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PRIMAL-DUAL BLOCK-PROXIMAL SPLITTING FOR A CLASS
OF NON-CONVEX PROBLEMS

Stanislav Mazurenko® Jyrki Jauhiainen™ Tuomo Valkonen¥

Abstract We develop block structure adapted primal-dual algorithms for non-convex non-smooth
optimisation problems whose objectives can be written as compositions G(x) + F(K(x)) of non-
smooth block-separable convex functions G and F with a non-linear Lipschitz-differentiable op-
erator K. Our methods are refinements of the non-linear primal-dual proximal splitting method
for such problems without the block structure, which itself is based on the primal-dual proximal
splitting method of Chambolle and Pock for convex problems. We propose individual step length
parameters and acceleration rules for each of the primal and dual blocks of the problem. This allows
them to convergence faster by adapting to the structure of the problem. For the squared distance
of the iterates to a critical point, we show local O(1/N), O(1/N?) and linear rates under varying
conditions and choices of the step lengths parameters. Finally, we demonstrate the performance
of the methods on practical inverse problems: diffusion tensor imaging and electrical impedance
tomography.

1 INTRODUCTION

We want to solve in Hilbert spaces X and Y the problem

(®o) min G(x) + F(K(x))

where G: X — Rand F: Y — R are convex, proper, and lower semicontinuous, but K € C!(X;Y)
is possibly non-linear. The linear case has been considered frequently in the literature, while in our
earlier work [33, 11, 9] we have developed first-order primal-dual methods for the generally non-convex
problem with a non-linear K. We refer to [36] for a simplified overview of such methods. In the present
work, still with a non-linear K, we consider problems of the more specific form

xeX

() min 3" G;(Pyx) + ) Fr(QrK(x)),
j=1 =1

whereforall j=1,...,mand ¢ =1,...,n, the functions G; : X — R and F:Y— R are convex, proper,
and lower semicontinuous, and Py, ..., P, € L(X;X) as well as Qy,...,Q, € L(Y;Y) are mutually
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orthogonal families of linear projection operators. In other words, G and F are block-separable. More
specifically, we develop spatially adaptive and block-stochastic optimisation methods for the solution
of (P).

As observed in [35] for linear K, the adaptation of step lengths to individual blocks j and ¢ can
speed up the convergence of optimisation methods due to blockwise Lipschitz or strong convexity
factors being better than the global factor. Moreover, as now extensively studied, randomly sampling
the blocks to be updated on each step can also improve convergence on very large-scale problems, in
part due to the spatial adaptation, and in part due to being able to avoid communication in a cluster
implementation of the algorithm. For more on stochastic block coordinate descent type methods, we
refer to the review [42] and, among others, the original articles [23, 28, 16, 29, 46, 31, 13, 25, 2] on
forward-backward type methods, (8, 32, 45, 12, 4, 6, 15, 35] on primal-dual methods, and [27, 26] on
second-order methods, all in the convex case. For the non-convex case we point to [43, 44]. Compared
to the latter, we work in the primal-dual setting and aim for spatial adaptation also in the deterministic
setting. We also aim to prove convergence rates.

Several works consider, instead of a random selection of blocks, a random selection of terms of a
sum of functions. In the non-convex case, recent mathematical works in this area include [14, 22],
aside from more applied works in the area of neural networks. In our block-stochastic approach, for
non-convex C! functions Ji, (¢ = 1,...,n), we can with K(x) = (Ji(x),..., Ju(x)) and F(z) := X}, z
write

(1.1) mxinG(x) + Zn:]g(x) = mxin G(x) + F(K(x)).

=1

To start describing our approach, using the conjugates F; of the convex, proper,lower semicontinuous
functions F,, we reformulate (P) as the minmax problem

m n
©) min max ; G;j(Pjx) +(K(x), y) = ; F (Qry).
If K is linear, and the number of blocks n = m = 1, a popular algorithm for solving this formulation is
the primal-dual proximal splitting (PDPS) of Chambolle and Pock [7]. It consists of alternating proximal
steps with respect to the dual and primal variables, with the other variable fixed, and an over-relaxation
step that ensures convergence. Its extension to non-linear K (but still without blockwise structure)
iterates [33, 9]

= proxTiG(xi -, VK(x')*y"),

= x4 gy (x = xT),

ytl = prox, p (y' + oK (X))
for some step length and over-relaxation parameters 7;, i41, @; and prox, g (x) = (I + 7:0G) " 1(x).
Our purpose in this work is to randomise and adapt the method to the multi-block structure of (S):
firstly, on each step we will only update random subsets of either or both primal and dual blocks, and,
secondly, even when we deterministically update every block on each step, we adapt the step lengths
to the local structure of the problem in each block.

We organise our work as follows: first, in Section 2, we introduce general notations, concepts, and
the rough structure of the algorithm. In Section 3 we start the convergence proof by deriving several
technical estimates. In Section 4 we then use these estimates to derive convergence rates of more
specific algorithms when only the primal updates are randomised. Likewise, in Section 5 we study
the case when only the dual updates are randomised. We finish our work in Section 6 with numerical
experience in diffusion tensor imaging (DTI) and electrical impedance tomography (EIT).
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2 NOTATIONS, ROUGH ALGORITHM, AND ITS TESTING

Throughout this paper, we write IL(X;Y) for the space of bounded linear operators between Hilbert
spaces X and Y; I is the identity operator; and (x, x’) is the inner product in the corresponding space.
We write with P A for the power set of a set A and y4(a) for the indicator function that equals 1 if
a € A and 0 otherwise. We set (x, x’)7 := (Tx, x’), and ||x||7 := /{x, x)1, where in the latter we require
T > 0.ForT,S € L(X;Y), the inequality T > S means that T — S is positive semidefinite. If H is
a set-valued operator X =3 X, inequalities such as (H(x),x’) > 0 mean that (w,x") > 0 for every
w € H(x).

We write (Q, O, P) for the probability space consisting of a sample set Q, a o-algebra O on Q, and a
probability measure P. We write R(O; V) for the space of V-valued O-measurable random variables.
R(O;U = U) is therefore the space of O-measurable random variables whose values are set-valued
operators U =3 U. Due to the iterative nature of optimisation algorithms, we introduce a sequence
of o-algebras {O;};en such that O; € O;y1 and O; € O for any i € N. We use O; to collect all the
information available before the (i + 1):th iteration. We write E;[ -] := E[+ | O;] for the corresponding
conditional expectation.

Many conditions that we impose in the following sections only apply to the subspace on which the
operator K from the introduction acts non-linearly. Correspondingly, we introduce

Y, :={y € Y | the map x — (y,K(x)) is linear} and Yy := Y,

as well as the orthogonal projection Py, to Ynr. See Section 6 for how such subspaces practically come
about in applications. We also use the short-hand notations

xj:=Pjx and y;:=Qpy.

2.1 ABSTRACT STRUCTURE OF THE ALGORITHM

We generally use the symbol x for primal variables (elements of X), and symbol y for dual variables
(elements of Y). We group these variables together into u = (x, y) € X X Y. This applies to indexed
variables, u’ := (x!, y), critical points # = (X, ), etc., without explicit introduction of the primal and
dual components in each case. We define the set-valued operator H : X X Y 3 X X Y for u = (x, y) as

dG(x) + VK (x)*y

(21) H(u) = OF*(y) - K (x)

with G(x) := Z Gj(Pjx) and F*(y):= Z F:(Qry).
=1

=

Then 0 € H(u) encodes the critical point conditions for (S). These will also become the first-order
necessary optimality conditions under a constraint qualification, e.g., when G is C' and either the null
space of VK (x)* is trivial or dom F = X [30, Example 10.8].

