, Yk, and 1. We now look at one
case when this is possible and what happens then.

Example 4.12 (Exponential testing parameters with constant step lengths). In Algorithm 4.1, take
Ty = T, Oky1 = 0, as well as 641 = k@0 for some constant 7,0 > 0 satisfying for the strong
convexity factors yi, pk, Pr+1 and the Lipschitz-like factors O, Ax from Assumption 4.1, for some
k € (0,1) the inequalities

-1
1-x6; 70 |Ki||?

Ok = ————, 1+ 2 —
Pk 20 Vi (1-x)(1+ pro)

+ (14 pro)Ar, and 1> 7oKl

Then (4.5) holds with nx = @i, P41 = @ (1+ pro), and Y = Z@. In this case Theorem 4.6 shows
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for some initialisation-dependent constant C that

[Fun +Gin 0 Kin](x"™) = inf  [Fiy + G © Kin] (87Y)
xl: e'Z;I:N
N-1
k(1+opi)T..
<G+ Z Pk | ek (1+ yx7) + —p€k+1
= 200

Suppose for simplicity that sup, px < p, sup; yx <7, and inf; ©; > © for some p,y, © > 0 (such
as when py, yk, and O are constant in k). Then, minding the sum expression (4.15), where now
Nk = Tk, this gives for a constant C > 0 the result

[Fun + Gy © Kl N () —inf ZkN:_ol @k [Frs1 + Gra © Kiar ] (541

Tzk 0 Pk 2N € By Zk 0 Pk

Zk o Pk (&1 + 5k+1)
Zk o Pk

<Cy+C

Exact interpretation requires being able to calculate Cv?lz N, however, as in Example 4.10, we can
roughly interpret two cases:

(@) Iflimy—oo X0y @k (eks1 + Eks1) /2y @k = 0, the left hand side converges below zero as
N — co. Roughly, subject to how well we can measure with Gy, in place of Gy.y, this says
that asymptotically xN are at least as good solutions of the weighted-averaged problem

inf, 1~ Z oo @k [Frar + Grar © Kiaa] (x¥*) as the best constrained N € B.n.

ZN l

(b) If supy Zk o Pk (&ks1 + Ex1) /Zk o @k < 6 for a constant 6, then, sub]ect to how well we can
measure with Gy in place of Gy.y, this says that asymptotically x*N stay “within weighted-
average noise level” § of the best 7N e B.N.

Since @r41 = @r(1+ pio) is increasing, later iterates are weighted more. If infy p > 0, then @
grows exponentially, so the later iterates have exponentially more importance. Thus we can make
worse measurements of the early data frames without significantly affecting the quality of the later
iterates. If €41 and &gy are noise levels of the measurements Ax and Bi of some true temporal
coupling operators Ay and By, the noise levels have to converge to zero for (a) or stay bounded for

(b).

5 OPTICAL FLOW

We now apply the previous sections to optical flow. For numerical accuracy, we use the more fun-
damental displacement field model instead of the linearised PDE model (transport equation). For
simplicity, and to keep the static problems convex, we concentrate on constant-in-space (but not
time) displacement fields. This makes our work applicable to computational image stabilisation (shake
reduction) in still or video cameras, compare [28, 37], based on rapid successions of very noisy images.
We start in Section 5.1 with a known displacement field—as could be estimated using acceleration
sensors on cameras. Afterwards in Section 5.2 we include the estimation of the displacement field into
our model.
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5.1 KNOWN DISPLACEMENT FIELD

Denoting by § > 0 the noise level, we start by assuming to be given in each frame, i.e., on each
iteration, a noisy measurement blg € X of a true image b* € X and a noisy measurement 015‘ eV

of a true displacement field 3 € V. We assume the measured displacement fields v’g bijective. The
finite-dimensional subspaces X C L?(Q), Y ¢ L?(Q;R?),and V ¢ L?(Q; Q) N C*(Q; Q) on a domain
Q c R? we equip with the L?-norm. We write (1.3) in min-max form with

1 ,
(5:12) Fp) = 5105 = xl. (GP)'(3) =6up(3). and Ki=D,

for B the product of pointwise unit balls and D : X — L?(Q) a discretised differential operator. For the
primal and dual predictors we take

