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ONLINE OPTIMISATION FOR DYNAMIC ELECTRICAL
IMPEDANCE TOMOGRAPHY

Neil Dizon" Jyrki Jauhiainen™ Tuomo Valkonen¥

Abstract  Online optimisation studies the convergence of optimisation methods as the data
embedded in the problem changes. Based on this idea, we propose a primal dual online method
for nonlinear time-discrete inverse problems. We analyse the method through regret theory and
demonstrate its performance in real-time monitoring of moving bodies in a fluid with Electrical
Impedance Tomography (EIT). To do so, we also prove the second-order differentiability of the
Complete Electrode Model (CEM) solution operator on L™.

1 INTRODUCTION

Electrical impedance tomography (EIT) is an imaging technique for inferring the electrical conductivity
distribution within a body through boundary currents and potentials. While measurements in EIT
can be performed in real time, reconstructing images from the data is computationally intensive.
This challenge is critical in applications such as real-time monitoring of industrial processes, where
immediate feedback is essential — for instance, in detecting blockages or leaks in pipelines.

Traditionally, inverse problems, including those arising in EIT, have been studied in a static context,
where robust theoretical foundations and solution methods are available. However, the need for real-
time reconstructions in dynamic settings has grown significantly [31, 19, 21, 6, 32]. Addressing this
demand requires novel approaches capable of efficiently processing large data sets and capturing
time-dependent changes in the imaged domain.

To this end, we introduce online optimization methods tailored to time-discrete nonlinear inverse
problems, formulated as the conceptual problem

(1.1) min i Jie(x5)
k=0

(x0x',x2%,...)eX

for a set X C [];_, Xk that encodes the temporal couplings between the frame-wise variables x* over
time index k. With Tikhonov-type regularization, the frame-wise objective can be expressed as

(1.2) Je(x) := E(A(x) — br) + R(x),

where R is a regularization term, Ay a nonlinear forward operator, b the measurement data, and the
data fidelity E models noise.
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In this work, we focus on EIT process monitoring using isotropic total variation regularization,
R(x) = a||Dx||21. Here Ay, represents the solution operator for the complete electrode model (CEM) [10].
For given electrode potentials, it maps the electrical conductivity x on a domain Q c R” to boundary
current measurements. The temporal couplings encoded by X arise from a partial differential equation
(PDE) that models matter movement within the body. For simplicity in our numerical demonstrations,
we employ the incompressible transport equation, though more sophisticated models, such as the
Navier-Stokes equations, could be applied.

The problem (1.1) is formal: we cannot in practise solve an optimisation problem for an unbounded
time segment. At each instant N, we can access at most the initial segment { (Ag, by) };CVZO of forward oper-
ators and data. It is conceivable to solve the corresponding finite horizon problems min,on¢ x, Zszo Jie(x5)
where we use the slicing notation

(1.3) N =(x% ... ,xN) and Xon = {x"N | (%%, ..) e X}

However, even this is numerically unwieldy for large N, and hardly real-time with standard optimisation
methods. In practise, in a long monitoring process, both CPU and memory requirements would also
force us to work with a short time window of data.

Online optimisation [48] attempts to solve (1.1) in real time. The idea in most methods is to take a
single step of a standard optimisation method for min J at each index k. For introductions we refer
to [18, 5, 35, 37]. Basic online optimisation methods take X in (1.1) to constrain x° = x! = x? = ..,
i.e., do not consider problems that evolve over time, only data that arrives gradually. Dynamic online
optimisation methods [17, 42, 47, 8, 45, 34, 39, 3, 46, 7, 9] typically intersperse optimisation steps
with prediction steps for some prediction operators Wy that attempt to model more general temporal
constraint sets X subject to available, possibly noisy and corrupted, information. In particular, a
dynamic online forward-backward (a.k.a. proximal gradient) method for (1.1)&(1.2) iterates

(1g) xF:= Prox g (%% — TVAR ()" (A (%) — b)) with the predictions  ¥5*! := Wi (x¥).

Most earlier works on dynamic online optimisation concentrate on such forward-backward methods.
They have limited applicability to inverse problems with total variation regularisation R = ||V -
|l2,1, as the proximal operator prox_p(x) := argmin, % |z — x||? + TR(z) is expensive to calculate: it
corresponds to total variation denoising. Therefore, we developed in [42, 14] primal-dual dynamic
online optimisation methods for (1.1) with a linear A in (1.2). The initial theory in [42] imposed severe
restrictions on the dual component of the predictor. These were relaxed in [14], where several improved
dual predictors were developed, for the primal predictor based on optical flow.

The main results of [42] could also only be interpreted through regularisation theory, as the regret
that we were able to prove was non-symmetric. Indeed, convergence results are rarely available for
online optimisation methods. Instead, one attempts to bound the regret of past updates with respect to
all information available up to an instant N. For (1.4), one can bound the dynamic regret [17]

N
dymreg(x™™) = sup " () - Je(5))

#"N e Xo.N =

This may be negative, if the comparison set Xo.n does not include all the possible “paths” x*N that the
iterates generated by the algorithm may take. For the primal-dual method of [42], the result was even
weaker: we could only bound

N
sup (jo:N(x‘*N) - Zwk))

0N e Xo.n k=0
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for a temporal infimal convolution Jo.y between the comparison set and the framewise objectives. In
[14], at the cost of having to reduce the size of the comparison set, we managed to symmetrise these

results to a bound on

]O:N (XOZN) - sup ]O:N (X'O:N)
2N € Xo.n

for a different temporal (sub-)infimal convolution ]00: N-

The theory in [14] was still for convex functions. In Section 2, we will

(a) extend the primal-dual method of [14] to non-convex objectives, including (1.1)&(1.2) with non-linear

forward operators A, and

(b) allow for inexact gradients, in particular, inexact Ay and its Jacobian.
The non-convexity adds significant new technical challenges to the proof. The inexact computations
help to reduce the high expense of solving PDEs and can, fortunately, be incorporated with much less
effort. While we do not yet treat interweaved PDE solvers as [27] did for static problems, that is our
ultimate goal. Instead, we do delayed, intermittent solves of the PDEs “in the background” to obtain
real-time performance. To prove that the EIT problem satisfies the conditions of the online method, in
Section 3,

(c) we will prove the second-order differentiability of the CEM solution operator for L conductivies.

In the final Section 4, we evaluate the proposed method numerically on (nearly) real-time EIT
reconstruction. Our approach to EIT process monitoring differs from the recent work in [2], where the
authors achieved real-time performance using extensive multithreading and code optimisation with
the D-bar method [33, 36]. In contrast, our online method attains real-time performance thanks to
the inherently light computational cost of iterations of our algorithm, albeit dependent on meticulous
predictor design. Finally, our optimisation-based approach is not the only possibility treat dynamic
inverse problems in an online fashion. Especially if uncertainty quantification is required, full Bayesian
modelling can be used with numerical techniques such as non-linear Kalman filters and Markov-Chain
Monte Carlo [30, 16, 1]. Except in the simplest fully Gaussian cases (which would exclude a total
variation prior), this can, however, come with much higher computational resource demands and
complexity.
Additional notation In the slicing notation (1.3), we allow N = co with x* = (x*, x**1, . ) and also
set X := Xy.x. We write L(X;Y) for the space of bounded linear operators between normed spaces X
and Y, and Id € L (X; X) for the identity operator. The block-diagonal operator consisting of M and I'
reads diag(M, T). When X is Hilbert, we abbreviate (x, y)u = (Mx, y) for M € L(X;X). The notation
[x]3, mimics norm notation when M may not be positive semi-definite. If it is, written M > 0, we
set ||x||p = v/{x,x)pm. For aBorel g : R" > Q — R", we set ||g|21 := _/Q llg(&)|l2 dé. Applied to the
gradient of a differentiable function, this produces the isotropic total variation.

For A ¢ X and x € X, we write (A, x) = {{z,x) | z € A}. For any B C R (especially B = (A, x)),
B > 0 means t > 0 for all ¢t € B. For a convex function F : X — R, dF denotes the subdifferential, and
F* the Fenchel conjugate. The {0, co}-valued indicator function of A is written §4. We refer to [12] for
more details on convex analysis.

2 ONLINE PRIMAL-DUAL PROXIMAL SPLITTING FOR NONCONVEX PROBLEMS

We consider the conceptual problem

[Se]

(2.1) min Z Fe(x%) + Ep(x%) + G (Kipxb),
(x%x1x2,...)eX s

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT


https://arxiv.org/abs/2412.12944

ARXIV: 2412.12944, 2024-12-17 (revised 2025-03-17) page 4 of 34

Algorithm 1 Nonconvex predictive online primal-dual proximal splitting (POPD-N).

Require: For all k € N, on Hilbert spaces X and Y, convex, proper, lower semi-continuous Ej1 :
Xir1 — R, Feyq ¢ Xpry — R and GZ+1 Yy — R, primal-dual predictor P : Xi X Y —
Xks1 X Yiq1, and Kiyq € L(Xgqq; Yes1). Estimates ﬁk+1(%k+1) of the gradients VEj,;(¥*1). Step
length parameters x4y, 0x4+1 > 0.

1 Pick initial iterates x° € Xj and y° € .

2: for k € Ndo

3: (k¥ PR o= Pr(xF, yF) ~ prediction step
4 xk+1 .= prox, . (%5 — 1 VE s (254 — rk+1KZ+15/k+1) ~» primal step
5 Y =proxg g (P + 0K (26 - 24) ~> dual step
6: end for

where Gy and Fj. are convex and possibly nonsmooth, but Ey is smooth but possibly nonconvex. The
operator K is linear and bounded. The primal comparison set X encodes temporal couplings between
the framewise variables x*. This clearly includes (1.1)&(1.2), with non-linear forward-operators Ay
accommodated by setting Ex(x) = E(Ax(x) — by).

We present in Algorithm 1 our proposed primal-dual online method for (2.1). It involves the Fenchel
conjugate G, of Gx and a dual variable yk introduced through writing Gi (Kx) = sup y{Kix, y) =G (),
as well as the predictor Py and the predictions

(J\Z_k+1’ vk+1) — Pk(xk, yk)

We have also replaced VE (x¥) by an estimate ﬁk (%K). This allows for the inexact computation of
Ay and VA, as discussed in the Introduction.
To derive the algorithm, note that a single term in (2.1) is minimised when we solve

(2.2) mxin m§1x Fr(x) + Ex(x) + (Kix, y) — GL(¥).

Taking forward-backward steps alternatingly with respect to x and y, we obtain the primal step of
the algorithm, as well as the dual step subject to a small modification. The predictor transfers iterates
generated this way between time frames and spaces.

In Section 2.1, we provide essential definitions and outline the formal assumptions needed to prove
regret bounds for the method in the subsequent Section 2.2.

2.1 ASSUMPTIONS

Write u* = (x¥, y¥). Then u®* generated by Algorithm 1 from an initial «°, lies in
Upio 1= (Xo X Yp) X (X1 X Y1) X (X X Yp) - -+ .