Following the “testing” approach to convergence analysis from [34], we introduce the primal-dual
step length, testing, and preconditioning operators

T, o0 o, 0 I —O7IA}
(2.2) VVH_I = (O 214_1) s Zi+1 = (0 \I]i+1) s and Mi+1 = —\Pl:_llAl I .
Here T;, ®; and X4, ¥i41 are the respective primal and dual step length and testing operators, and A; is
a term that we will develop to suitably decouple the updates of the primal and dual variables. In the
deterministic case, T;, ®; € IL(X; X) and X4, ¥iyg € L(Y;Y) as well as A; € IL(X; Y). Clearly, Z; 1M
is self-adjoint. For the stochastic setting we will impose our formal assumptions later in (3.17). We will
in particular require the tests ®; and ¥;;; to already be known before the start of the i:th iteration
(calculating u'), whereas the step lengths themselves will have to be known before the (i+1):th iteration

(calculating u™*).
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Finally, we write our proposed algorithm in the implicit form
(PP) 0 € WiriHia (u™) + My (u'™ - u?)

for

9 i1y L i+l [VK(xi) - VK(xm)]*ym
(2:3) Hip(u'™) ==H@™) + K(x*1) — K(x*! + Qi (x*! — x1)) + VK (x) Qi (x™*! — x1)
and some over-relaxation operator Q;, which in the deterministic setting is in IL(X; X). Here Hii(u)
is a partial linearization of H(u) similar to [33]. It simplifies to H(u) for a linear K. In the following,
by specifying the testing, step length, preconditioning, and over-relaxation operator, we develop more
explicit methods from this implicit formulation, which itself is more amenable to convergence analysis.

2.2 TESTING FOR CONVERGENCE

The proximal point method iteratively solves u*! from
(2.4) 0 e Hu™) + o 1w - )

given a step length parameter r > 0. If H is a y-strongly monotone operator and # € H™!(0). Then
(H@™),u™ —u) > y|lu™! - u]|?. This suggest “testing” (2.4) by the application of (-, u""! — ).
Subsequently to this testing, the strong monotonicity and Pythagoras’ identity

1

; . . . 1. . 1. . —~
<u1+1 _ ul,ul+l _ ’\> — E||ul+1 _ u1”2 _ E”ul _ u”2 + 5”ul+1 _ UHZ,

applied to 0 € (H(u™*) + 771 (u™ - u?), u™™! — ) yield

1+ 2yr

o~z 1 ; 1, -
™t —al? + Sl = )P < Sflu’ - @),
2 2 2

Telescoping this inequality, it is clear that u’¥ — # at the linear rate O(1/(1+2y7)"). The next theorem
from [34] generalises these simple arguments to the more general algorithm (PP) in the stochastic
setting.

Theorem 2.1([34, Corollary 3.1]). On a Hilbert space U and a probability space (Q, O), letHiyp : R(O;U =3
U), and My, Ziyg € R(O;1L(U;U)) fori € N. Suppose (PP) is solvable for {u™'};en € R(O;U). If for all
i € N and almost all random events w € Q, (Z;41Mi+1)(w) is self-adjoint, and the expected fundamental
condition

~ . . N . ; -
(2.5) E[(WinHi (u'™),u"™! - Wz, = E - l+1_ul||zl~+11\/1i)rl

1 —~12 1
E”u u”Zi+2Mi+2_Zi+1Mi+l - 5”“

holds, then so does the expected descent inequality

(N >1).

LN =2 Lo =2

(26) [E EHu _u||ZN+1MN+1 S [E |:5||u _u”ZlM1

The condition (2.5) is simply a relaxation of the strong monotonicity we assumed above. It also
includes the term 1{|u"*! — '||7,,,m,,, intended to be used with forward steps. In application to (2.4),
we have M;,; = I, and we can take as the testing operator Z;y; = ¢;I with ¢, = (14 2y7)¢; and ¢ = 1.
Thus Zn+1Mn+ in (2.6) forms a local metric that measures rates of convergence. If we can ensure
ZiiMiyy > I for some deterministic pi; — 0o, then (2.6) shows E[||u™ — #]|?] to converge to zero at
the rate O(1/un). We will in Section 3 develop lower bounds of this kind.
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2.3 BLOCKWISE ALGORITHM STRUCTURE

We now develop a more blockwise-refined structure of our proposed algorithm. Inserting (2.2), we can
expand (PP) as the pair of implicit updates (compare [35, §2.3])

xi+1 = (I + Tl.aG)—l(xi + q)l—l [AT _ q)iEVK(xi)*](yi+l _ yl) _ EVK(.XJ)*yl),
(2.7) y”l =+ 2i+1(9F*)_1(yi + \1,;11 [A; - \Iji+12i+1VK(xi)Qi] (xi+1 _ xi)
+ Zi+1K(xi+1 + Qi(xi+1 _ xi)))'

Due to the block-separable structure of G and F* in (2.1), we take for all i € N,

(2.8a) T = Z T]i'Pj, iy = Z O-{I;-HQ[, Q; = Z a);P-,

jeS(i) eV (i+1) jeS(i)
m ) n ) m n ) ]
(28b) ;=) P, Win= ) Yi0, and A= ) > ALQVK(x)P),
=1 =1 =1 =1
for some (random) subsets of indices S(i) C {1,...,m} and V(i+1) C {1,...,n} and (random) parame-

ters TJi., d)}, 0';:“, tfﬂ > 0, and a)j., /1; ; € R. We wait until (3.17) to specify the exact probabilistic setup,
which we do not need before that. Due to the block-separable structures of G and F*, the operators
(I +T;0G)™" and (I + %;410F*) ™! are also block-separable.

We also pick further subsets of indices S(z) C S(i) and V(l +1) € V(i +1); the rough idea is that

x;“ for j e .§(i) is updated within each step of the algorithm independently of y**!. In the linear-K

case of [35] also y;*' for ¢ € f/(i + 1) would be updated independently of x'*!, but presently we are
not able to ensure that. However, we show at the end of this subsection that the primal blocks x;'.“ for

jesS@)\ .§(i) still depend on y{’;” only for ¢ € \O/(i + 1), as is the case for a linear K in [35]. Moreover

we require the “nesting conditions”

(2'93) XS(I) (])(1 — XV (i+1) ([)) =0, (1 = XS(i) (J))XV(HI) (f) =0,
(2.9b) X3y (D Xir(141) () = 0, and Xs(iné (i) DXy (v i) (6) = 0
when

(2.9¢) te (VJ’ ={fe{l,...,n}| Q;VK(xi)Pj #0}.

These conditions force those dual blocks that are “connected” by K to the “independently updated”
primal blocks §(i) to also be (“dependently”) updated, and vice versa. They also disallow connections
between independently updated blocks and dependently updated blocks. Note that the last three
equations in (2.9) are tantamount to the single equality yv (i+1) (£) x4 i)/$ ) () = xy (i+1) (£): they follow
by multiplying the latter by 1— ys(;), X5 (j),and Xs(i/500) (j), respectively; and vice versa Xir (i41) () =
XV (i41) (E)XS(I') () = XV (i+1) (Z)Xs(z’)/é(z‘) (Jj) = XV (i+1) ([)Xs(,-)/gj(i) (J)-

Example 2.2. We can trivially satisfy (2.9) by taking either V(i + 1) = {1,...,n}, V(l +1) = 0, and
S(l) =S()orS(i)={1,...,m}, S(l) =0, and V(z +1) = V(i +1). We will consider these two cases in
the respective Section 4 (full dual update methods) and Section 5 (full primal update methods). We
may also alternate iterations between these two choices.