(5.1b) Ai(x) :=x0 U]g and Bi(y) =yo v’(;,

In the dual predictor of the POPD, we take GZ =(GH" + %" | - ||i2 @ following Example 4.3. Thus é;;

is the Fenchel conjugate of the Huber/Moreau-Yosida-regularised 1-norm.
REGARDING THE REGRET AND REGULARISATION THEORY

Let the true displacement fields 3% € H'(R?;R?), (k € N), and let U, C X X Y be bounded. To satisfy
Assumption 4.1 (v), we take for some M > 0,

2,00 =
IVEE(13 o < M, 754 = prox; 5. (7 08" + GinaKien® ™), Vk 2 0

oo | 10 € Up, ¥ = 5% 0 05, 5 € H(R?), 3% € HY(R%;R?), [|[VHF|12, < M,
(5.2a) U:=qa"

o'k+1G;;+

as the comparison set. With a slight abuse of notation we also write U for the corresponding set with
the domain of each @* restricted to Q. We assume that the ground-truth images

(5.2b) b € B = {0 | 1% € U).

Because the iterates y* are in a finite-dimensional subspace, bounding ||[V7¥||2 _ is no difficulty.
To satisfy (4.1a), we need to find factors Ai > 0 and penalties SI(ZH € R such that

S

A
ko k|2 < 7k||x§ K2+l (55 e Bp).

1 _
63 ik 00 -5 2,
The satisfaction of (4.1b) is handled analogously. If we had no displacement field measurement error,
ie., 0’5< k we could by the area formula take Ai = maXgcq | det V(vg)_l(g*)l and el‘jﬂ = 0. Otherwise
we need the more elaborate estimate of the next lemma.
Lemma 5.1. Let § € H'(R?;R?) and x € H'(Q) with ||Vx||2 ., < M for some M > 0. Let V C H(Q; Q)

2,00 —
be a set of bijective displacement fields satisfying

=0

(5-4) Ay = sup |detVo (&) < oo.
veV,E€Q

Then for any x € L2(Q),v €V, and A > Ay,

Aq(4A - 3A)
— o Mil

Dixoo—gool? o < Sx = xlPag + 0~ o]
2 LXH(Q) = 9 L2(Q) 8(A - Ay) L2(QR?)”
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Proof. By the area formula and Young’s inequality, for any ¢ > 0,

/Q (o) — £(@) dE < fQ (141) (D) - @) + (1+ 1) [2(0(&) - 2(6(D)[> d&
1+ /Q (&) — £(OP | det Voo (8) d + (1+ 1) /Q 1%(0) - 2(0)? d&.

Using (5.4) and that x is VM-Lipschitz, it follows

o2 12 2
lxov—%00dll};q < (1+ %)A(V||x—x||L2(Q) + (14 55) Mllv = 0l12 ame)-

Taking t = 2(A/Aq — 1) yields the claim. O

We need the primal iterates to stay bounded. For this we use the next lemma:
Lemma 5.2. Compute x’g and vlg by Algorithm 4.1 for (5.1a) with fixed § > 0 and 7. = © > 0. Suppose

< % and ||§§ - b’gll2 < CA + ¢ for some C, A, ¢ > 0. Then ng - b’gll2 <C.

Proof. We drop the indexing by § as it is fixed. The dual prediction of Algorithm 4.1 guarantees

lt*]|2.00 < a. The primal step is

(5.5) xk = arg min ||x — §k — tDV*||? + 7]|x — b¥

X

2
"

The optimality conditions are 0 = x¥ — & + 7DvF + 7(x* — b¥). Thus 7||x* — b¥|| = ||x* — & + zDVF||.
By (5.5), comparing to x = &, we get

2||xF = BF|I? < 7||DVF|1? + ||EF — BF||? < ra?|ID||? + CA + €.
Thus ||x* — b¥||? < C when 7 is as stated. O

We may now prove convergence to the true data as the displacement field measurement error £~ 0
along with the noise in the data blg.

Theorem 5.3. Forallk € N, § > 0, and some a = a(6) ~0 as 6~0, assume the setup of (5.1) and (5.2)
with 0](; €V forasetV C V of bijective displacement fields such that Ay < 2. With b%* € B, assume:

() supjen ||b§ - 5k||L2(Q) — 0 and sup;. ||0§ - z’Jklle(Q;Rz) — 0 as 5~0.
(II) For some Ay, ®r = A > Ay, the step length parameters are as in Example 4.10, independent of §
and k.