Since Algorithm 1 involves the dual variable y*, we need to expand the set X C Xj.o of primal
comparison sequences in (2.1) to U C Up..o.. We then define the sets of primal and dual comparison
sequences by projection as

X = {iO:oo c XO:oo | (X.O:oo, J—/O:OO) c 7/{} and y = {)—}Ozoo c YO:oo | (J—CO:oo’ 3—10:00) c 7/{} )

To algorithmically track sequences in these sets, we need the primal-dual predictor Pr. We next
formalise this predictor, the comparison sequences, and the functions of (2.1).

Assumption 2.1 (Basic structural assumptions). Given N € N, on Hilbert spaces Xj and Y, (0 < k < N),
we are provided with:

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT
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(i) Forall 0 < k < N, convex, proper, and lower semi-continuous Fj : Xj — R, and GZ 1Y — R
(with respective strong convexity factors yx > 0 and px > 0), as well as K € L(Xj; Yx), and a
possibly non-convex but finite-valued Ej : Xz — R.

(ii) A bounded set Uy.ny C Up.n of primal-dual comparison sequences.

(iii) Primal-dual predictors Py : X X Yy — Xpy1 X Yiey1.

Example 2.2 (Primal-dual predictors). In the numerical experiments of Section 4, for the primal variable
x, we will use the incompressible flow predictor W : X — Xi1, Wi (x5) : € > x*(& + hK(£)), where
h* (&) is the predicted displacement at £ € Q between the frames k and k + 1. For the dual variable
y, we use two different predictions: The first one, T} : Yy — Yi,4, seeks to maintain (V,Jzick“, yrry =
(Vgxk, y¥). This is beneficial for preserving total variation [14]: With Gx(z) = a||z||21, at a solution
(%K, 9%) to (2.2), we have (Vg)?k, Pky = 0(||V§J€k||2’1. The second one, T? : Yy — Yi41, is defined by the
affine update y<*! = y* + cha'ck“. The spatial parameter c is designed to promote sparsity in desired
areas. We take c to be inversely proportional to the magnitude of the flow k¥, meaning that sparsity is
promoted in areas with less inter-frame movement.

Necessary first-order optimality conditions for the static problem min Fj + Ey. + Gy o K, equivalently
(2.2), can be expressed with the general notation u = (x, y) as [12, 11]

(2.3) 0 € He(&%) for Hp(u):= (8Fk(x) * VE(x) + K;:y)

dG; (y) — Kyx

Likewise, Algorithm 1 reads in implicit as iteratively solving for u* the inclusion

(2.4) 0 € H(u*) + My (uf - i¥),
where

= [0Fk(x) + VER(Z) + K}y I E G o
(2.5) Hi(u) = ( 9G:(y) - Kix and Mg = "k ak_lld .

By avoiding explicit proximal maps, this formulation facilitates convergence analysis [40] and, by
extension, regret analysis.

Since we will be taking forward steps with respect to Ex, we will require it to be smooth in an
appropriate sense. The next assumption introduces a global online version of the three-point smoothness
inequality; for the corresponding static inequality, see [41, Appendix B] and [12] for exact gradients,
and [15] for inexact gradients based on single-loop splitting methods. For EIT with exact forward
operator computations, we reformulate the condition in terms of the PDE itself in Section 3, with some
technical results relegated to Appendix B.1. The assumption also introduces compatibility conditions
on the step length parameters i and oy from Algorithm 1, and so-called testing parameters that encode
both primal and dual convergence rates; see [41, 12]. In this paper, while providing a general theory,
we will only apply unaccelerated methods with constant step length and testing parameters.

Assumption 2.3 (Global three-point growth and smoothness inequality). Given N € N, Assumption 2.1
holds, and for some ygk, Agx > 0, and an error e > 0, forall1 < k < N:
(i) Ex satisfies for all ¥ € X; and x € X the “erroneous” three-point smoothness

ST _ _ YEk _ AE,k o
(VE(x),x = 5% 2 Ex(x) = Ex(x) + == [l = 297 = =5l = 549 - e

(ii) We are given step length and testing parameters 7, ox > 0 and ng, ¢k, Yx > 0 with

(2.62) Nk = QkTk = YOk, (primal-dual coupling)
(2.6b) 1> Apgtk + 7ok ||Kx |2 (metric positivity).
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Example 2.4. For an unaccelerated method, we take 7 = 7 and oy = o for some 7, ¢ > 0, along with
Nk = 7, ox = 1and ¢; = Z. For accelerated choices for standard (non-online) primal-dual proximal
splitting under strong convexity, see [41, 12].

The next assumption presents a local version of the previous global assumption. In what follows,
we will assume either of these assumptions to hold.

Assumption 2.5 (Local three-point growth and smoothness inequality). Given N € N, Assumption 2.1
holds, and for all1 < k < N:
(i) Ey satisfies for some yzx € R, Agx > 0, and & > 0, for any ik = (2%, 9%) € Hk_l(O), and for all
x € Xj the “erroneous” three-point monotonicity-like property

(VER(%5) = VEL(£5), x — 2% > yallxe — 25112 = gkl — #5)|? - é.

(ii) Ej satisfies for some factors Agx > 0 and ygx > ygi > 0, errors e, € > 0, and a radius § > 0,
for all ¥* € Xi N B(x*, ) and x € B(x*, §), the inequality

. A
(VER(#), x = #) > Be(x) = (&) + T2 lx = 242 = 2 = 557 -
as well as, for any i = (%%, %) € Hk_l(O) N B(x%, 8) x Vi and x € B(%¥, §) that

(VER(&5) — VEL(£5), % — 2% > peplle — 25117 = gkl — #5)|2 — é.

(iii) We are given step length and testing parameters 7, 0x > 0 and ng, ¢, Y > 0 as well as a
Kk € (0,1) with

(2.72) Nk = QkTk = Yxok, and

ﬂE,k} Tk + ko || Kl
1—Kg

(2.7b) 1 2 max {AE,k: —2(yk + VEK); 1 _sz AEk;
Assumption 2.5 (i) is global, while (ii) is local. The former is completely analogous to the second
part of the latter, however, the factor ygx is allowed to be negative.
To use the local version of the three-point growth and smoothness inequality, we need additional as-
sumptions on the comparison sequences. Before stating these assumptions, we formalise the predictors
Py of Algorithm 1. To do so, we introduce

I = diag((y;C +yer)1d, prld) and Q= diag(AE,k Id, 0).

For use with Assumption 2.5 (i) and the first part of (ii), we also define

Ip:=2 diag((yk + vex) Id, pi Id), Q=2 diag(/XE,k Id, 0),
Tk == 2diag((yx + Jex) Id, pp1d), and Oy = 2 diag(Agx 1d, 0).

The first part of the next assumption ensures that the set of comparison sequences is large enough
to have primal-dual critical points of the static objectives in its proximity. The second part is a more
technical condition on the uniformity of bounds. To state the assumption, recalling that ii**! := Py (u*),
we define the prediction errors

1 1
i k skik+1y ._ “[ok+l _ Sk+1712 M.k _ =k72 —k:k+1
(28) &, W@ ") = 5 [ A Y [u" —u ]]’Yk(Mk"'rk) forall @ € Ur.pes1.

They measure the difference of deviation from a chosen comparison sequence between the current

iterate and its prediction. Since u* is always the algorithm-generated iterate, when @#***! is clear from

the context, we write for brevity ezﬂ = eZH(uk, a*k+1) For brevity, we also write

Hon (u*N) := Hy(u®) x -+ - x Hy(uN) € Up.

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT
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Assumption 2.6 (Critical point proximity). Let N € N be given, and Assumption 2.5 to be assumed
(instead of Assumption 2.3). Then:
(i) For some 7, > 0, (1 < k < N), we have

Uy ¢ (@ € Upn | infan g o) 185 = 8811y, < i for 1<k < N}
(ii) For some &, A > 0 as well as 5 €(0,8), 1<k < N), for
Ok = (1 + 2 min{yx + Ve Apk} — ok l[Kill*) > 0
(where the positivity is a consequence of (2.7b)) for all #%N € Uy.n

Ons1(5=0)* 1+A

~0:N .
. = f
(2.92) 0 <dn(@™) oof o £y il
n
1+ A -
T A2 f A
—2¢ —Z( Nkt + € +77k€k))
n+l k k
= 2Kk
as well as
(2.9b) (2= 1) (& +1)(5 - 8) + 20, ey < 62

Remark 2.7. We must have 0,,,1(5 — 5)2 > (1+A)np4afi, and 29];117ke'k < 82 for (2.9) to hold. Therefore,
given these bounds, the optimal choice of & is to solve it from (2.9b) as an equality, and insert the
result into (2.9a).

Remark 2.8. Similarly to 6, also 7 depends on the testing parameter ¢, so its mere increase is not
sufficient to satisfy dy (#”N) > 0. For constant step lengths, ¢x = 1, 5x = 7, and & = ki = k, provided
that y,41 + YEn+1 = 0 for all 1 < n < N, taking and ensuring

On :=1—10 sup |Ki|l* >0,

(2.9) hold when 1<k<N

N+1
On (8 - 5) > Z ((1 + A)Tf‘]% + ZKEZ + TKék) and
k=1

(2 - x) (k7 +1)(8 - 6)? + 205 '7é;, < &2

That is, we can satisfy the conditions by taking 7 and 7o small enough, 5<6 large enough, given that
the prediction errors e;i have small sums compared to the radius § > 0. However, large critical point
proximities 7, and gradient errors €, and é; can be compensated for by small step lengths, as long as
their sums are bounded.

2.2 REGRET ANALYSIS

We now analyse the regret of Algorithm 1. The main work is with the local Assumption 2.5 for the
nonconvex function Ei. Readers only interested in the global Assumption 2.3, or the general ideas,
may skip Lemmas 2.10 and 2.11.

We first verify the positive semi-definiteness of operators central to our analysis.

Lemma 2.9. Let N > 1 and suppose Assumption 2.1 holds for any 0 < k < N and u*N generated by
Algorithm 1 for an initial u’ € Xy x Yy. Then the following statements hold:

(i) The operators I}, I, Qk, and Qy are positive semi-definite.

(ii) If Assumption 2.3 holds, then My, and My — Qy. are positive semi-definite.

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT


https://arxiv.org/abs/2412.12944

ARXIV: 2412.12944, 2024-12-17 (revised 2025-03-17) page 8 of 34

(iii) If Assumption 2.5 holds, then My and My — Qy. are positive semi-definite, as well as

(1— k)M > Qk, N (Mg + Qk) > diag(@k Id, 0), fk > 21y,
(1= xp) My > Qk, Uk(Mk + fk) > diag(@k Id, 0)

for O = o (1 + 27 min{yx + Ve Ak} — 70k ||Kk||?) > 0 as in Assumption 2.6.