Following the notations for the subsets and their complements, we also write

f’z*: ZP', Pi = Z P, Q°i+13= Z Qr, and Qi+1 = Z Qr.

jeS() FES(H\S (D) £eV (i+1) L€V (i+1)\V (i+1)

S. Mazurenkao, J. Jauhiainen, and T. Valkonen Non-convex primal-dual block-proximal splitting
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In (2.7), for the subsets S(i) and V(i + 1) to have the intended meaning that only the corresponding
blocks are updated, we need to ensure that P;x"*! = P;x’ for j ¢ S(i) and Q;y"*' = Q;y' for £ ¢ V(i+1).
This holds if P;A7Q, = 0 whenever j ¢ S(i),f € V(i+1) orj € S(i),£ ¢ V(i+1)orj ¢ S(i),f ¢ V(i+1).
Similarly, for S (i) to have the intended meaning that x;.“ for j € S (i) does not depend on y'*!, studying
(2.7), we are also led to require

P[A} — &, VK (x")*]Q, = 0 forany £ € V(i+1).

Finally, since P;x™*! may in (2.7) depend on y™*, we require y™*! to not depend on P;x*!:

[A; = Y12 VK (x)QI)P; =0 and [+ Q']P; =

Combining the above conditions on A; and Q;, we arrive at

PiA;Q; =0 whenever either j ¢ S(i) or £ ¢ V(i +1) or both,
(2.10) P[A} — &, VK (x')*]Q; = 0 for £ € V(i+1),
[Ai + ‘I’i+12i+1VK(xi)]P,- =0, and (Ql + I)Pl =0.

Substituting (2.10) into the identity
o o n
Z QeAiP; + Z QeAiP;i + AP + Z Z QvAiPj,
L€V (i+1) £2V (i+1) JjeS(i) =1
we are led to take

(2.11) A= Z Q[VK(xi)Ti*q);'kﬁi — ¥y % VK (x) Py,
eV (i+1)

which in terms of the components )L ; reads

rigl teV(i+1),je S3),
(2.12) Apj =9 —aMyit £ e V(i+1),j € S(i)\ S(i),
0 otherwise.

Using the coupling conditions (2.9) between 5(1) and V(z +1) in (2.11), we deduce
A= VK(xi)E*q)?ﬁi — Qi VinsZin VK (x1).
Plugging A; into (2.7), we get two cases for the primal variable. If j € S(i), we have
Pix™' = (I+T;0G) ' (Pix' - T,VK(x)*y'), where T :=PT;.
If j € S(i) \ So(i), given that QIP; = —P; due to the last equality of (2.10), taking T; := P;T;, we have
Pix™ = (I + T,0G) ™ (Pix’ — TiVK(xi)*mei“ - Piq)i_IVK(xi)*Z?H\P;HQOHl(yiﬂ - ).

Also x*! = Pixi* 4 Pixi*l 4 (I — P P; )x“rl therefore, for x*' = x™' + Q' (x™' - x') we can expand
X = Px’+1 QiPxi* + (I - P; — Py)x' = Pix*! + (I — P; )x — Q'P;(x™! — x'). Consequently, the
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implicitly defined algorithm in (2.7) expands into the explicit successive updates for each of the involved
projections :

Px™ = (1+T,0G) (Px' = VK (x)*y'),
Xt = (1= P)x' + Pix™ + B;Q; P (x™! — x),
Y= (14 20F) (5 + Bk ()
(2.13) + Q~i+1‘I’,~_+11 [VK(x")T; @} - ‘Pi+1zi+1VK(xi)Qi]ﬁi(xi+l - xi))’
B 1= (14 7,06) ™ (B’ = TVK (') Qray™
- Piq)i_1VK(xi)*Z?+1\P;<+1Qoi+1(yi+l - yi))’
Pix™™ :=Px" for j ¢ S(i).

In the following sections we will further develop and simplify this algorithm by imposing additional
conditions on the step length and testing parameters through convergence analysis.

3 GENERAL ESTIMATES

With the estimate (2.6) in mind, our main task in this section is to prove (2.5). After introducing the
assumptions we need for this work in Section 3.1, and bounding Z;4;M;; from below in Section 3.2, we
do the first stage of this estimation in Section 3.3 still deterministically. Then in Section 3.4 we refine
these estimates by taking the expectation. Finally in Section 3.5 we combine the various estimates and
state a self-contained result on the validity of (2.6).

3.1 ASSUMPTIONS

We will need K to be sufficiently smooth and to satisfy a somewhat technical “three-point” version of
standard second-order growth conditions:

Assumption 3.1 (Lipschitz VK (x)). For some L > 0 and a neighbourhood Xk > X,
(3-1) IVK(x) = VK(x)|I < Lllx = x"|l  (x,x" € Xk).

Using the equality
1
K(x") = K(x) + VK(x)(x" — x) + / (VK(x+s(x" —x)) = VK(x))(x" — x)ds,
0
we obtain for any x, x” € Xk and y € dom F* as a direct consequence of Assumption 3.1 that

(3-2) (K(x") = K(x) = VK(x)(x" = x), y) < gllx = '[Pyl

The norm of y only needs to be evaluated within Yy, because x — (I — Pn1)K(x) is linear so the
corresponding inner product with the integral term is zero.

Assumption 3.2 (three-point condition on K). For a neighbourhood Xk of X, some I'x = XitvkiPi €
L(X;X) with yxj € R, L3 > 0,and p € [1,2], for any A = Z;”Zl ajP; > 0 and some 64 > 0 the
following holds

(33) ([VK(x) = VK(x)]"y.x" = %)a

= - = L ’ ’
> |’ = Rl + 041K R — K(0) = VK R =0l = 2l = xl, (5% € Xe).
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This assumption is trivially satisfied for yx ; = L3 = 0 and any 64 > 0 whenever x — (K(x), y) is
linear. In Appendix A we also provide the constants ensuring this assumption, e.g., whenever the latter
is block-separable and strongly-convex. For a less straight-forward example in the single-block case,
we refer to [9]. There we verified the assumption for the reconstruction of the phase and amplitude of
a complex number from a noisy measurements. That example evidently applies to the present setting
in the single-block case or as a separable block of x — (K(x), y).

We also need pointwise monotonicity of G and dF* at a root u € H1(0):

Definition 3.3. Let U be a Hilbert space, andT' € IL(U;U), T > 0. We say that the set-valued map

H : U 33 U is I'-strongly monotone at u for w € H(u) if there exists a neighbourhood U > u such that
for any u € U and w € H(u),

(3-4) (w—w,u—1u) > [lu-1ull.

If T = 0, we say that H is monotone at u for w.