For an initial u® = u, for all § > 0, generate uy*™ by Algorithm 4.1. Then there exist N(5) € N such that:

(@) lims—o SUpy > x1(s) N PN ||x§ - EkHiZ(Q) =0, and
(b) provided to||D||* < 1, moreover, lims—, SUPN > N (8) ﬁ\] ZkN:_Ol [|ck+1 —

s 0.

kooknz o
X5 OU5”L2(Q) =

Proof. We first show the boundedness of {xg}keN,ae(o,S) for some & > 0. By (I), sup; .y, ||b§ — b¥||x =:

k _ =k _. pk+l _ pk o sk k+1 _ Lk k
dp — 0 and supycy [l — 0" [[r2(qr2) = 6y — 0 as §~0. We have b™" = b" o 0" and £ = x5 o 0.

5
Using Young’s inequality twice for any § > 0 and Lemma 5.1 for any A’ > A,

k k k k ik -k - k ik -k
IE™ — B2, ) < (14 Bl o 0f — B 0 0F2, ) + (14 B — B 0 aF|2,

< N (14 Bl = 55112, g + (14 B3} + (1+ p) 2S00 M7

< N1+ PPIx§ = B5I12 ) + (14 7)) (N 1+ ) +1) 85 + (1+ ﬁ)%}ﬁvﬁv)mﬁ

(®)
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Taking f > 0, A’ > A4 small enough, we obtain for any A € (A, 2) that ||§§+1 - b§+1||2 < A||xgC -
bk||2 + &5 for some ¢5~0 as §~0. By Lemma 5.2, now sup; ||x]5C - b§||2 < Cforany C > ||x° - bgll2
with 7 < %._This holds for C large and § € (0, 5) for small § > 0. Thus SUPjen,5€(0.5) ||x§|| < 00,
Fix now § € (0,8) and N > 1. By Lemma 5.1 and (I), the prediction bounds (4.1) hold for all k € N
with A = ©, = A and
A (4Ar — 3Ay) Kk -ku2 Ay (4A - 3A)
Mok = 12, gy < S A= 30
8(Ak — Av) ’ 8(A—Avy)

The rest of Assumption 4.1 holds by the construction in (5.1) and (5.2) while (4.5) holds by (II) and

Mé,.

= S
(5.6) k1 = Ek+1 = €y =

Example 4.10. By (4.8) and Example 4.10, also Zy M, > (1_T”A|D||2 8) > 0. Therefore, by Theorem 4.6,

for some constant C > 0 (dependent on the initialisation, sups¢ g 5) 80, Ok = A, and p = 0 as well as
@x =1and Y = Z as in Example 4.10), we have with the notation F.y etc. from Theorem 4.6 that

1
N[F‘5 +Gi o Kinl (™) = = inf [Fy + G o Kun] (2)

N eB.n
N- 1

wnDn ko _ 2. C

M P Ly oofll* < <
k=0

By Lemma 3.7, the defining (5.1), and the just proved boundedness of the iterates,
N
[ S : ’
GIV) (Kanxi™) 2 -GHD (~Kanxi™) = = 3" a(8)|Dxkl|s 2 —a(§)NC
k=1
for some constant C’ > 0. Since B is bounded (by the boundedness of U, and finite-dimensionality),
also [fol(\?) o Kin] (%) < aC’ for some C’ > 0. Hence, for some C” > 0 we get for all N e B.n
that

N Sk S( <k
Fo(x%) — F2(x 1_ D C
Z . k( 5 k( ) TO-“ ” ” k+1 _ EOUSHZ Sa(é)C"+—
N N
k=1
Due to (5.2b), this says for all § € (0,5) and N > 1 that
o (T b _ k12 4 TUHDH kil k2| < T bE — K12 + a(8)C”
kZ o 105 =< 1P + — =l = xj o o _;ﬂn 5= BFIP +a(d)C” +

Since a () ~ 0 and (I) guarantees supy .y ||b’(§ - Ek”LZ(Q) — 0 as §~0, the right hand side can be made
smaller than § by taking N > N(6) large enough. The claim (b) immediately follows while (a) follows
after further referral to (I). O