Proof. The positive semi-definiteness of I, Tk, O, and Qy follows from Yks Pk AEJ YE K> VE.Ks iE,k > 0.
This establishes (i).
For (ii), using Assumption 2.3 and Young’s inequality, we have

-1 _ _F _ _ *
(Tk Agpk) 1d Kk ) > o (Id Tk AE K TkO'kKkKk 0)

k(Mg — Q) =k ( —K; o.k—l 1d 0 ol

Thus, (2.6b) establishes the positive semi-definiteness of M; and My — Q .
Finally, for (iii), using (2.7b) in Assumption 2.5, and Young’s inequality, we estimate

-1 2ZE,k e
(1= k) Mg — Qe = (1 - k%) ((Tk ) 14 K )Id)

_ -1, 2pk
Kk (Uk + 1-kk

S PR g KPR, 0

> (1 kx) (7% 1=Kk >0,
0 0

which also shows that Mg > 0. Likewise, we show (1 — kx)Mj > Qk. Moreover,
(fk—l +2(yk + yE,k)) 1d K
—Kj (0']:1 + Zpk) Id

> o ((1 + 27 (yx + YE,(I;)) Id — 7304 K K. g) S (Hkold 8) ‘

(M + Tie) = ni

The claim regarding ng (My + Qi) follows by a similar argument, as does the positive semi-definiteness
of My — Qy. Finally, Iy — 2T} = diag((Jex — yex) Id, 0) by the definitions of Iy, and I. Since Jgx > yek

A

by Assumption 2.5 (ii), this proves I} > 2I}. O

Lemma 2.9 justifies the norm notation || « || for M = My, My + Iy, My — Q. Now, using the critical
point proximity Assumption 2.6 and the global Lipschitz-like bound of Assumption 2.5 (i), and assuming
sufficient proximity of the previous iterate u*~! to the corresponding time index of a comparison
sequence, the next “a priori” lemma shows that the current primal iterate x* is in the ball where the
local three-point inequalities of Assumption 2.5 (ii) hold. The “a posteriori” lemma that follows, will
then show that, in fact, x is also in the proximity of a comparison sequence. An inductive argument
will then easily establish regret estimates as in the convex case [14].

Lemma 2.10 (A priori estimate). Let N > 1 and suppose Assumptions 2.1, 2.5 and 2.6 hold, and that u*N
and N are generated by Algorithm 1 for an initial u® € X, X Y,. Further, let a"N e Uy.n and A > 0,
and for al < k < N, suppose that

0.(5-8) 1+A
k( ) - b T]kfi—ZET

k-1 _ =k-12
(7 | x

Mik—1(Mg_1+Tg_1) — 'fk {fk

(2.10)

for the prediction error Ez = EZ(uk_l, k1% of (2.8), the constants ci, ki, Ok, &, P, & and radius 8 > 0 of
Assumptions 2.5 and 2.6. Then there exists if = (£, 7*) € Hk_l(O) with

Cdfn L < DR,

(2.11) ||z Ml =

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT
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as well as

(2.12) Ixk =25 <8, ||IxF=%F| <8, |IxF-x%|| <8, and ||x*-xF|| <6

Proof. By Assumption 2.6 () (2.11) holds for some @* = (¥, %) € H_l(O) By the definition of Hy, we
have §* := —VE(£X) = K? §* € oF(#*) and p* := Kix* € G ( $%). Now Cauchy-Schwartz inequality,
Young’s inequality and the (strong) monotomclty of 9F; and dG, together with the erroneous three-

point monotonicity-like property of Ej and VEi in Assumption 2.5 (i) yield
(Hi(x*, y%), uF = 0%) = (9Fc (x%) = GF, xF = 25y + (96} (y*) - p*, yF = 75)
+ (VER(2F) = VE(55), x* — 25)
+(Kp (v = 95), xF = 2Fy — (K (x5 = %5), yF = 9F)
(yi + TR = 282 + pelly* = IFI12 = Apgell* — #5112 - &

Lok skmz Lysk  akpz s
5[“ —u ]]fk—5||u —ullg, — ek

\2

Applying here (2.4) and the Pythagoras’ identity

1 1 1
k_ <k k _ sk k _ k2 k _ k2 ko ~k
T e A A ] ARl i
we get
1 1
-k Ak k Ak k_ ~k =
(213) M=t o = Sl = aM, L+ Sl — Nl - e

The operators My, My + Iy, and My + Qy are positive semi-definite by Lemma 2.9.
Since & > 0 by Assumption 2.6 (ii), Young’s inequality gives

vk ~k12 vk _k2 -1\ 1.5k ~k2
i = k|2, o < (G - a2, L + (1§D VI, o

By Lemma 2.9, My + Qi < (2 — k) M. By the definition of the prediction errors in (2.8)

1 vk k” lHuk—l —k 1”
’7kMk ~ 9 M1 (Mp—1+Tx— 1)

Using the above inequalities and I > 0 from Lemma 2.9, we thus obtain

l”ﬁk Ak” < (2 - Kk)(l + gk)
2

k-1 _ —k 1 T 1 Ak
Mk (M + Q) 2 (H ”Uk V(Myy+Tp) T 26 + gk lla® —a%||

UkMk)

We multiply (2.13) by nx and use it on the left hand side. Then we use (2.10) and (2.11) on the right hand
side. This yields

1 1
Ak “k vk k
I —||u =, g, < Sl = a2 Sl

Nk (Mic+Ty)

Lok
(214) 5”“ Uk(Mk+Qk) -

for ay := (2 = 1) (&1 + 1) (6 - 5)? + 20, 'nréx. By Assumption 2.6 (ii), we have ay < 5% < 82. Thus
Lemma 2.9 and (2.14) show

(2.15) 520k > agb > ||i* — 4|2 > O ||¥F — %> as well as

Nk (M+Qr) =
-k okpp2

> > ||uf -
80k > onebr > |lu* — @ ||,] (M) 2 > Ol - 251%.

This shows the first and second parts of of (2.12).
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By Lemma 2.9 and (2.10), we have ||u||’27k > Ok|lx||% Ik > 0, and nkr <(1+ A)r;k < Ok (5 - 8)2.
Thus using Assumption 2.5 (i), we establish

k2 ~k k ~k k A2 2

Ol — 57 < g — M2 <l = abE < < 65 - 6)°

Hence ||#F — 2%|| < 6 - 5. By Assumption 2.6 (ii), ax < 5. Minding (2.15), it follows that
135 = 2| < |75 = 2% + |75 - 25| < var + 6 -8 < 6,
and completely analogously ||x* — %X|| < &, proving last two inequalities of (2.12). O

Now that we know that the curent primal iterate belongs to a ball where the estimates of Assump-
tion 2.5 (ii) hold, we can continue with the aforementioned a posteriori estimate.

Lemma 2.1 (A posteriori estimate). Let N > 1 and suppose Assumptions 2.1, 2.5 and 2.6 hold, a®N € Uy.y.
Let u™N and "N be generated by Algorithm 1 for an initial u® € Xy x Y, satisfying for dy given in
Assumption 2.6 the local initialisation condition

1
(2.16) Ellu0 |7 < dy (@),

o (Mo+To) —

Then for all1 < n < N, the three-point smoothness and growth inequality
-n —n n2 AE’k n_ vn2 UL (uh) h_ -n
Gan) Bl = En(e") + LR - x| - ZEE - ) < (TR, (), 27 - ) + e

holds, as does the tracking inequality

1 0 —0
(218) "”“ = @115, (yer,) < rLi @Il o)+ Z( +_rk)

Proof. The estimate (2.17) follows directly from Assumption 2.5 if we show that the iterates and
predictions xk, %% € B(x*, §). This follows from Lemma 2.10, if we prove its assumptions, i.e., (2.10) for
all1 < k < N. We do this by induction, and in the course of it, also prove (2.18). That is, we prove by
induction, for all 1 < n < N that

_ ke 0(6 =8> 1+A

Nkt (Mg_14Tk 1) = 3 % forall1 <k <n.

r]kf,i - 252

1k
2.1 — U
(2.19) 5 I

The inductive basis, i.e., (2.19) for for n = 1, follows directly from (2.16) and the definition of dy in
Assumption 2.6. For the inductive step, suppose that (2.19) holds for some 1 < n < N. We will prove
that the same holds for n + 1. Towards this end, let k = 1,.. ., n be arbitrary. The inductive assumption
(2.19) directly proves the assumption (2.10) of Lemma 2.10 up to k = n. By the lemma, x*, X* € B(z*, §)
for some % = (£, j*) € Hk_l(O), so the latter inequality of Assumption 2.5 (ii) gives

(VER(#) = VER(2"),x* = £5) 2 jrllx® — 247 — Apillx® — 2|)° - &
Recall the expression for Hy from (2 5) and Hi from (2.3). Since 0 € Hi(xk, yk) we have ¢~ :=
—VE (%) - k € 9F.(%%) and p* := K2 € aG? (j/k) These together with the above three-point
inequality and the (strong) monotomclty of oFk and 9G, yield
(220 (Hi(x, ). uf = a¥) = (@Fi(x) = ¢, 2" = ) + (VER(F) - VE((2), 2" - 2)
+0GL(y") = 5 9% = 5
(KR = 352" = 25) = (K" = 29,y = 55

ok ko ok 3 ko ok .

()’k+)’Ek) llc® = 25112 + pielly* = 95112 = Aprllx® = 2517 - &
k k112 k k2 ~
=—llu —u ~ ——|lU —U x — €.
2|| 1% 2|| I %
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Applying the linear “testing operator” ( -, u* — @iF) to both sides of (2.4) then yields

vk k

1
0> (uf — ik, uf —aFyy, + 5||uk — 4F||2

Lok k2
r‘E”“ - |5

o, ~ Gk

Since M is positive semi-definite by Lemma 2.9, as are M + fk and M — Q &, they all induce semi-norms.
Similarly to the proof of Lemma 2.10, the Pythagoras’ identity yields

Lok Ak oot Lok wky2 .
St = MR, 2 k- Sl I, -
Using here the Pythagoras’ identitities
k Ak 2 k _ k 2 _k ~k2 k _k -k ~k
k= k2, = a2+l - R, otk - abat — ), and
k o~k Lk k Kk ~ky2 Lk -k -k sk
i - @12, = [l — k|2, + ok - a2, + 20 - aF, @ - ¥,
we obtain
1
ok _k k -k Ak 5
E||u - ||Mk+<u —u, U =0 )m, + ek
Lok e 1 K12 1kvk2 k -k -k Ak
> b = a2, sl = R -, - e -y