Assumption 3.4. For any w = (¥, E) € H(u), the set-valued map 9G is 27, yG, jPj-strongly monotone
at x for v — VK(X)*y in the neighbourhood X, and the set-valued map oF* is ;. yp+,Q,-strongly

monotone at y for £ + K(x) in the neighbourhood Y+, where the constants yg j, yr+, > 0 for all
j=1...,mandf=1,...,n

3.2 A LOWER BOUND ON THE LOCAL METRIC

To estimate Z;.1 M, from below, we formulate a block-adapted version of the basic step length condition
7o||K||? < 1from [7]. The assumptions of the following lemma replace the more abstract constructions
of [35, Definition 2.2 and Examples 2.3 and 2.4]. We recall from (2.9c) the “set of connections” (Vji and
also introduce the set of “simultaneous connections”, filtered by )Li)j, as

(3.5) Vi) = {k €{L,...,n} | Q/VK(x")P;VK(x")"Qx # 0, A ; # 0}.
Lemma 3.5. Leti € Nand 0 < § < k < 1. For some factors w} 1/w ke > 0 tk=1...,n;
j=1...,m), define
(3.6) wie = xyi(0) D Wi
keVi(e)
and suppose
2

(37) (1- 0y = Z G\ Wi /90 VK ()P (e=1,...,n)
Then

5D; 0
(3.8) ZinMiy 2 ( 0 K= 5\1,”1)

Proof. Setting {;; == (¢§)_1()Lf,’j)2/(l — k), we use (3.7) and the orthogonality of the projections {P;}",
to obtain for any y € Y that

n n n m
IR EEDY ol 24| 2 S iKY oy
=1 =1 -1

n m
= >0 G jwh P VK () Qeyll* > Z Z( > w;i,f,k)ge,j||ij<<x")*Q[y||2.
=1 j=1

i=1 i i
J t’eﬂ/j’ ke’Vj (€3]

2

Z Lo} Qe VK (x') P
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Since wj, we =1/ w;. , x» We continue to estimate by Young’s inequality

n m n
i 2 2 i % i\ *
DUENQyIP = DT Gl P VK (x) Qry, VK () Qiy).
=1 j=1 k=1
Here we also used (3.5) to convert the second sum to run over allk, £ = 1,...,n. As y € Y was arbitrary,
inserting . ; and the structure (2.8) of ¥;;, ®;, and A;, we deduce (1 - x)¥;;; > A,-CIJI._IA;‘.

On the other hand, applying Young’s inequality with the factor (1 — §) we deduce that

P; —Ajf) S (5<I>i 0

. ZigtMi =
(3.9) i+1Mi+1 (—Ai ¥, 0 \Ili+1_ﬁ/\iq),-_1/\?

Thus (3.8) holds.
m}

The next example demonstrates a simple choice of the weights w; i , that is likely to work if all the
dual blocks ¢ have similar roles in the problem. In Section 6 we will also consider other options when
some dual blocks have different roles.

Example 3.6 (Equal weighting). Suppose (Vj" C V; and q7]’({’) C V;(¢) where V; and V;(£) do not
depend on the iteration. If we take w;, o = Lthen wi, = xq, (£)#V;(f) counts the dual blocks
“simultaneously connected” with ¢ via the primal block j as defined by (3.5).

To provide further intuition into the result, let w;, be as in Example 3.6. With only one primal
block (j,m = 1), and assuming full connectedness (wy, = n for all £ = 1,...,n), Lemma 3.5 requires
Ve > GenllQVK(x)II. Let a = £ X, 110, VK(x)|? = L[[VK (x')||2. After plugging AL, from (2.12)
into (3.7), the lemma then says that the step length parameters can be proportionally larger compared to
the single dual block case (n = 1) when ||Q, VK (x")||?> < a, and have to be proportionally smaller when
|0, VK (x")||? > a. In Section 4 and Section 5, we further transform (3.7) to obtain explicit step-length
conditions. But now, for the remainder of Section 3, we assume that (3.8) holds and derive sufficient
conditions to be able to apply Theorem 2.1.

3.3 INITIAL NON-STOCHASTIC ESTIMATES

The next lemma starts the verification of (2.5).

Lemma 3.7. Suppose Assumptions 3.1 and 3.4 hold together with (3.8) for some L > 0, yG,j,Yre = 0
(G=1....m+t=1...,n)and 0 < 6 < k < 1. Then with H;,, given by (2.3) and M;y; given by (2.2), we
have

Lo i 112 Lo 2 7 i+1\ i+l
(3.10) EHUH - ulHZMMiH + EHuH - u||Zi+1Mi+1_Zi+2Mi+2 + (Hi (u™), 0™ = Wyw,, 2,
Lo in if)2 lk=6 iy if)2 Lo =2 K A
> Sl = 422y - R, ¢l - Gl + DF + DR,

where for an arbitrary Tk := YL vk jP; € IL(X; X) foryk j € R we set

(3.12) Ry = 6®; — L||Q" + I 21}, 25 (3™ = D) |l po L
;[ PimPint2 Yjese) $i7 (VG YK )P 0 )
(3.11b) R = ( 0 Yi1—Vir2+2 X pev (ivn) Vi ot yEe 1Qr )
(3.11¢) Dl{\ = ([Aip1 — M) (x™ = %),y = 3)
+(VK(x)" (™ = 9),x™ = Day1iozy vz, and
(3.11d) DX := (|[VK(x") = VK(X)]*y, ™! = X)o7, — |Ix" - EHcZDiT,TK

+(K(X) = K(x') = VK(x') (X = %), Y™ = w0,

S. Mazurenkao, J. Jauhiainen, and T. Valkonen Non-convex primal-dual block-proximal splitting
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Proof. We bound from below all the terms on the left-hand side of (3.10). For the first term, we have

from (3.8) that
OD; 0
. ZigiMiyq >
(3.12) 1M ( 0 K— 5\Pz+1)

For the second term we use the expansion

O —diyy AL -AT

: ZisiMiy — ZioMiyg = AR
(3.13) i+1Mi+1 i+2V+2 (Ai+l “A; Wiy — Vi

We need to work more to estimate the third term on the left-hand side of (3.10). Since 0 € H(u), we
—VK(x)*y, and 9F*(y) 3 zp- := K(X). We can therefore recall the definition of

have 0G(x) 2 zg =
H(u) from (2.1) and rewrite
(0G(x) = 26, X = X)a,1; + (OF(¥) = 2P, ¥ = V)03

+(VK(x)"y = VK(%)"y, x = X)a,1, + (K(X) = K(x), ¥ = V)¥p015101-

(HW),u = Wwiz, =

Recalling the definition of H;i1(u™*) in (2.3), we therefore expand the third term of (3.10)

<ﬁi+1(ui+1), u'™ - UWi Zint
= (3G (x™") = z6, x™™" = D)o, + (OF (y'™) — zp, Y™ = Pz
+ <VK(xl+1)* i+1 VK(;C\)*:S/\ x'+1 _ 5C\>(I)iTl- + <K(5C\) _ K(xi+1), yi+l _ 5}\>\I’i+12i+1
+([VK(x') = VK(x"D]"y™, 2™ = X)o7,
xi)) + VK(xi)Qi(xi+l _ xi)’ yi+1 _ ﬂwi+1zi+1-

+ <K(xi+1) _ K(xi+1 + Qi(xi+1 _

Due to Assumption 3.4 and (3.2), we have

1 i+1 i+1 =
- A><I> T, ||x " ) — ZF*, yl+ - y>\Pi+12i+1

WS g+ OF (3

(314)  Dj =(G(x") - z6,x'
Z ¢ ”ler1 - x”p Tep; t ||xl+1 - x”cp T T Z WH l+1||yl+1 - )’“Q[FF*Qg
JjeS(i) eV (i+l)
and
(315)  Dj = (K(x) = K(x™ + Q' (x™! = x')) + VK(x') (Q" + ) (x™" = x'), y! = P)w13,.,
i+l _ xi”2‘