NUMERICAL SETUP

We perform our experiments on a simple square image as well as the lighthouse image from the free
Kodak image suite [16]; this is in Figure 1 along with a noisy version and comparison single-frame total
variation reconstruction. The original size is 768x512 pixels. For our experiments, we pick a 300 x 200
subimage moving according to Brownian motion of standard deviation 2. Thus the displacement fields
ok (&) = £—a* with@* € R? are constant in space. To the subimage we add 50% Gaussian noise (standard
deviation o.5 with original intensities in [0, 1]). To construct the measured displacements available to
the algorithm we add 5% Gaussian noise (standard deviation 0.05|/@*||) to the true displacements.*

4Then (5.4) gives Aqy = 1. Constant true displacements are allowed by Lemma 5.1, but constant measurements not. If
lx — x”LZ(Q+B(0 lall)) = <Cllx - x||L2(Q) then Lemma 5.1 and Theorem 5.3 extend to A > CA«y. In practise, to compute

x o v, we extrapolate x outside Q such that Neumann boundary conditions are satisfied.
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(a) Original (b) Data: noise level 0.5 (c) Recon.: noise level 0.5, « =1

Figure 1: Test image, added noise, and stationary reconstruction for comparison.

We take the regularisation parameter ¢ = 1. The corresponding full-image total variation recon-

struction is in Figure 1c. To parametrise the POPD (Algorithm 4.1) we

- Fix the primal step length parameter 7 = 0.01 as wellas A=© =1and k = 0.9.

— Take the primal strong convexity factor y = 1 and generally the dual factor p = 0.

- Take &, maximal o, and minimal gy, = jp according to Example 4.10. Here we estimate ||Kx|| < V8

for forward-differences discretisation of Ky = D with cell width h =1 [10].

Although Gy, | is not strongly convex, we also experiment taking a “phantom” p = 100. This can
in principle be justified via local strong convexity or strong metric subregularity at a solution. We
briefly indicate how this works in Appendix a. The effect in practise is to increase the dual step length
parameter o. We always take zero as the initial iterate (primal and dual).

We implemented our algorithms in Julia 1.3 [7], and performed our experiments on a mid-2014
MacBook Pro with 16GB RAM and two CPU cores. Our implementation uses a maximum of four
computational threads (two cores with hyperthreading) in those parts of the code where this appears
advantageous. The data generation runs in its own thread. The implementation is available on Zenodo

[32].

NUMERICAL RESULTS

We display the reconstructions in Figures 2 to 4 and the performance (function value, PSNR, and SSIM)
in Figures 6a, 7a and 8a. The reconstructions are for the frames/iterations 30, 50, 100, 300, 500, 1000,
and 3000 whereas the performance plots display all 10000 iterations at a resolution of 100 iterations
after the first 100 iterations. The right-most column of the reconstruction figures displays the true
cumulative displacement field up to the corresponding data frame (indicated in the bottom-left corner).
The darker line is sampled at the same resolution as the performance plots whereas the lighter line
is sampled at every iteration. Regarding real-time computability, averaged over the 10000 iterations,
every iteration takes ~6.5ms, which is to say the POPD can process 154 frames per second.

The performance plots show convergence of the function value to a stable value, not necessarily a
minimum, within 100 iterations. Likewise the SSIM and PSNR reach a relatively stable and acceptable
value by 100 iterations. Visually, we have decent tracking of movement, but we need the large p-value
to get a noticeable cartoon-like “total variation effect”. In the last frame of Figure 2 we can see the effect
of the algorithm not being able to track a sudden large displacement fast enough, hence producing
some motion blur. The 100 iterations, that were needed to reach a stable function value, SSIM, or
PSNR, appear to be mainly needed to reach the correct contrast level: recall that we initialise with
zero. We tested initialising the primal variable with the noisy data: the algorithm then needed a similar
number of iterations to reduce the noise. A smarter initialisation might help reduce the 100-iteration
“initialisation window”.

For comparison, we have included POFB reconstruction (Algorithm 2.1) in Figure 5. We use the step
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length parameter 7 = 0.01 for the POFB itself. We take 10 iterations of FISTA [4] with step length
parameter 7 = 1/||K||? to approximately solve the proximal step. By the performance measures the
results are comparable to the POPD. Visually they are similar to the high-p POPD. The algorithm
is, however, quite a bit slower: ~21.2ms/frame or 47 frames per second. Solving the proximal step
accurately would further slow it down.