Splitting (iiF — ak, @k — ak)yy, — (uk — @k, ak — akyy, = (@K — o, a* - k), , multiplying by #x, using

the definition (2.8) of the prediction errors, and rearranging, we obtain

k=1 _ k-1 i 5 “k k -k _ sk
(2.21) —|lu ||,7k (M T 1) + (g + meér) + @ —ua" — 4% )y my
1 1
k _ —k —k _ ~kj2 vk ~k _ ~k
= —|lu =|la* - . u , U £ .
2 I ||f7k(Mk+Tk) 2 ” ||’7krk 2 ” ”Uk(Mk Q) < >’7ka
Summing both sides of (2.21) over k = 1,.. ., n, telescoping, and rearranging gives
1 0 —0 A —n
(2.22) - @ 12 e+ 3 (] + ) + Ay) 2 S —ap
k=1
for
sk ok -k Ak k -k -k sky
A= —u", @ =0 Ypm, — " — @, 0 — >']ka
Lok kg2 LT LT
- —||la* -4 - - - —|lu
1 | 5|l ”’7k(rk "5l IIUk(Mk o)’
where we used the notation || - ka—l“k since Lemma 2.9 guarantees I} > I} + I}/2 > T} and both

operators are by definition self-adjoint. Using the first of these inequalities, My — Qk > kMg (which
also holds by Lemma 2.9), and 0 < k; < 1, applying of Young’s inequality twice, and rearranging, gives

Kk b _ sk 1k k Lok k2 gk _ akpp2
Ay < ?Hu ||,7kMk + T || ||,7kMk ZH” i ||,7kfk + 5||u ||,]ka
= 2k k) = 2k — k)
2 ne(Ce-Te) 2 e (M= Q)
1 gk 1+A
< — L_l — Ny’
2Kk” ||77k(Mk+Fk) oe ke

In the final step we have used (2.11) from Lemma 2.10. Inserting this result in (2.22) and using Iy < I'y
from Lemma 2.9, we obtain

1+A

0 ~0
Ukrk

1 2 T N
ey < g = 0 + Y (e e
k=1

2"

1
—|lu" -
2
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Since A < 1, this directly proves the tracking estimate (2.18). Using the assumed (2.16), with the
definition of dy from Assumption 2.6, we also obtain (2.19) for k = n + 1, finishing the induction step.
As mentioned in the beginning of the proof, it now follows from Lemma 2.10 that x* xkeB (J’Ck, ) for
all1 < k < N, so that (2.17) follows from Assumption 2.5 (ii). O

With this, we are now ready to show the main theorems. For brevity, we define the initialisation
and cumulative prediction and gradient error

Z

) :N-1 -0:N k -kik
(223) &N @) = 3 (el () + e
0

>~
I

and the Lagrangian duality gap
Gy (@) := ([Fx + Ex] () + (Kix, ) = Gy () = ([Fe + Ex] (%) + (Ky. %) = Gp ().

The next theorem shows that the sum of the Lagrangian duality gaps is bounded by the initialisation
and the cumulative prediction error.
Theorem 2.12. Let N > 1 and suppose Assumption 2.1 holds for u™N generated by Algorithm 1 for an initial
u® € Xy x Yy. Let a®N € U"N, and suppose that either
(i) The global Assumption 2.3 holds, or
(ii) The local Assumptions 2.5 and 2.6 hold, and, for dy given in Assumption 2.6, we have the local
initialisation bound

0
|

1 _ _o:
(2.24) E||u0 - TZ]O(M0+TO) < dn(@*N).

Then My + Iy and My — Qy are positive semi-definite and with ik = Pr(uk ),

N

1 1
H/ k -k k k2 0 =012 ) 0:N-1 -0:N
E (gk (u*,a") + E”u —u ||,7k(Mk_Qk) < E”u —u ”770(M0+1“0) +eN(u l,u )-
k=1

Proof. Lemma 2.9 proves the positive semi-definiteness of i My and i (My — Q). Consequently, also
My + Ty is positive semi-definite.

Fix, for now, k € {1,..., N — 1}. Recall the expression for Hy from (2.5). In the case (ii), conditions of
Lemma 2.11 hold, so we have that

—~ ) ) AEk 5 YEK , -
(2.25) (VE (%), x* — 7% > Ep(x) - Ex(2F) - Tllxk — ik + Tllxk — xF|1? e,

whenever ¥ is a component of @V = ((&, 7),..., (N, 7)) € Uyp.n. The (strong) convexity of F

and G; with (2.25) yield
(2.26) (Hi(xF, y%),uF = ) = (9P (), 2% = %) + (VER(55), x* - 25)
+(0G (¥), y* = ) + (K yF ok = 75y — (KexF, yF = 75)

ky |, Yk T VYEK _ e ABK
> (Fe(x) = Fe() + BETER |k — 252 + (Ek<x’<> - E(#) - ZE I - )

* * [ = pk — * — _
+ (G105 = G + BRIy = FHI7) = (Kpyh #5) + (K, 75 - e

Lok k2 Ho ok -ky Lok <ky2
=5||u -y, + G (x%a )—Ellu =t lg, — ek

The case (i) assumes (2.25) directly, thus (2.26) holds globally.
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In both cases, for all k = 1,..., N, we apply the linear “testing operator” (-, uk — @k ) to both sides of
(2.4). This followed by (2.26) yields

1 1
k vk k _k k _k2 H/ k -k k k12
x> (=it b = @y + Sl - R+ G (k) — Sl -

Multiplying this by ny, using the Pythagoras’ identity to convert the inner product into norms, then
continuing with the definition (2.8) of the prediction errors, we obtain

I =@ @) e 2 S = 2y + e
> 2 = B2 gy + G ) Sl I g
Summing over k =1,..., N gives
2 = 212 gy + RN @) 2 N =N
N
(G ) + =2 )

k=1

Since %HuN - _N||r27NMN+FN > 0, the claim follows. O

The next corollary derives function value estimates from the preceding gap estimates. Its proof is
exactly as the proof of [14, Theorem 2.6]. The estimates are with respect to

N N
Gin(z"N) = > sup [¢257N) = mGi(59)] inplace of  Gun(y™N) == > mGie (),
k=1 V* €Yk k=1
We also denote

N
Oun (™) = Y il Fe + Bl (), Kanx™ = (mKax', . inKn).
k=1

If the dual comparison sets Yj.xy were convex, then, recalling the formula (f; + f2)* = fOf," for
infimal convolutions (denoted O) of convex functions f; and f;, we would have G.ny = Gy O S*yw.
In general, él, N <GpyO 5*%N. That is, (0}1; N is a “sub-infimal” convolution of G5 and the temporal

coupling. As Gy o K} is typically a total variation type regularisation functional, Gy o Ki.ny becomes a
spatiotemporal regulariser with aspects of spatial total variation, and the temporal properties of the
problem at hand.

Corollary 2.13. Suppose that the assumptions of Theorem 2.1z hold, with the initialisation bound (2.24) for
all i®N € U"N in the local convergence case (ii). Then

[Qun (x™N) + él:N(Kl:le:N)] - sup [Oin (2N + CG}LN(KLNJZLN)]

J_Cl:NGXLN

1 M N . — .
< sup (S’ = @0 pger, +on (B YY) + e WO T A" ),
QO:NEWO:N

where e]%](uO:N_l, a"N) is given by (2.23), and the comparison set solution discrepancy
ex(#N,y ) = nf (K™, 3 =5 + Gy () = Gl ().
. LN
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Proof. The claim follows from Theorem 2.12, by the exact same proof as that of [14, Theorem 2.6], with
ex; (N1, a%N) in place of e (u”N 1, a"N) of the latter. ]

Remark 2.14 (Comparison set solution discrepancy). According to [14, Remark 2.7 and Section 3], cy < 0
when Gy o Ki = ||V « ||21 is the total variation, the dual initialisation achieves the total variation (i.e.,
(% x% = a||Vx?||21 with ||y°]|2.c0 < @), and the dual predictor is total variation preserving. Examples

of total variation preserving predictors are provided in [14].

3 THE ONLINE EIT PROBLEM

We now treat the online EIT problem, which we describe in Section 3.1. To apply Theorem 3.6, we
need to prove the smoothness inequalities of Assumptions 2.3 and 2.5. Based on auxiliary results from
Appendix A, we do this in Section 3.3 after first proving the necessary second-order differentiability of
the CEM solution operator in Section 3.2.

3.1 PROBLEM DESCRIPTION

To model the dynamic EIT problem as the optimisation problem (2.1), we now take

N,
_1 ~1/2 jik Jky 2
(31) Ex(x) -—E;IIE (I, UH) = 770,
Fi(x) = 8] (%), and Gr(Kix) = allx]lz,

where 372 € RMN=Dx(Mi=1) jg 3 data precision matrix, modelling noise characteristics, and a > 0
is the regularisation parameter. The conductivity x is bounded between 0 < x,, < xp. The term
J7k € RM is a vector of measurements corresponding to the electrode potentials U/F € RM at time
instance k. The currents Iij’k := I;(x,U”%) for i = 1,..., Nj are obtained by solving (uj’k, L,....In)
from weak versions of the Complete Eletrode Model (CEM) equations

(3.2a) Ve (x5(E)Val* () =0 for £ € Q,

(3.2b) W (E) + SR (E)Vaul k(&) - v(E) =UM* forE€aQ,, i=1,..., Ny,

(3.2¢) KOV (&) - vE) =0 for £ € 9Q \ (9Q¢, U ... U Q).
(3.2d) /a ) KOVl (&) - v(E) ds = -IF fori=1,..., N,

where u/F is the inner potential and ; is the contact impedance between the electrode i and the medium
inside the domain Q ¢ R?. We focus on this “potential-to-current” model, as it aligns with state-of-
the-art EIT measurement devices [23]. This model was originally introduced in [43], and subsequently
used in e.g. [44, 24, 23]. The conventional “current-to-potential” model solves the potentials given the
electric currents.

We assume that x € L*(Q) for a bounded Lipschitz domain' Q c R". Given the discretisation of
x in the numerical experiments of Section 4, the results of this section remain compatible with the
theory of Section 2. For a given x, we write

(3-3) wy = (04, Vi) € H := H(Q) ® RM

The domain Q is unrelated to the operator Qj of Section 2.
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for the electrical potential and electrode currents (u, I) that solve (3.2) weakly, i.e.,

(3.4) By(wy,w) =L(w) forall w=(0,V)eH.

where the bilinear form B, reads

Nl Nl
1
By(wy, W) = / Voo Veodé+ ) = / ox(0 = Vi) ds + ) (Vo)iVi,
Q = G Joo, i=1

and the linear form L is

N;
L(w) = Z:; gl /agﬂ Us(v — V;) ds.

We equip H with the norm
(3:5) [wllg, = llollf + VI for weH.

3.2 DIFFERENTIABILITY OF THE EIT SOLUTION OPERATOR

The problem (3.4) is well-posed [38]: see the “potential-to-current” model in [25]. The first order
differentiability of the reversed “current-to-potential” model has, moreover, been extensively discussed
in earlier works, e.g., [28, 13]. We will prove the first order differentiability of the solution operator
of the potential-to-current model. This, to our knowledge, has not been previously proven. We then
show the Lipschitz boundedness of this derivative and use it to prove second order differentiability in
L. This has only been shown in the finite dimensional case for the current-to-potential model.