__”Ql + I||Z||‘I’,-+1Zi+1(y'+l - J/)”PNL”x

\%

Hence, recalling DIK from (3.11d), we deduce

(Hig (u™h),u™™ - A>Wl+121+1
i+1

= ([VK(x") - VK(%)]* - X1, — Ix
+ (K (%) - K(x') - VK(X V& =X, Y™ = Pwsi
+ (3G (x™) — zg, x™*

= X)o7, + IX = X5 1r, + OF (Y™ = 26+, y
+ (K(x") = K(x™ + Q' (x™ = x) + VK (x') (Q" + ) (x™ — &), y™! - VS
+ (VK (x")* (y™* = 3),x™ = a1, — (VK (x)) (x™ = %), 5

- y>\lji+12i+l
= D{ + D + D} + (VK(x')" (™' = 3), x = Da1,-31, w5,

Non-convex primal-dual block-proximal splitting

(3.16)
=12
= Xllg, 71

o
-y >‘I’i+12i+1

S. Mazurenko, J. Jauhiainen, and T. Valkonen



Manuscript, 2019-11-14 (revised 2020-04-22) page 11 of 42

Inserting the lower bounds from (3.12), (3.14), and (3.15) into (3.16), and using (3.11d) and (3.13), we
obtain

1 i+1 12 1 i+1 “~12 T i+1 i+1
EHul - ul”Zi+1Mi+1 + Ellul - u||Zi+1Mi+l_Zi+2Mi+2 + <Hi+1(ul )’ u'™ - mWiHZiH
1 in 2 lk=6, i 12 Lo 2 A K
> St = w3, + 25y = ViR, + 2t - Tl + D+ D

L . e~ ‘ .
- zllQ’ + P20 (V™ = D llpg [l = )

for DIA as in (3.11¢). Finally, using the definitions of R, in (3.11), we observe

1 i i2 i 2 i = i P12 i i2
EIIX’+1 = x5, = LIQ + TP I¥ T (07 = Dl ™ = 112 = [l = x|l

This yields the claim. O

3.4 EXPECTATION ESTIMATES

To further estimate DX and D#, we have to take the expectation with respect to O;_;. We will use a
split definition of the step lengths, writing

H_{ﬁ,jeﬂm

L _ j 3 i+l _ Oo-[l;+1> te ‘}(l + 1),
T A jesmSa,

and o 3 .
t ML LeV(i+1)\V(i+1),

where we make for all i € N the conditionality assumptions

(3'173') ¢l’ ¢;+1 € R(Oi—l; (0, OO))3 {-_;3 fjl: 5-;:-'—1’ 5-;:+1 € R(Oi—l; (Oa OO))’
(3.17b) S(i),8(i) € R(O;:P{1,...,m)), and  V(i+1),V(i+1) € R(O:P{L...,n}).

Thus T]’ always refers to what T; would be if j € S (i), and similarly for the other variables. Moreover,
these step lengths are already known on iteration i — 1, prior to their use. The only part that is not
known about T; and X;,; before commencing iteration i are the subsets of blocks to be updated. Observe
that (3.17) and (2.13) imply

(3.18) M eR(O0;X) and Yyt e R(0;Y) (ieN).

Also, for brevity, we write

7} = Pj € () | O, #} = Plj € S() | O,
Vit =Pl e V(i+1) | O], and VL= PlreV(i+1) | O]

Lemma 3.8. Suppose Assumption 3.z and (3.17) hold for some Ls > 0, p € [1,2], and 84 > 0. For some
pe > 0 assume
(3-19) 1=Ply;" = Vellmg < pe | O] (£=1,...,m).
Then DX defined in (3.11c) satisfies for any {; > 0 with Y;_; vit! lf+10'l’;+1§;_pp?_” < pPE;_1[0a,1, ] the
lower bound
L . .
E;ia[Df] > —?3[Ei—1[||xwrl —x'1g,7,]

(3.20) L 1 j
= 2 Eunt [0t o = 0l - Tl .

=1

S. Mazurenkao, J. Jauhiainen, and T. Valkonen Non-convex primal-dual block-proximal splitting
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Proof. Setting A = ®;T; in Assumption 3.2, we obtain
([VK(x") = VK(@®)]"3, x™*! = a1,
o _ . . L. . .
> ||x'“ - x||fpiT,,rK + 00,7, K (R) - K(x') = VK F = 2)l1P = 2™ =1l
Therefore, recalling the definition of D]If in (3.11d) and using (3.18),
‘ o L . .
(3.21) Ei1[Df] 2 Eia[00,1 ] IK(X) = K(x') = VK (x') (X = x)|IP - —S[Ei—l[llxl+1 - 'llg,7,]

+(K(X) = K(x") = VK(x") (X = x"), Eia[Z7, ¥ (0 = D)D)

By Young’s inequality and (3.19) as in [9, (3.16) and (3.17)], for any ; > 0,

(K(X) = K(x") = VK(x") (X = x"), [, ¥ (0™ = )

>= > YTy = Fellpg - IKE) - K(x) - VK(x) (% - )|
eV (i+1)
>= > Yol (p -0l - Fillh,
eV (i+1)
vy OV Y = Tlnr . -
—Z e MK () - K(x') = VK (x') (F = x) |17
pPer”

Taking the expectation E;_;, applying the assumption },;_; vi™'y/*'o, +1§; P 2 P < pPE;1[09,1,), and

inserting the result in (3.21), we obtain the claim (3.20). |

Lemma 3.9. Suppose Assumption 3.1 and (3.17) are satisfied for some L > 0, and the nesting conditions
(2.9) hold for any j and € on both iterations i and i + 1. For some n'*! > 0 assume

(3.222) gy =g = Xsans ) t
(3.22b) 1“/;+2 ;+20.tl’+2 - ’71 XV(1+1)\V(1+1) (f)¢l+1 vl+1

Then Dl{\ defined in (3.11c) satisfies for any given ay, a, > 0 the lower bound

di+1 . ) _
G239 BN+ S - > axes(,)\s(,)(ms, i - %1
l+1vl+1 i+1 =112
—ay Z XV(I-+1)\{/(,-+1)([)¢ Iy, — )/t’”pNL,
=1
where
i+1 L 1 =2 L 1wi+l 1 =2
att .= g Z ¢ ||yz+ _y||PNL+§ Z ¢;+ =i+ ”x1+ _xH )
F\jesnsa Y \eev (im\V (i41)
Moreover, if
(3.24) PLllx™ = Il < pxo 1Qe(y™ = D)oy < pos (€=1,...,n) | Oia] =1,
then
EoTd™* ™ — X121 < Eoy [l 1 — xi||2
(3-25) i1 [d7 I = X7 < Bioa[el]lx™ = xM|7]

S. Mazurenkao, J. Jauhiainen, and T. Valkonen Non-convex primal-dual block-proximal splitting
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for

(3.26) cl =

—_
N
<
)
~ N
:t:l:
~
95)
—~
=
_—
o
~~
=
N
m
N
‘S~

2ax ay = A B

+aep2#(V(i+1) \ \"/(i +1)) max y/" ”“).