5.2 UNKNOWN DISPLACEMENT FIELD

When the displacement field vy is completely unknown, we need to estimate it from data. For some
Er : V — R we do this through

1 2
. in - - D E
(5.7) pin Sllbe = xllx + | Dl + Ei (0)
We drop the indexing by the noise level § > 0 as we will not be studying regularisation properties.
Ideally we would take Ej(v) as §||karl - bk oo g(, plus regularisation terms. However, the resulting
problem would be highly nonconvex. A second idea is to use a Horn—-Schunck [20] type penalty on
linearised optical flow®, taking for some parameters 6, 1;,A; > 0,

0 A A
(58) Ex(0) = - llbear = bic + (1d = 0, Vo) 15 + 1 1d =0l + =2 Vo3,

where the pointwise inner product {a, b) (&) := (a(&), b(£)). We regularise the displacement field v to
both be close to identity (no displacement) and to be smooth in space.®

The choice (5.8) is, however, very inaccurate in practise. We therefore, firstly, introduce a time-step
parameter T and a convolution kernel o to counteract noise in the data. Secondly, we average the
Horn-Schunck term over a window of n frames. For iteration k, the last frame is

1(k) :=max{Lk+1-(n—-1)} anditstruelength n;:=k+1- (1«(k)-1).

With j € {u(k),...,k + 1}, we write 05 € V for the displacement of b’/ from b'¥)~! as estimated on
iteration k. Then the displacement of b/*! from b/ is (Uf Y~ lo ok . We take Eg : V1 — R,

j+1°
k
1 0 o i |
69 B = 5 > (EHQ « (07— b)) T + (= (05) " 0 08,1, V(o b)) 1%
j=1(k)-1

/11 _ /12
+ Z =@ o ofll3 + ZIVOSIE).

Although not given as a parameter, we use Ulk( o =0
We predict the primal variables using
A0 ) (xo (u’]z)_1 o v,’:H, ok, ..,U’]zﬂ, 0), k <n,
kX0, (k)kear) = Ky=1 g ok (nk V=1 g ok k V-1 k
(x 0 (0) ™ 0 0y, (04)) T 00y -5 (U)) T 004, 0), k2,

and the dual variables using

Bi(y) =yo (011:)—1 °© Z’]l§+1

5To obtain the linearised optical flow model, we start with bg,;(€) = by (vx(£)) holding for all £ € Q and a sufficiently
smooth image by. By Taylor expansion by (vg(£)) ~ bi(&) + (Vbr (&), vx (&) — &). Thus 0 = by 1(&) — br(vr(8)) =
bie41(8) = b () + (Vb (8), & —vpe ().

%Indeed, in linearised optical flow the displacement field cannot in general be discontinuous. See [29, 13] for approaches
designed to avoid this restriction.
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Hence we a) propagate the image x and the dual variable using the estimated displacement of the next

frame from the current frame, b) update the displacement estimates to be with respect to the start

t(k +1) of the new n-frame window, and c) predict the displacement between the next two frames to be

zero. The latter is consistent with the zero-mean Brownian motion used in our numerical experiments.
We write the problem (5.7) with Ex given by (5.9) in the form (1.6) by taking

1 "
Fi(x, Ufc(k);kﬂ) = E“bk - x”%/ +Ek(vf(k);k+1), Ki(x, Ufc(k):k_'.l) = Dx, and Gk()’) = 6aB(Y)-

lk( Kkt If the displacement fields are
constant in space, Uf(f) =¢&- u;.‘ with uf € R?, the compositions (z;f‘(k))_1 o Uj.‘ = uf‘(k) - u;?, and prox, g,
reduces to an easily solvable chain of 2 X 2 quadratic optimisation problems.

The Horn-Schunck linearisation of the optical flow only converges to the true optical flow as we
increase the temporal resolution. Therefore, an equivalent of the regularisation theory of Theorem 5.3
for the present model would require increasing the temporal resolution as §~0 and N —co. As the
analysis is somewhat involved, we have decided not to pursue such estimates. It is, however, not

difficult to extend the prediction bounds of Lemma 5.1.

We split prox,p, into individual updates with respect to x and v

NUMERICAL SETUP AND RESULTS

For our numerical experiments we use generally the same setup as in Section 5.1 except we reduce the
noise level in the image to 30% and correspondingly take o = 0.2. For our new parameters we take
Ay =1and 6 = (300 - 200) - 100% with constant-in-space displacement fields, so that A, is irrelevant in
(5.9). For the displacement estimation we use a window of n = 100 previous frames. For the smoothing
kernel ¢ in the Horn—Schunck term of (5.9) we take a normalised Gaussian of standard deviation 3
pixels in a window of 11 X 11 pixels. We also take the time step parameter T = 0.5 for the lighthouse
and T = 1 for the square test image. Our Julia implementation is available on Zenodo [32].