For notational clarity, we write wy ., ie, h W),c,h for the (Fréchet) derivative of x — w, at
x € L*(Q), when it exists. The notation for v, is analogous. Thus, h w)’c’ p € L(LT(Q); H). Likewise,

o s ie, (b, hy) = w! is the second (Fréchet) derivative of x +— w, at x, when it exists. For

Wy, x,h1,hy

clarity, we write Vsw, for the weak gradient of w,, and ng;’ p for Ve[& o w;’ R(O]. e, Vi is always
a (spatial) gradient with respect to & € Q. Given x € [x,,,, xum], a.e., and that the domain Q is Lipschitz,
the solutions wy : X — H are continuous in L? for any p > 1[26, Remark 2.8]. Moreover, under the
domain scaling condition ¢~ 19Q,, | <1, we have

(3.6) C1Byx(w, w) > ||w||§{ forall weH and

(3.7) [wellg < G|lU|lz for any x € [xm, xm].

For solutions w, € H to (3.4), the scaling condition {k_l|aQek| < 1can be removed (see [26, Lemma 2.6
and Theorem 2.7]), and the coefficients then have values

N

Ci =2Co(Amin{l,x,})™' and C, =V2C; for Cq = ({n/ey) N1

IN)

with {,;, = ming {x and ey = maxy [9Q,, |.> Throughout, we work with:
Assumption 3.1. 0 < xp,, < xp < o0 and Q C R%isa Lipschitz domain.
The next corollary is a simple application of this and the earlier results of [26].

Corollary 3.2. Let Assumption 3.1 hold. Then for Cs := C,C;||U||; we have

W, = Wx, [l < Gsllxz =3l forall x1, %5 € [Xm, xp].

*We know that A is a finite positive constant but the exact value is unknown. For more details, see [38, Lemma 3.2] for
current-to-potential model and potential-to-current model [24, Lemma 2].

Dizon, Jauhiainen, Valkonen Online optimisation for dynamic EIT


https://arxiv.org/abs/2412.12944

ARXIV: 2412.12944, 2024-12-17 (revised 2025-03-17) page 16 of 34

Proof. Using Hélder inequality, (3.6) and (3.7), recalling that we write wy, = (vx, Vy,) and wy, =
(vx,, Vx,), we estimate

”WXZ - WJQ”%—{ < Cle1 (WXZ - les WXZ - le) < Cl /(xl - x2)(V§UxZ . V§(Ux2 - le)) dé-/
Q

< Cillxr = e lloollwa, | llwse, = Wi, l < CCol|U |2 132 = x1lloo | Wi, = Wy [l 4

For a detailed derivation of the second inequality, see [26, equation (20)]) O

As promised, we can now show first-order differentiability in L*(Q).

Lemma 3.3. Let Assumption 3.1 hold. Then the solution map x +— wy : L(Q) — H of (3.4) is
Fréchet differentiable at any x € [x, xm] with the Fréchet derivative at x, i.e., the map (h +— w’ ) €
L(L®(Q); H) norm-bounded by C3 = C1C,||U ||, and satisfying

(3.8) By(w, ,,w) = —/ hV vy - Veo dE
. o ¢
and

[Wyrh — Wy — W;,hH‘H <G|kl forall heL™(Q)andw = (v,V) € H.

Proof. Suppose that wy is a solution to (3.4) with x. Now, with respect to w = (v, V), the left-hand side
of (3.8) is coercive by (3.6) and the right-hand side is clearly linear and bounded. Thus the Lax-Milgram
theorem establishes the existence of w’ ,. We will show that the mapping h — w’ , is bounded and
linear with respect to h, and then proceed to confirm that it is, indeed, the Fréchet derlvatlve i.e., that

IIWX'O+h - WX() - W),Cl,h”(}-[ _

(3-9) im
[[Alloa—0 1Rl L= ()

To see linearity, take a, b € R and notice from (3.8) that, due to the linearity of the right-hand side
with respect to h, both w’, ahy+bhy and aw’ o T bw’. hy solve (3.8). Hence, due the well-posedness (3.8),

wand aw’ , + bw must be equal

Wi ahy+bhy’ x.hy
To show boundedness, we observe that by the Holder inequality and (3.6)—(3.8),

(310) 1w ,II3 < CilBe(w, Wl )] = ‘ / WV g0, - Vew!,,, dE| < G U IRl W,
Q

Finally, to confirm (3.9), suppose that |||l < x,,/2. This ensures that the solution w,., to (3.4) at
X + h exists since 0 < xp,/2 < x + h < xp1 + X /2. By (3.6)

(3‘11) ||Wx+h — Wx — W;hllé{ < Cle(Wx+h — Wx — W;,h, Wxt+h — Wx — W;,h)‘
Moreover, for any w € H,

By (Wysh — Wy, W) = By(Wxph, W) — By (Wx, W) = By (Wyip, w) — L(w)

= Bx(Wxihs W) = By (Wypn, W) = _/ hV§0x+h : va dé,
Q

hence

By (Wi — Wy — w;’h, W) = By (Wysh — Wy, W) — BX(W;,(,h’ w) = —/ hV ¢ (vysn — 0x) - Vo dE.
Q
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Taking w = wy4p, — wx — w., and using Corollary 3.2 we thus estimate

(3-12) Bx(W, W) = _/ hv§(0x+h - Ux) : V_E(Ux+h —Ox — 0;,}1) d§
Q

< Al

/ V§(0x+h - Ux) : V§(Ux+h —Ux — Ua/c,h) dé:
Q

< AllcollWxsn = Wl gl Wisn — Wy — W;,h“?{

< [[hlleoCsllhllcollWxrh = wx = W, [l -
Combining (3.11) and (3.12) yields [[wx+n — wx = W), [l < C1Cs]|h||,, which proves (3.9). O

The following lemma shows that the Fréchet derivative of the solution map is Lipschitz. This will be
needed to show the second-order differentiability.

Lemma 3.4. Let Assumption 3.1 hold. Then, for any given h € L*(Q), the map x — w’ , : L*(Q) —> H
is Lipschitz with constant 2C1Cs||h||c, that is

W, =l ol < 20 CslIAllellxs = xillee forall %, € [ x].

Proof. For any wy, w, € H we have

(3.13) By, (w1, w2) = By, (w1, w2) + /(xl - xz)Vg;’Ul - Vv dé.
Q

Furthermore, by Lemma 3.3, w;bh and w}’cz’ 5 satisfy

BX1(W;1,h> w) = —/ hV vy, - Veodé  and BxZ(w;Z’h, w) = —/ hV gvy, - Vv dE
Q Q
for any w € H. Using these and (3.13) yields
A= Bxl(w;hh - w;z’h, w}’q’h - w;z’h)
= Bxl (W;Cl,h’ W?’Cl,h - W.:Cz,h) - BXZ (W.:Cz,h’ W.:Cl,h - W;‘z,h)
- '/Q(xl - xz)ng;z’h . Vg(v;l’h - U;Z)h) d¢
= /[th(vx2 —0y) + (32 — xl)ng;z’h] . Vf(v;l,h — U;Z,h) d¢
Q
< (Ih9e(ex, o)l + e2 = x0) Ve, pll) V(6] , — o, e

Using the Cauchy-Schwartz inequality and ||Vz0||; < [[w|# (see (3.5)) again followed by Corollary 3.2
and ||w’ (x2)||# < Gs||h||||U]|2 allows us to continue

g AWl =l =l e = sl = 3l
3.14
< hlleCsllxz = xilleollw, , = W, pllge + %2 = xillCallBllcaliwl, ,, = w4l

Finally, (3.6) and (3.14) establish

’ ’ 2 ’ ’ ’ ’
”le,h - sz,hHﬂ < Clel(WxI,h - sz,h’ le,h - sz,h)

< 2CGs||Allollxz = xilleollWy, , = Wi 4 ll9-

Dividing by ||w;1,h - W;z,h”ﬂ establishes the claimed Lipschitz constant. O
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The next lemma confirms the second-order differentiability of the solution mapping.
Lemma 3.5. Let Assumption 3.1 hold and x € [xm,xm]. Then hy — w’ B L*(Q) — ‘H is Fréchet

differentiable at all hy € L*(Q), the Fréchet derivative hy — v;’hl By 1S norm-bounded in L(L*(Q) X

L®(Q);H) by Cq = 2C1C5||U |2, and satisfies the linear equation

(3.15) BX(W;,,hl,hz’ w) = — ([) h1V§v;)h2 - Veo dé + ‘/Q h2V§D;,h1 - Veo dE

forallhy, € L*(Q) andw = (0, V) € H.

Proof. The right-hand side of (3. 15) is linear and bounded with respect to w. Hence by the Lax-Milgram
theorem there exists a solution w’’ bk, 1O (3.15). We will show that hy — w’”’ hihy is the Fréchet derivative
of hy — w . To see that the former isa candldate for the Fréchet der1vat1ve we first establish the
boundedness and the bilinearity of (hy, hy) w Indeed due to (3.6) and (3.15),

1"
“th hzll‘H < GiBx (Wx Jhi,hy? WX,hr,hz)

<G ( '/Q hlVérv;’hz . va;c’,hl,hz dé| + '/QhZV'fv;c,hl . Vé’valc,,hl,hz df’)

< CulmslloolIw, . Nl + Wl W 1) 197 Il
< 20U o lllooliBalloo ) Nl

Clearly then “W;/,hl,hz”?’ < 2CG3 U ]Iz A1l o [l A2l co-
To see bilinearity, first observe that the first integral left-hand side of (3.15) is linear with respect
to h; and the second integral is linear with respect to h;. Then take h, = af + bg, for a,b € R and

f.g € L¥(Q).Since h — 0’

", 18 linear, we have

'/thVsev;,aﬂbg -Veo dE = '/Q hlVg(av;)f +boy ) - VeodE
= ‘/Q hl(avgvv;,f - Vo) dE + /Q h(bVevl - Vo) dE,

This show sthe linearity of the first term with respect to h,. The same reasoning shows the linearity of
the second term with respect to h;, conﬁrming the bilinearity of the both terms. Arguing similarly to
Lemma 3.3, we conclude that (h;, hz) — w’ ok is bilinear.