Proof. We recall from (3.11c) that

DY = (VK (x")*(y™ = ), x™ = D)o, 1,5+

i+l 7 i+l
’ <

- <[ D QK ()T ;P - \I’i+12i+1VK(xi)Pi] (x"™ - %), y™ - §> :

eV (i+1)

Z Q{’VK(xiH)TchDHlPlH - \Pi+22i+2VK(xi+1)Pi+l} (x™ = %), y™ - J7>
eV (i+2)

Defining for brevity
= (VK (7™ = 30, x5 = %5) and k= (VK(x"™)" (7™ = 30), x5 = %)),

and using (3.17), which implies ¢;le Hoitt € R(0;; (0, )), we expand

EDP = 3 3| Grsn D) = xvieen (OVE ok
r=1 j=1
i+1 l+1

+Ei [ xv(is2) (£) (XS(1+1) (])¢ = Xs(ir)\S(i+1) (])¢I+ZJ{I’+2)kEj]

— XV (i+1) (f)()(g(i) (.])¢_] ~ Xs(i\S() (])‘h +1)kt’1

Writing in the first term ys; (])gb;’l']l = X5 (])¢7;le + Xs(\$(h) (])qﬁ;f]‘, this rearranges as

n m

Ei[D7'] = Z([XS(I)\S(I)(J)% (1= XV<z+1)(f))X5(l)(J)¢jT]

=1 j=1
+XV(1+1)([)(XS(1)\S(1)(]) DY, s Hl]kfj

i+1° 1+1

+E; [XV(1+2) (f))(s(,ﬂ) (])¢
- XV(i+2)([)XS(i+1)\§(i+l) (J)‘//HZ l+2]k+ )

Using (2.9), we continue

n m

N i+1 5 i+1
( XSS (i) (N7 = XV(i+1)\x°/(i+1)(f)¢l ¢ ke
=1 j=1

[E [XS(1+1)(J)¢1+1 l+1 _X\}(i+2) (f)¢1+2 1+2] [j)’

after which a use of (3.22) rearranges this as

n m
— Z Z (7%;+1¢;+11‘:]z:+1 z+2¢;+2 z+2) (k k{',j)

=1 j=1
n m o

Z(Xs(i)\é(i) (])¢;f]l - XV(,-H)\ff(iﬂ)({))IPH—IVH—I)(k{’] )
=1 j=1
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Expanding k, ; — k; ., using Assumption 3.1, and continuing with Young’s inequality, for any ay, ay, > 0,

£,j°
n m
A1 _ N 1 i+ 5 i+1
[Ei[Di 1= [(Xs(i)\_g“(i)(])gb} XV(1+1)\V(1+1)([)¢1 l )
=1 j=1
(Y™ = Ve [VK(x') = VK (x"™)] (] = %)) ]
> - Z Xstinsin DB - 174 = Flla Ll - x|l %]
=3 Krenniaen OV 138 = Tl LI — 21— 3]
=
> _i B () ixi || i+1_"*_||2 L_2” i+1_"*”2 || i+l _ i”2
= Xsans(o NP5 | el =117+ g, T Y T
j=1
_Zn: . (£)¢l+lvl+1 ” l+1_"||2 +L_2|| i+l _ l||2” i+1_"||2
XV i)\ V (i+1) AyllYe  — Yellpy 1a, X XA X
=1
This rearranges as (3.23). By (3.24), P[d™! < ¢! | O;_;] = 1. Hence (3.25) follows. O

Remark 3.10. For slightly stronger results, it would in (3.24) and throughout the rest of the manuscript,
be possible to take px = pi! and p; = p}*' dependent on the iteration.

3.5 PUTTING IT ALL TOGETHER

We are now ready to state our main generic result providing the tool to estimate convergence rates
based on growth rates of qﬁ} and ;.

Theorem 3.11. Suppose Assumptions 3.1, 3.2 and 3.4 hold for some 0 < 6 <k <1, yG ), Yre 2 0,yx; €R
G=1....m¢=1...,n),L Ly >0,p € [L12],04 > 0 together with the nesting conditions (2.9), the
lower bound (3.8) on the local metric, and the conditionality assumptions (3.17) for alli < N — 1. For some
sequence of n'*! > 0 assume the coupling conditions

(3.272) 71]”1 ity l+1+XS(1)\S(1)(])¢ " (j=1...,m) and

(3.27b) V;+2 ;+2 i+2 + XV(H.l)\V(H.l) ([)¢l+1 ~i+1 '71+1 ([ =1..., T’l).

Also assume for some py, pr = 0 and {; > 0,

(328  1=P[lx* = %] < pe, [1Qe(y™* = Pllpg, < pos (£=1,...,n) | Ops] and

(3.28b) Ei1[00,1,] 2 p? Siy viFly ol oy P (£=1,..,m).

Finally, for c. defined in (3.26) for some a, ay, > 0 let

(3-29) Lj =Ly + (LIQ" +II* XLy 3 og pe + 1) |6

(3~30> Yé}K,j =YG,jtVYK,j— XS(i)\S‘(i) (])(Xx,

(331 pin  Jyee QePh = 0,
PO e = (0 = D8 = Xy iy (0% QePrr # 0,

Then

(332) 5Z[E[¢ 1P} (N = %)|1?]

j=1

— Z E [yl = 9IF]

0 =~12
(™ = @5 ] < EL® = @12, ]
N+1VIN+1 14V
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holds provided for every i < N —1 both (i) and (ii) are true:

(i) Either of the primal test update conditions holds for every j=1,...,m
(a) both ¥ < (1+ 250 ()77 )¢} and 8 > ys(oy (J)Lixks or
(b) for some yG,j € R(O;_,R), T rj = (nj’.rjl. + (7l'j - Jle-)Tj)/ﬂj,

(333) ¢ = (42075065 T¥o, < Eimalxso ()7jlor,)  and
(T YGK] E;- I[XS(i) (])TJIYE;K]])(TJIYIGK] - ?}?G])
Eiq [XS(i) (j)T]i'YéK’j] - %}ﬁ;]

(333b) &= ysi () |LiTi+

(ii) Either of the dual test update conditions holds for everyf =1,...,n
@ ¥ < L+ 2y (D) 7R )Y o

(b) fOl" some yF*l c R(Ol 5 [R) l+1 (Vé’ﬂo.{liﬂ + (Vz+1 1+1)5.t+1)/vz+1

¢
1+2 _ ~i+1~i+1 i+1 ~i+1=i+1 [E i+1-i+1
(3.34a) = (1+20, YF*, P} A Yrep < Ei- 1Lxv iy (Doy YFe e I,
K—0 o
(3-34b) 1-52 2(0¢"' 7Ry = Bt Dxv s (007 '75e 1)
v (£ )(O'Fl)’}tl - 0§+1ﬁtlg

i+17i+1 ~i+17i+1l

Ei1[xv(ia (D)o, Yper l-9g, VErp

Proof. We first apply Lemma 3.7. Recalling R’ from (3.11b), let us set

(335 R’ =R —o FRofFsosaWets y
' ' 0 Xm0 e (v ) (O (P=D e Xy (1 i (i) (D) ) QePrL
_ (¢i—¢i+1+2 2 jes(i) ¢;T;)7GK,ij 0 ) _ ( PIH CIj»PJ 0 )
0 Pis1—Via2+2 Xpev (1) Vi ot Ype 1Qp 0 T kO
for

= (1 + 2)(5(1) (])T }/GK])(]S ¢1+1 and h1+1 — (1 + 2XV(1+1) ([) 1+1y11:-|;1€)]//1+1 l+2.

Thus

n

(336)  Eallu™ = al] = > EalghIP (™ = )P + > EalhIQe (5™ - H)I]
j=1

=1

Estimation of q; Suppose j € {1,...,m} satisfies (i)(a). Then qj 0and 6§ > xs( (])LJTJ, so we
immediately estimate

(3.37) Eia[gHlIP; (% = D21 = ~Eial s () (3] — Ligirh)IIP; (x™*! = x)|2].