The reconstructions and estimated displacements are in Figures 9 to 11 and the performance plots
(function value, PSNR, SSIM) in Figures 6b, 7b and 8b. Regarding real-time computability, the POPD
requires 20.8ms/iteration, that is, can process 48 frames per second.

The function values take a long time to decrease. The PSNR and SSIM, however, again reach an
acceptable and somewhat stable value after 100200 iterations. Visually, the results are somewhat more
blurred than with the approximately known displacement in Section 5.1, and even with p = 100 the
cartoon-like total variation effect remains small. Nevertheless, the reconstructions are visually pleasing
and the displacement is estimated to an acceptable accuracy. This did, however, require adapting
the time-step parameter T to the test case. Improving the optical flow model to not require such an
extraneous parameter is something for future research: we believe that the present results already
demonstrate that online optimisation is a worthy approach to dynamic imaging.

6 CONCLUSION

With the goal of solving—for now relatively simple—imaging problems “online”, in real-time, we
incorporated predictors into the forward-backward and primal-dual proximal splitting methods. For
the predictive online forward-backward method (POFB) a reasonable notion of “dynamic regret”
stays bounded, and can even converge below zero. Using regularisation theory we, moreover, proved
convergence to a ground-truth as the level of corruption in the problem data vanishes. Hence the
method forms an appropriate regulariser.

We do not, yet, understand the predictive online primal-dual method (POPD) as well. While we have
shown analogous results, including convergence as the data improves, the form of “regret” we were
able to employ still requires study and interpretation. This notwithstanding, our numerical results on
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optical flow are encouraging. More research is needed to understand the parametrisation and improved
predictors needed to make the total variation effect prominent.

APPENDIX A LOCAL STRONG CONVEXITY

We establish local strong convexity of the indicator function of the ball. This has been shown in [1] to
be equivalent to the strong metric subregularity of the subdifferential. For related characterisations, see
also [33] and regarding total variation [22, appendix].

Lemmaa.. WithF : X — R,F = 6qB(0,«) on a Hilbert space X, supposex € dB(0, ) and0 # x* € dF(x).
Then
F(x') — F(x) = (x",x" — x) + ng' —x|? (' €Uy

for

_)X 0 <ya < [Ix*|,
| [elB(0, )] Ul B(x,a), ay > |Ix*||.

Proof. Observe that x* = Ax for A := ||x*||/a. If x” ¢ clB(0, @), there is nothing to prove. So take
x’ € cI B(0, ). Then we need 0 > A{x,x’ — x) + ’5/||x’ — x||%. Since ||x|| = «, this says

(A1) ()L - g) ot > gnx'nZ (A=) (ox).

Suppose y < A, which is the first case of U,. Then (a.1) is seen to hold by application of Young’s
inequality on the inner product term, followed by ||x’|| < a.

If on the other hand, y > A, which is the second case of Uy, we take x” € cl B(x, @) N cl B(0, &). This
implies (x’, x) > %||x’||2. Since A — y < 0, this and ||x’|| < « prove (aA.1). O
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Figure 2: Square, POPD, approximately known displacement, p = 0.
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Figure 3: Lighthouse, POPD, approximately known displacement, p = 0.
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Figure 4: Lighthouse, POPD, approximately known displacement, p = 100.
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Figure 5: Lighthouse, POFB, approximately known displacement.
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Figure 6: Iteration-wise objective values.
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Figure 7: Iteration-wise PSNR. The dashed lines indicate the PSNR for the noisy data corresponding to
the experiment of the solid line of the same colour. Legend in Figure 6a.
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Figure 8: Iteration-wise SSIM. The dashed lines indicate the SSIM for the noisy data corresponding to
the experiment of the solid line of the same colour. Legend in Figure 6a.
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Figure 9: Square, POPD, unknown displacement, p = 0. The blue line in (c) indicates the estimated
displacement field.
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Figure 10: Lighthouse, POPD, unknown displacement, p = 0. The blue line in (c) indicates the estimated
displacement field.
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Figure 11: Lighthouse, POPD, unknown displacement, p = 100. The blue line in (c) indicates the
estimated displacement field.
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