Finally, we confirm that h; +— w’ is the Fréchet derivative of hi — w;’hl. Let ||A2]l0 < X /2

x,hl,hz
and h; € L*(Q). Then
’ ’ "
(3-16) B (Wx+h2 h Wx,h1 - wx,hl,hz’ W)
- B (wx+h2 h1 W) - Bx(w}/f,hl’ W) - Bx(w;f/,hl,hz’ W)

= Bx+h2 (W;+h2’h17 W) - BX(WJ,C,hl’ W) - ./Q hzva;"'hz,hl ’ V‘fv df - BX(W;,,hl;hZ’ W)
—/ Ve (vxin, —ox) - VeodE - / h2V§U;+h2,h1 - Vev dE - Bx(w;"hhhz, w)
Q Q

—'/Q MV e (Osih, — 0x — v;,hz) Ve dé — /Q hzvé‘(v;whg,hl - v;’hl) - Veo dé,

where on the fourth line we used Lemma 3.3 on the first two bilinear terms, and on the last line we
used (3.15). Observe for any w; = (v1, V1), wa = (v2, V2) € H that

/Qthvl - Vo dE < [[hlleoIVevrll2lIVz2llz < llAlleo lwill#ellwell #-
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, W . . .
Using this, (3.6) and (3.16) with w = w’ hohs ™ Weh ™ Wahoh, 85 well as the triangle inequality, we
obtain
(3-17) [, W = Wil
3'17 Wx+h2 h1 Wx,h1 Wx,hl,hz H
’ 144 ’ ’ 144
< C1|B (Wx+h2 hl Wx,h1 - Wx,hl,hg’ Wx+h2,h1 - Wx,hl - Wx hl hz)l

<

S C1(||h1||00||Wx+h2 - Wx — W;,hzll(H + ||h2||°°||w;+hz,h1 - W;,hIH(H)

o hiVe(Oxen, — vx = U;,hz) ) V§(0;+h2,h1 - U;, h xhl hz) d§’

’ ’ ’ ’ 144
9 h2V§(0x+h2’hl - Ux,hl) ’ V,f(vx-th,hl - Ux,hl - Ux,hl,hg) df’)

W,

144
”W i~ Wx,hihy Il 3.

x+h2 h1

By Lemmas 3.3 and 3.4, we have, respectively

2
Ws, = wx =Wl < CCsllRall?, and  [|w), =W,

nll# < 2CCs|l | oo |l 2| co.-

Dividing (3.17) by ||w’ 41 and using these estimates establishes

’
tho ks Wk th o |
2 2
IWeesnh = Ween, — Wanon, 17 < CrCs(1+ 2[[Ailloo) [ lloo 12| .-

Dividing by ||hz]|« and letting ||hz2]|c ~ 0 shows second-order Fréchet differentiability. |

3.3 THREE-POINT INEQUALITIES

Next, we discuss how Assumption 2.5 can be satisfied. We assume that X} is a finite dimensional space,
as will be the case in the numerical realisation of the next section, so that the results of Section 3.2
are compatible with the results of Section 2. We write w, (U7*) for the interior potential-electrode
current tuples (3.3) corresponding to multiple electrode potentials U/*F and the conductivity x. Define
S:L®(Q) — RNN: by

(3.18) S(x) = (Si(x),...,Sn,(x))  for  Sp(x) = (Z7V2Pw, (U™F), ..., V2Pw, (UNF)),

where P is a projection from H to RM that extracts the electrode currents, i.e., Pwy (U’ ’k) = [’'* Then
Lemmas 3.3 and 3.5 show that S” and S” are norm-bounded by

max

(319)  Spuy = NoGCpmax [UHLI[Z77 and 87,y = 2NoCECG max [UPHIEIZ2

Writing 7* for the measurement vector corresponding to (3.18)3, Ex of (3.1) then reads
1 k)2
(3.20) E(x) == SlISk(x) = T7I%

We define B,w as the Riesz representation of By(w, -). Then, minding (3.6), By € L(H;H) is
invertible with eigenvalues bounded from below by C;*. Also write L., € H for the Riesz representation
of the right hand side of (3.8) as a functional of w: (I, p, w) = — /Q hV v, -VzvdEforanyw = (0,V) € H.
Note that here v, is a component of the solution wy = (vx, Wy) € H. Then, by Lemma 3.3, wa;, p = bon

3The entries of 7 are also multiples of %~1/2,
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By the invertibility of By, we can write wo, = B p,. Also write L, = Lyh, where L € L(LP(Q); H),
with 1 < p < co. It follows that

IZ72Pw, 1> = (S7P* By Lo, PB,'Len) = (LB, "P*27'PB;'Lych, h).

Writing w’_, (U 7k for the differential of w,(U’F) in the direction h from x, and L,J;’k for L, correspond-
ing to wy (UPK) = (0, (UF5), V, (UFF)), we thus get

N,
1S, e B, = Y IZ7/2Pwl , (UPR) |2y, = (Ach, h)
j=1

for

N,
Ay = Z(L,’;k)*B;*P*Z_lPB;ILfgk.
j=1

The next proof relies on a lower bound on Ay to model the idea that for a potential measurement
setup UJk, (j =1,...,N,), some electrode, indexed by i =1,..., Nj, should react to a change h in the
conductivity x. If x and h are discretised to a finite grid of n nodes, then it seems reasonable that this
can be achieved as long as NyN, > n. If the latter does not hold, the condition could still be achieved
at specific x or for specific directions h. Practically, for the condition to hold, the comparison point
#* (e.g., ground-truth) data fit ||S (%) — bi|| has to be good enough, i.e., for the noise level to be low
enough, and the radius § > where we seek to satisfy Assumption 2.5, has to be small enough. This
radius affects the closeness requirement of the initial iterate to ° through Assumption 2.6 and (2.24).

Theorem 3.6. Let Assumption 3.1 hold and X, be finite dimensional. Define E by (3.20), and suppose
7 € X, N B(xX,6), £ € B(x*,6), and x € B(x*,8) fora s > 0, and
(3.21) Aj = max{cy, ey} Id

for
c1:= 40 + S (4]1Sk(x5) = brllgmany, + (1+ V2 + 2877, )6%)  and

max max.

o
cy =20 + zs;r;ax ((g + Srlnax) o+ ||Sk()_ck) - kaRNlNz) .

Then Assumption 2.5 (i) and (ii) hold with yg i = 40, Ypx = 30,6 = ex =0, and

-y ’” ’ _ 525" ’
Mgy = 24p, = ST (Smax5 + 3015k (%K) — byl gany + 2’"“") + (z + \/5) (s%. )2

Proof. Since Sy, is twice differentiable, the bounds (3.19) on ||S’|| and ||S”|| guarantee Assumption A.1.
By the preceding discussion, (3.21) guarantees

1S (£%) (x = £9)[13, > max{cy, co}l|x — %1%,
Now Corollary A.5 with e =26 =20 and f =1— 2712 shows for D = %AE,k = iE,k that

(VER(¥9), x — ¥)x 2 Ex(x) — Ex(2°) + 20||x — x¥|%, - Dllx — #*1%,
and
(VE(&) = VE(&*), x — £%)x, 2 36]1x — 2|5 - Dllx — x*|I%, - O

Since we enforce x € [xm, xum], a.e., the previous theorem can also be used to prove the global
Assumption 2.3 by taking J large enough.
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4 NUMERICAL EXPERIMENTS

We numerically assess Algorithm 1in dynamic EIT imaging of a solid object moving in a fluid assumed to
follow the incompressible constant-density transport equation. Our evaluation extends to scenarios that
challenge the constant speed and incompressibility assumptions. We evaluate several dual predictors,
and compare the results against static reconstructions with the Relaxed Inexact Gauss—Newton method
(RIPGN) [23]. Our software implementation is available on Zenodo [22].

4.1 TEST SCENARIOS

The test scenarios take place in a disk-shaped domain denoted by Q. We use N; = 16 evenly placed
boundary electrodes. We set the electrode potentials U/ so that an electrode j is set to a potential
U} * = 1V while all others are grounded, Ul.j K= 0Vforiz Jj. This pattern repeats for all electrodes,
leading to N, = 16 sets of electrode potentials. To mimic the typical EIT measurements, we exclude the
currents at the excited electrode j from both measurements and the forward operator, as these currents
are often not measured by EIT devices. Thus, each time instance k yields a total of (N; — 1) N, = 240
measurements.
The four experiments are as follows:

Baseline Features an inclusion moving at constant speed on a homogeneous background. Serves as a
validation scenario to ensure the algorithm works as expected.

Circular Motion Features an inclusion following a circular motion path, challenging the constant
movement assumption.

Halting Motion Features an inclusion that comes to a halt at frames 1000 and 2000, further chal-
lenging the constant movement assumption.

Disappearing Inclusions Features two inclusions moving in circular path. First inclusions disappears
at frame 500 and the second at frame 1000. Both reappear at frame 1500. This case challenges
the incompressibility assumption.

The Baseline experiment has 400 time frames, while the other three have 2000. The background
conductivity is xpg = 1S and all inclusions are resistive with xj, = 107*S.

We simulate the measurement data by approximating (3.2) with the Galerkin finite element method
(FEM). We use piecewise linear basis. The simulation mesh has 5039 nodes and 9852 elements. Each
simulated measurement Jij * has added Gaussian noise with standard deviation std = 10_4|Jl.j -k [, in
the standard range of EIT. For the specifics of how to solve (3.2) and its Fréchet derivative with FEM,
see [23].

4.2 NUMERICAL SETUP

Recall the definition of Ei from (3.1). The currents S : X* x RM — RMNMN: in E; are obtained by
approximating the potential functions u/* in (3.2) through FEM, using piecewise linear basis functions.
The conductivity x is also represented in the same basis. To prevent the ‘inverse crime’ [29], we use a
less dense mesh for the forward problem than we used for simulation, featuring 2917 nodes and 5430
mesh elements.

4.2.1 BACKGROUND PROCESSING

Note that the computation of Si(x¥) and VS (x¥) is highly resource-intensive. To optimise the com-
putational speed of Algorithm 1, we implement the following background processing strategy: we
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approximate VS (x¥) by VS (%), initially X = x°. We then approximate Si(x*) by a first-order Taylor
expansion around ¥. In the background, we compute Si (%) and VS (%), at a linearisation point X = x/.
After completing these background computations, we update ¥ = % as well as ¥ = x* for the current
iterate, and start computing new values of the operators in the background. In Appendix B.1 we show
that the background processing scheme satisfies Assumption 2.5.

4.2.2 PREDICTORS

We construct the primal component of the predictor Py by assuming constant velocity and incompress-
ibility in the moving objects. Denoting by h*(£) € R? the displacement at £ € Q between frames k
and k — 1, we define the primal prediction referred to as Flow, as ¥*1(£) = Wix* (&) := x* (& + bk (¢)).
Since h* represents the estimated displacement between the current and previous frames and is used
to predict the next frame, this effectively assumes a constant velocity between frames.

We estimate displacement #* from the incompressible transport equation

axk
(4.1) e Vgxk -0 =0.

Here, v = (v;,05) € R? represents the velocity responsible for the time-dependent displacement h at
k

time ¢. Using a fixed time step of At = 1, we approximate ‘% as (x* —x*71) /At = x* — x*=1. This leads

us to a problem akin to optical flow, where the solution for v is subject to non-uniqueness due to the

aperture problem [4]. Similar to the well-established Horn-Schunck method [20], we approximate the
solution of (4.1) by

2

k P
v =loll%.
2

@) + B 120 + 19e00l?) +

k
= arg min 1 Hai - Vérxk_1 v
S 2|t
Here, V¢ denotes the spatial gradient operator, and f; and f, are positive regularisation parameters.
The components Uf and v§ share the same piecewise linear basis as the conductivity x*, and the
displacement k¥ corresponds to v* due to the chosen time step. To expedite the algorithm, we only
update h* every fourth iteration.