Otherwise, if j € {1,..., m} satisfies (i)(b), using (3.18) and that q§. =[E; [qi.] due to (3.17) and (3.30), we
decompose

Eia[q5 1P (x™ = ) 11P] = Eica [q511P; (x™ = XD + Eia [¢5111P; (x = )12
+2qj(Pj(x’+1— xh),x' = %))
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Using (1 — ys()(j))Pj(x™! — x') = 0 and Young’s inequality with the factor & > 0, we obtain

(3-38) Eia [P (x™ = DI°] = Eimalxs o (1) (g = algiDIP; (™ = x)]I?
+ (Ei-1lgj] = xs (Da g DIP; (" = )II]-

Since ¢! = (1+ 27575 )¢ with ¥, ; € R(O;-1;R), we have from (3.332)

Ei1[q;] = (14 2Eia[xsy (D776x )18 — Eimal97] = 205 (Elxs iy (D75¥6k,;1 = Tive,) > O,
and rearranging (3.33b) for j € S(i):

¢ = 26 Grsy (DT, — T75,) = (Eia[gi) gLl - 89t + Ligiel.

Therefore, taking o := (E;—; [q;])_1|q;| for j € S(i) in (3.38), we verify (3.37) for the case (i)(b) as well.

Estimation of h;',“ Similarly, if £ € {1,. .., n} satisfies (ii)(a), we have hf,“ > 0, hence
(3-39) Eica[h M 1Qe (v = PIP] > —Eicy XV(1+1)(1’) l//¢5+1||Qe(yl+1 yOlI?

Otherwise, when ¢ € {1,...,n} satisfies (ii)(b), using (3.18) and that h}"" = E;[h*'] due to (3.17) and
(3.31), we estimate for arbitrary « > 0 that

(340)  Eia[AQe (™ = D] = Eima Lxvisny (O (B = alhg DIQe (v = ¥ I
+ (Eima [hg™] = xv i (O R DIQe (¥ = I

Since Y*2 = (1+ 20}“}7}?{, Yt with yH, € R(0;-1; R), from (3.342) we have

z 1[hl+l] - (1+2|Ez 1[XV(I+1)([) 1+1}/11:+1[])¢1+1 [ £1;+2] >0
and rearranging (3.34b) for £ € V(i + 1):
. 1Nl 1§ k=90 ;
h;+1 > ([Ei—l[hf—l]) 1|h(+1|2 _ m (+1'

Consequently, taking a := (E;_4 [hf,”])_llhgﬂl for £ € V(i +1) in (3.40), we obtain (3.39) for the case
(ii)(b) as well.

Combining the estimates Since (3.37) and (3.39) hold forall j =1,...,mand ¢ = 1,.. ., n, respectively,
continuing from (3.36), we get

sl = T 2 ~Eia | Dt (1691~ Ligh e 1Py 1% = x|

j=1
+ Zn:()(V(i+1)(@%W{EHHQZ()’M - IE)]
=1

Plugging L} from (3.29), thus

m

Z x5 () (5¢ - Ll|Q + I Z ’“a;“pe) 1P (6! — x|

Epalllu™ - @2 > ~Eiy

+ > (v (O TS9O« = I - Z(ml)(])(w o)+ ) 1P (x™ —x’>||2].
=1
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By the definitions of R, in (3.11) and py in (3.28a), we continue

il

-5 )
" =Y,

i - i i K
(3-41) Eialllu™ —a)|%.] > -Eiy [||x’+1 _ xl”éx 4 .

m
= D x5y (D Esgih + D IP; (x = x| 2].
j=1

On the other hand, by the definition of R” in (3.35),
- . m - - -
Evallu™ — @] = Eva[I0* =@ — 20 " el x5 150 DIP = DI
=
n
~2 3 Gty OB = D2+ Xy i o (@) N0 = D3, |-
=1

Combining with (3.41) and rearranging the terms, we therefore have

K—0

1-6

(3.42) Eialllu* = @ll% + 1™ = x5+ =211y = yil3 ] = Eia[by + bs]

for

n n
b= Y s (DLsirt 1P (e = )12 +2 Y of i e (0 (p = DZNQe (v = DIE,.
= =1
and

m
by =20 ) Ti x5 DIP( = D)1
Jj=1

+20y D Y i OIQe™ = DB, + D x5 (DedIP (= )2
=1 j=1

Our conditions (3.28) and § > ys(;)( j)L;'.T]". ensure the conditions of Lemmas 3.8 and 3.9. By Lemma 3.8
thus E;_;[b; + 2DIK] > 0 while using both (3.23) and (3.25) of Lemma 3.9 establishes E;_;[b, + ZD{‘] =
E;—1[bz + 2E;[D?]] > 0. Consequently (3.42) yields

K—90
1-6

Eia[llu™ —all} + Ix™ = x|+ ly™ = ¥'lI§,,, + 2D} + 2Df] > 0.

We now use Lemma 3.7 to verify (2.5). Minding that each Z;11M;,; is self-adjoint by Lemma 3.5,
a referral to Theorem 2.1 establishes (2.6). Using (3.8) as well as ¢§V, YN € R(On-1;(0,0)) and
uN € R(On_1; X x Y) that follow from (3.17), we estimate
N _ 2 1N _ 2
Efllu _u||ZN+1MN+1 | On—1] = lu™ - ull[E[ZN+1MN+1|0N-1]

N Nz, KON N N _ =2
28 2 IR G RN+ 15 o -

Taking the full expectation and using (2.6) establishes the claim. O

Remark 3.12. The conditions (i)(a) and (ii)(a) differ from (i)(b) and (ii)(b) by larger ?éK,j and )71’,: ;> and
updating ¢! and §/;** € R(O;; R) potentially non-deterministically.
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In Section 4 we have 7T] = 7[} T] = T] vi*l = 0, and 07*! = 5*1. In Section 5 we take 7°r]’. =0,7;, =1,

: S j
vitt = it and o)™ = ¢} Also (i)(b) and (ii)(b) then simplify for fé’j < ¥, o

- Yox; = Y6,
(3432) ¢ = (1+2775 )¢ 8= xsiy(Nr) L +2(1- 7)) GKJ—J ]
Yok~ V6,5
and, respectively, for y;t!, < vj"'yi!, to
oS yz+1 5;1+1
. P~ VF
(3.43b)  ¥5"* = (1+ 20" YR DY 2 2 (i) (O = v ) o Y =
1-6 Ve Ve Vg

Remark 3.13. Another quite restrictive requirement that we will need in the next sections is the almost
sure boundedness of the iterates in (3.28a). We already had this requirement in the deterministic
single-block algorithm in [9, Section 4.3] and [10, Section 5]. We verified in [9, Proposition 4.8.] that
this requirement can be restated in terms of the sufficiently close initialisation of iterations to the
critical point, which is often required in non-convex optimisation.

In this work, the rates for convergence are in expectation, hence, the required boundedness is in the
almost sure terms. Moreover, in order to be able to update only some primal blocks on each iteration,
(3.282) now also requires the primal variable to be bounded. Through the simplified algorithms of
Sections 4 and 5, treating respective non-randomised dual updates and non-randomised primal updates,
we will somewhat relax these restrictions:

— Algorithm 4.2 of Section 4 will not require the dual variable to be bounded if Assumption 3.2
holds with p = 2; see Corollaries 4.6 and 4.8.
— In Section 5, we will not require any bound on the primal variable.
In some cases, boundedness can, moreover, be checked analytically based on the explicit formula for F.
For example, for F(x) = |{(a, x)| or F(x) = ||ax|| the support of F*(y) is bounded by ||a||. Hence the
range of the corresponding proximal operator is also bounded. In particular, if the F is of such a form,
the boundedness assumptions of Section 5 are automatically satisfied.