For the dual variable, we consider two distinct predictors: Greedy preserves (VX
(V,erk, y*) element-wise, while Affine sets y**! := y* + CV§3“ck+1. Through the choice of ¢ > 0, it
seeks to promote sparsity in regions where we expect constant values, as discussed in Example 2.2. To
bound the prediction component of the error ei(uozN ~14%N) in Corollary 2.13 for these predictors,
see [14, Lemma 3.1 and Lemma 3.13]. The gradient estimate error we treat in Appendix B.1. We also
perform experiments with the Identity predictor Wy =1d and T; =1d.

We evaluate the algorithm across four predictor configurations. No Prediction is fully uninformed
having identity predictors for both primal and dual variables. Primal Only uses incompressible flow
prediction for the primal combined with uninformed identity prediction for the dual. The remaining
two configurations feature the incompressible flow prediction for the primal, accompanied by either
Greedy or Affine dual prediction.

Note that only the Baseline experiment fully satisfies the constant velocity assumption. Additionally,
the fourth test scenario violates the incompressibility assumption. However, we expect the algorithm
to perform correctly, as the optimisation steps should compensate for small errors introduced in the
prediction step. Furthermore, v is only an approximate solution to (4.1), meaning some degree of
compression may still be present.

k+1, )7k+1> —

4.2.3 ALGORITHM PARAMETERS

In all experiments, we use the following parameters:
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Table 1: Average relative errors and confidence intervals (CI). The latter are calculated using Student’s
t-distribution with the relative errors for each iteration from 1 to 500 as samples.

Baseline Circular motion
Average RE Average RE
Predictor iter1 iter 50 95% CI Predictor iter1  iter 50 95% CI
Affine 9.56 9.0725 9.0311 - 9.1139 Affine 9.0218 8.8642 8.8424 - 8.886
Greedy 10.7881 10.4691 10.3895 - 10.5487 Greedy 10.5676 10.4494 10.4213 - 10.4775

No predict  14.4899 14.4774 14.4204 - 14.5344 No predict 14.4643 14.4275 14.3768 - 14.4782
Primal only 10.844 1053 10.4523-10.6077 Primalonly 10.632 10.5153 10.4868 -10.5438

Halting motion Halting motion

Average RE Average RE
Predictor iter1  iter 50 95% CI Predictor iter1 iter 50 95% CI
Affine 9.1663  8.9985 8.9651- 9.0319  Affine 11.1383 10.8471 10.6356 - 11.0586
Greedy 10.3048 10.1686 10.1416 - 10.1956 Greedy 11.5483 11.2712  11.0304 - 11.512

No predict  14.7439 14.7116 14.6822 - 14.741 No predict 15.1044 14.8975 14.5571 - 15.2379
Primal only 10.2875 10.1508 10.124 - 10.1776 Primal only 117061 11.4329 11.1949 - 11.6709

No prediction Primal Only Greedy Affine
0
10 0.16
0.14
107! 0.12
0.1
| | | | | 0.08 | | | | |
0 100 200 300 400 0 100 200 300 400
(a) Relative objective value (b) Relative error to ground-truth

Figure 1: Iteration-wise relative objective values and iterate errors in Baseline experiment.

Main problem parameters We set /2 = 2001d, a = 0.5, x,, = 10~°, and x); = 10°. We do not use
the knowledge of the precise noise statistics or the conductivity range.

Step length parameters We take constant 7, = 7 := 0.85||2"/2VI(%)(2~V2VI(x))*|| ™! and o} =
o:=1

Incompressible flow parameters We set f; =107 and 8, = 107°.

Affine predictor parameters To promote gradient sparsity in calm areas, we take ¢ := 10 max{0,1—
10712|hk|~1}2 for h* the estimated displacement.

The step length parameter choices are discussed in detail in Appendix B.2.

4.3 RESULTS

The Baseline experiment features an inclusion moving at constant speed. Figure 1 shows the relative
objective values and iterate errors

P 1C s B L

T Je(x) RPN
where xtkrue is the ground-truth for iteration k with the tested predictor configurations. No Predic-
tion performs the worst and Affine predictor the best. Primal Only and Greedy perform similarly,
outperforming No Prediction but falling behind Affine. This is also confirmed by Table 1.
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No prediction Primal Only Greedy Affine
10°
0.15
1071
0.1
| \ \ \ | | \ | | |
0 500 1000 1500 2000 0 500 1000 1500 2000
(a) Relative objective value (b) Relative error to ground-truth

Figure 2: Iteration-wise objective value and relative error in Circular Motion experiment.
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(a) Baseline experiment (b) Circular Motion experiment

Figure 3: A selection of reconstructed frames in Baseline and Circular Motion experiments.

Reconstructions in Figure 3a confirm what we observed in Figure 1 and Table 1. The incompress-
ible Affine predictor produces slightly sharper reconstructions than other Flow predictors, with No
prediction yielding the blurriest results.

In the Circular Motion experiment, an inclusion moves in a circular trajectory. By Figures 2 and 3b
and Table 1, Affine again provides the sharpest reconstructions and lowest objective values, while No
Prediction performs the worst.

Figure 4 compares the true target, a static solution using RIPGN, and online reconstruction with
Affine at frame 500. The static reconstruction is sharper but significantly slower, taking 71.9 seconds,
whereas online reconstruction with Algorithm 1 captures essential features in just 12.1 milliseconds.

The third experiment involves a halting inclusion. By Figures 5 and 7a and Table 1, the reconstruction
quality, the relative objective values and iterate errors align with previous experiments. Notably, as
objects slow down, especially with No Prediction, reconstructions improve. This aligns with expectations,
as, aside from the noise, the data is static, where identity prediction is optimal.

The final experiment features two inclusions vanishing at different frames (500 and 1000) and
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Figure 4: Circular Motion experiment. Comparison of the reconstruction quality. Left: true target.
Middle: static reconstruction with RIPGN. Right: online reconstruction with Algorithm 1 and

Affine prediction.
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Figure 5: Iteration-wise objective value and relative error in Halting Motion experiment.

reappearing at frame 1500. Table 1 and Figure 6 show similar results to the previous cases, although by
average relative error, the differences between Affine and No Prediction and Primal Only are smaller.
However, Figure 6 reveals abrupt spikes in the objective value and in the relative error when objects
disappear, followed by subsequent decreases as reconstructions exhibit fewer edges, resulting in lower
total variation penalties. No Prediction dominates when both inclusions disappear since, aside from the
noise, the data is completely static. By Figure 7b, the reconstructions accurately capture the process of
inclusions disappearing and reappearing.

5 CONCLUSIONS

Online optimisation offers a real-time option for solving sequential optimisation problems. While its
application in dynamic inverse problems remains relatively rare, we introduced a predictive online
primal-dual proximal splitting method tailored for objective functions with non-smooth and non-convex
components.

We established a regret bound for this method and we comprehensively evaluated the method in
dynamic EIT. Through numerical evaluations using incompressible constant flow-based predictors, we
have demonstrated a substantial enhancement in reconstruction quality when compared to uninformed
predictions, even in cases where the assumptions of constancy and incompressibility were violated.
Remarkably, this improvement was achieved while maintaining minimal computational times, averaging
just around 12 milliseconds.

It is worth noting that, in our experiments, the online reconstruction quality, albeit slightly inferior,
remained competitive with significantly slower and computationally more costly static reconstructions.
We anticipate further enhancements in the computational speed of our algorithm through optimised
numerical implementations, promising even more efficient and effective solutions in the future.
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Figure 6: Iteration-wise objective value and relative error for Disappearing Inclusions.
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Figure 7: A selection of reconstructed frames in Halting Motion and Disappearing Inclusions experiments.
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APPENDIX A THE DATA FITTING TERM AND ITS PROPERTIES

In this appendix, we prove Corollary A.5 on smoothness inequalities for

1
E(x) = SlISk(x) - bellZ,

required in the proof of Theorem 3.6. We assume:

Assumption A.1. Let S : Xi — Zi be twice Fréchet differentiable between the Hilbert spaces Xy and
Z, and suppose S; (x) € L(Xy; Zx) and S/ (x) € L(Xx X X; Zx) satisfy

15, () (¥ = 0z < Spaxlly — xllx,  and
IS¢ () (y = x,2 = )|z < Spraxlly = xlIx Nz = x|lx,  forall x,y,ze€ B(x,9),

For brevity, in the proofs, we drop the time index k as it bears no impact on our analysis. We also
abbreviate S, (h) := S’(z)(h) and R(x) = Sk(x) — bg. Then E(x) = %||R(x)||2, keeping in mind that
S, =R’ and S}/ = R”. We start with an auxiliary lemma.
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Lemma A.2. Suppose that Assumption A.1 holds for some X € X and § > 0, and that x,z € B(x, ). Then,
c=z+t(x—z) and somet € [0,1],

(VE(2),2 = 0)x, = Br(2) = Be() + S 15,(2) (x = 2, = ISy (@) - 2. x = DI,

+ %(S,;’(c)(x Czx— 2, Sk(x) — bz

Proof. Since Sy and therefore R is twice differentiable, Taylor expansion gives for ¢ := x + t(z — x) and
some t € [0,1] that

(a.2) R(x) =R(z) +R,(x — z) + %R;’(x -z, x—2).

Expanding E(x) — E(z) and using (a.1) and (VE(z),x — z) = (R.(x — z), R(z)) then yields

(a2) E(x) - E(2) = > (IR)I* - [IR(2)|I°) = %(R(x) — R(2),R(x) + R(2))

1
2
1 1 1
= E<R(Z) +R,(x—-2z)+ ER;'(x —z,x—2) —R(2),R(x) + R(2)) = E(VE(Z), x—2z)+A,
where an application of (a.1) establishes
1
2
1 ’ l 144 ’ 1 ’7
= E<R2(x -2z)+ ERC (x—z,x—-2),R(z) + R,(x — z) + ERC (x—z,x— z)>

(a.3) A:= %(<R;(x —-2z)+ %Ré’(x -z, x— z),R(x)> + <Ré’(x -z, x — z),R(z)>)

+ i(Ré’(x _zx—2).R(2)) = %(VE(Z),x _a+ %HR;(x _ 2| +B.
Here again, an application of (a.1), gives
(r.4) Bi= 2R (e =2 x = I + (R (x = 2.x = ), R(2) + R.(x = 2)
_ —%llRé’(x Czx-2)|P+ %(Ré'(x —2x—2),R(x)).
By combining (a.2)—(A.4), we obtain the claim. O

With the help of Lemma A.2, we next derive a lower bound for (VE(z), x — X)x,.
Lemma A.3. Suppose that Assumption A.1 holds for some x € Xy and § > 0. Then

p 1

(VEk(2), x = %) 2 Ex(x) = Ex () + —=[IS.(2) (x = 0) |7, — 28 15, (2) (x = 2)1I7,

1 —
2
e LRE A PR
forall x, z € B(%, ), where for any > 0,
(2018 (%) = brllz, + 6°S}ae/2)  and
(Sr,naxa + 3||Sk(3_c) - bk”Zk + 525” /2) .

max

A:=S"

max

(a.5) B:=S/

max

Proof. Since x,z,% € B(%,0), applying Lemma A.2 twice establishes for some #;,#; € [0,1] and b :=
z+ ti(x — z) and ¢ := z + 1, (X — z) the identity

(a.6) (VE(2),x — %) =(VE(2),x —z) + (VE(z),z — X)
= ()~ B + S IR 2 = DI = SR (5 = 2.5 = 2|+ S (R (5 = 2.5 - 2), RO

1 ’ 1 ’’ 1 ’’
= IR e = DI + IRy (x = 23 = D) = 2 (R (x = 2. = 2), R(x).
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Next, we estimate the X — z terms with similar ¥ — x and x — z terms. First, let us inspect the term
IR.(x — z)||>. By Young’s inequality and the linearity of R,

ﬁ ﬁ‘l

(A7) SIR(E= 2 = ZIR(x - 2) - Kol = 0l* 2 —LIR (2 = 02 + =L IR (= )
Next, we inspect the term ||RY (X—z, ¥—z)||. R is bilinear andboundedby Rl = S/ by Assumption A.1,
thus Young’s inequality, and z € B(x, §) gives
(a.8) IRY (% — z,% — z)||> < 2||RV (% — x, % — 2)||* + 2||R/ (x — z, % — 2) ||

< 2R *lI% = x[126 + 2(Riy)*llx — 211267,

Finally, let us inspect the term (RY (¥ — z, X — z), R(X)) — (R} (x — z,x — z), R(x)). Notice that by mean
value theorem R(x) = R(x) + R, (x —x) for a = X + t3(x —x) with some t3 € [0, 1]. Using this, bilinearity
and symmetricity of R”, boundedness of R” and R”, Cauchy-Schwartz and Young’s inequalities, and
x € B(x,6) we obtain
(a.9) (R (% —z,% — 2z),R(%)) = (R (x — z,x — 2), R(x))
= (R} (x —x,% — x),R(%)) = (R (x — z,x — z), R;,(x — X))
+ (R"(x —-2z,x—-2) =R/ (x —z,x = 2),R(%)) + 2(R] (Xx — x,x — 2),R(X))
IRGINIF = %1 = S S SlIx = 2112 = 28 IRl = 211
287 RO =l ~
> S (IRENIE ~ I + BIRE) | + Sinasd) lIx — 217)

Finally, applying the above estimates (a.7)-(A.9) to (a.6) shows that

> -

- max |

1-f 1 ) -
(VE(2),x = %) 2 E(x) ~ E(D) + gﬁlle(x—x)IIZ‘ﬁlle(z—x)llz Strax IR 1% = ]I
_ Shiax(Shuax® + 3IRE) 1) 3 (Rifu)® (11
2 ||"—Z||Z—T(IIx—x||2+||x—z||2). O

The next corollary transfers S, (z) to S (%) in one of the terms.

Corollary A.4. Suppose Assumption A.1 holds for some x € Xy and § > 0. Then

(1 ﬁ)z

(VEK(z),x = X)x, = Ex(x) — E(X) +

c _n2
~ Sl ==, - Enx—znxk,

115, (%) (x = %) 17, = IS¢ (2) (x = 2) 12,

2/3

forall x,z € B(%, ), where, forany1> f > 0, B is given in (a.5), and
(410)  Ci= A+ BT (B~ 1)26% = Sliay (2016 (®) — billz, + 8 SLiuy/2 + (B~ 178 .

Proof. With fixed h, R.,(h) is continuously differentiable by Assumption A.1. Thus, by the main value
theorem, for a = x + t;(x — X) with some #; € [0, 1], we have

(a.11) R (x—x)=R(2)(x —x) =R (x)(x —x) + R"(a)(* — x,z — X)
=R.(x —x)+ R/ (X —x,z — X).

Since § > 0, (A.11), z € B(%, §), Young’s inequality and the boundedness of R” (due to boundedness of
S” in Assumption A.1) show that

IR (x = x)|I* = IRe(x = x)||* + IR (% = x,z = %)||” + 2(R¢(z — X), R}, (* — x, 2 — X))
> (1= PR (x = 0)|I> = (B = DIIR, (x - x,z = ®)|I°
> (1= PIRL(x = )[1* = (B! = DSy’ lIx = x|I.
Since (1—- f)(B~' —1) = (B — 1)?/pB, using this and Lemma A.3 yields the claim. ]
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Finally, we state conditions that guarantee the growth estimates of Assumptions 2.3 and 2.5 for E.
Essentially, S’ (x)*S’ (%) has to be sufficiently elliptic.

Corollary A.5. Suppose that Assumption A.1 holds for some x € X and § > 0. Let x,z € B(%, ), and
suppose some 1> > 0 and some ¢ € R that

;o ~ C+2¢ _
(a12) IS0 (x = DI, > —— |l — %1%,

(1-p)?
for C defined in (a.10). Then, for B defined in (a.5) and D := 3B + ﬁ(s;nax)z,
(a.13) (VEr(2),x = X)x, = Ex(x) — Ex(%) + ellx = x|, — Dllx - 2II3,

Additionally, if for some € € R also

’ = = ~ 144 5 !’ — —
(19 IS @G-, 22 ( + S ((g + S )8+ 11S(5) - bknzk)) I - =,
then
(a.15) (VE(2z) = VE(x),x = X)x, = (e + &)||lx — J?llik - Dl|x - z||§(k.

Proof. The boundedness of R’, Corollary A.4, and (a.12) yield

(1_ﬁ)2 -\ 112 1 ’ 2
5 IRe(x —)|I" - z—ﬁllR (2)(x =2l
C

B
=12 2
— —|lx—x — —llx -2z

E(x) — E(x) + (VE(z),x — x) >

- 1 ’ 1 ’
2 g”x - tz - ﬁ(smax)zux - 2”2 - (D - ﬁ(smax)z)”x - Z”Z

= ellx - x||* = Dllx - 2|>.
This gives (a.13). Subtracting (VE(%), x — %) from both sides, we further obtain
(A.16) (VE(z) — VE(x),x — X) = E(x) — E(%) + €||% — x||* = D||x — z||* = (VE(%), x — X).
Recall that by the mean value theorem R(x) = R(x) + R/ (x — x). Thus
RGO = IR(x) = R(x) + R(F)|| < [[Rg(x = D)|| + IR < Spragllx = x| + [IR(F)]].

This, Lemma A.2 with z = %, x € B(%, §), and (A.14) give

1 / = 1 4 = = 144 - —
E(x) = E(x) = (VE(%),x = %) = _[|Re (x — l* - glIRa (x — %x = )| + (R (x = %, x — %), R(x))
1 4 - SI{III X - 144 -
2 S lIRe(x — OlI? - T‘"’le = xlI* = Sipax RGO 1 = xII?
52
—+S
8

max

1 4 - 14
> SR = R = S

- SN2 < 3 112
max S+ [[REO | llx = %]1° > &|lx — ||

Plugging this into (a.16) yields (a.15) O

APPENDIX B IMPLEMENTATION DETAILS

We now elaborate on the background gradient approximation scheme and the step length parameters
choices used in the numerical experiments.
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APPENDIX B.1 BACKGROUND SOLUTION OF PDES

Formally, the gradient of the approximation scheme of Section 4.2.1 takes
VE(xK) := VS, (x7)" (S;(x7) = by) ,

for some past time index 0 < j < k. As we keep the excitation potentials fixed at every frame, U = U/
for any j,k > 0, hence I*(x) = I/(x) and VSi(x) = Z7V2VI¥(x) = 7Y2VI/(x) = VS;(x) for all x,
meaning that Sp = S;.

Lemma B.1. Suppose 0 < x,, < xpr < 00, Xy is finite dimensional, and that Q@ c R? is a Lipschitz domain.
Further, define Ey. by (3.20), and suppose that S = S; and Yy, = Y; for anyk, j € N, and that E, x*, and
x* satisfy the assumptions of Theorem 3.6. Then Ey(x) and VE(xF) satisfy Assumption 2.5 with error
terms

&k = ek = &k = (Sppa)* (Smax + 1belly ) Sl = x¥|lx,.
Proof. Since Sy is differentiable by Lemma 3.3, so is Ex. Let X = x/ for some j < k. Since Sy = S; and
Yie = Y.
(VE;(x/), x* = x8)x, = (Sj(x)) (x* = 25), $;(x7) = br)y,

= (SN (2 = %), Sk (x)) = brdy, = (VE (), x* = %),
Thus for a z € B(x¥, ||x/ — x¥||), by the mean value theorem,
(VEr(x7), x* = 2F)x, = (VER(XF), x* = 2F)x, + (VEL(2) (x7 = xF), x* — #%)x,.
Since x* € B(fk, ),

(VEL(2) () = x}),xF = 25)x, = (S () (&F = ) (x7 = x5), S (2) = ba)y,

+ (St (2) (xF = %), S1.(2) () = )y,

’
max

< S//

k _ <k j k 2.k ck j k
max (Smax + [Prlly) 116 = 25 [ llx? = x5 llx + (o) “llx" = 25 x 1% = x"lx;

< Strasc (Smax + 1Bl )8llx” = x*[1x, + (Siuar) *8lx” = x¥[|x, = ex

Now given that Sy satisfies the assumptions of Theorem 3.6, we have

Ey(x*) = Ex(=%) + 0llx* = 2515 = Dllx* = XI5 < (VER(E), %" — 29,

= (VEx(¥9),x* = 29)x, + (VE(2) () = x9), 5" = 2F)x, < (VER(55), %" = ) + e
Thus Assumption 2.5 holds as claimed. O

The error term e; (and likewise €, and éx) depends on the measurements by and on the linearisation
lag through the term x* — X, The exact values of S/, and S, _are given in Section 3.3 and it is easily

verified from (3.7) and (3.20) that Spax = Na||Z7V2]|; maxj,k(CzllUj’kHz + || Z5K],).

APPENDIX B.2 STEP LENGTH PARAMETER CHOICE

The reasoning behind the choice of 7 and ¢ is as follows: We set k = k := 0.15 and assume that %AE,k;
Ak and Ak are all bounded by Lyg, where Lyg satisfies Lyg < 1|==Y2VI(x) (Z7Y2VI(%))*||. This
norm is computationally efficient, with a manageable size of 240 X 240. Under these assumptions, the
first term in (2.7b) becomes

2 - 2 .
0.85 > max{Agk, —2(vk + VEK), AE K A
{ Ek: —2(Yk + VEK) T B0 T E,k}
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From numerical experiments, we determined that ||Ki|| ~ 16 - 107® and that, in all cases, 2Lyg < 10%.
Consequently, the choice of 7 and o ensures that 0.85 - 10* - 16 - 107 < 0.15, satisfying the condition in
(2.7b). i )

The approximation of Agk, Agk, and Agy is heuristic, derived from the convex static case where all
these terms would equal Lyg. Numerically, we observed that the algorithm typically diverged when
k < 0.15, indicating the reasonability of the approximation.
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