4 METHODS WITH FULL DUAL UPDATES

We now develop more specific methods based on (2.13) and study their convergence based on Theo-
rem 3.11. In this section we take V(i+1) =0, V(i+1) = {1,...,n}, and S(i) = S(i) for all iterations i.
The nesting conditions (2.9) of Theorem 3.11 then hold, and the coupling conditions (3.27) become

°i+1 pi+l2 z+1 _ l+1 i+1
(4.1) T =" o,

The dual update of (2.13) involves ¥} [VK (x))T;®} — V111311 VK (x')Q;], in scalar form

i xi+l,/i+1 i i i
T —w'o i —i i
JJ R A 75 n i civl | @ i i n
4.2 - =0, —— —w;| =0, |- —w; or w = ——.
i+1 o0 i+l J °i J i+1
r ”j” ”j n

Therefore, with a);. = “;—,l, the updates (2.13) simplify to those of Algorithm 4.1. Moreover, (2.12) reduces
. . . J . .
to /1;’[ = ;-T]l.)(s"(l.) (j). We thus verity (3.8) via:

Lemma 4.1. Suppose V(l +1)=0,V(i+1) ={1,...,n}, S(l) = S(i) fori € N; the coupling condition (4.1)
holds; &' < Laswellas, forallt=1,...,nand j=1,...,m,

2

E0)

i 5020 2

w
L“Q[VK(x’)P
Tt
J

(4.3) »'5" < 507 and 1-x 2
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Algorithm 4.1 Full dual updates #1

Assume the problem structure (P), equivalently (S). For each iteration i € N, choose a sampling pattern
for generating the random set of updated primal blocks S(i) € R(O;; P{1, ..., m}) with corresponding
blockwise probabilities nj’ = P[j € S(i) | Oi—1] > 0. Also choose a rule for the iteration and
block-dependent step length parameters fj‘:, 5';;, @' > 0 from one of Theorem 4.5, 4.4, or 4.7. Pick an
initial iterate (x°, °) and on each iteration i € N update all blocks xj.“ = iji+1, (j=1...,m),and
yt’;“ =Quy"*L (£ =1,...,n), of x"*! and y'*! as:

i {(1 +1LP;0G;P) 7 (x - TP VK(x')" YY), j € S(i),

! x4, j e S,
S x;.“ + cT)i(x;:+1 - x;)/fri., j € S,
! xi, Jj ¢ 5S(i),

yll;+1 = (I + 5'£+1Q[8F;Q[)_1(y; + 5';;+1Q[K(fi+1)).

for some0 <k <1andwjgr =1/wjie > 0 such that

(4.42) W;-,f = X(vj?(f) Z Witk
ke(Vj"([)
with
(4.4b) Vi) = (k€ {1,...,n} | QVK(x)PVK(x')' Qe # 0, j € S(i)}.

Then the lower bound (3.8) holds.

Proof. By the first part of (4.3), (4.1), and /1?1 = ;.’Z'Jl:)(é(i) (j), we have

ii+l2i °i 41 (2I\2 °i i \2
o L MO T ()T (A ))

) > = =
Op7j = ,71'+1 i+1 i+1¢i
14 t Yj

(j € S(i)).

By the orthogonality of the projections P;, we may insert this estimation into the second part of (4.3),
obtaining (3.7); compare the proof of Lemma 3.5. The definition of (‘7}(t’) in (3.5) also reduces to that
in (4.4b), while the definition of w; ¢ in (4.4a) is exactly that in (3.6). We finish by applying Lemma 3.5
to verify (3.8). O

Remark 4.2. The first part of (4.3) relaxes the property r'o’ = °¢° of the basic PDPS [7].
Remark 4.3. With deterministic updates (77} = 1), (4.1) couples 7}’ = G;y;. With ; = ¢y, (4.3) therefore
becomes a block-coupled variant of the condition 7;0;||K||? < 1 from [7].

Finally, we also remind that (3.30) and (3.31) for this section simplify to

YF*.05 QfPNL = Oa

(4.5) Ve : = VoK) =Y, +Ykj and yal, =ps =
oK ’ ’ ’ e yre— (p =D& —ay, Q/Pnr # 0.

4.1 ACCELERATED RATES

We start with simple step length rules for O(1/N) rates on the blocks admitting second-order growth
(yG,j+vk,j > 0 for primal blocks j or y«, > 0 for dual blocks ¢). Throughout, for simplicity, we assume

iteration-independent probabilities, 7} = 7} = 7; for all i € N.
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Theorem 4.4. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L,Ls > 0; p € [1,2]; ygj +yk,; = O,
(=1....,m)andypyp 2 0,( =1,...,n), for some ay,{; > 0 as defined in (4.5). Let the iterates
{u' = (x', y")}ien be generated by Algorithm 4.1 with iteration-independent probabilities 7[]‘ = 7; and
step length parameters

2l

i+l 5.;; —i oj+1 Tj
(4.6a) 6, =———, ®' =1 and T = e,
1+ 25y (YFr e 1+ ZijG’j
with either 0 < yg; < 7j(ys, + Yk,j) oryc,j = YG,j + Yk,j = O for each j = 1,...,m; and initial
f';.), 5'? > 0 satisfying for some0 < § <k <1, px,pr =2 0,(¢ =1,...,n), and Wj',e as in (4.4) the bounds
ieN;j=1...,m)
2
(472) -k M ok,
Jjes(i)
and
_ YG,jtYK,j ?G_/ . .
(4.7b) 5> 2L+ 13]0 : 21 ”])(YG] * YK])”J(YGJ+YKJ> -YG,j Y6+, > 0
0 YG,j*tykj=0
with
— 1
(4.7¢) L:= L3+L(max (°—+1) D=1t 5y px)
J=l.m\ 1T

Assume for A = Y ics(;) (71;) ' P; that

(4.82) Eia[04] 2 p P S0, &P 0t ” and
(4.8b) 1=P[||lx" - 5| < P 1Qe(¥™* = P)llpg, < pes (£=1,...,n) | Oia].

Then E[||P;(xN —X)||?] — 0 at the rate O(1/N) for all j such thatyg; > 0 and E[||Q;(yN = P)|I*] — 0
at the rate O(1/N) for all ¢ such that yg- y > 0.

Proof. We use Theorem 3.1 whose conditions we need to verify. We have already verified the nesting
condition (2.9) for V(l +1)=0,V(i+1) ={1,...,n},and S(l) = S(i) in Algorithm 4.1. The coupling
condition (3.27) we have reduced to (4.1), which we now verify. For some 7° > 0 we set ' = 1°,
gb? = no(ﬁjf’?)_l, and ¢} := n°/57. Then we update

(4-9) o7 = L+ 285y6,)05 ¥ = (1+ 28, e o)y

By (4.6), consequently, &;"y;*' = ! = 7;¢*177*! for all £ and j. Consequently (4.1) holds. Clearly
so does (3.17) due the deterministic step length and testing parameter updates. The conditions (3.28)
follow from (4.8) given that Og, T =004 =010, = 57104

The step length parameters 7.'] and &} are non-increasing in i by the defining (4.6). Also using (4.7a),
we thus verify (4.3). Now Lemma 4.1 veriﬁes (3.8).

We still nged to verify Theorem 3.11 (i) and (ii). Regarding the latter, y;** < (1+25;"'y!,)y;* trivially
as long as )71?:1( > 0, which follows from the assumptions on yp: ;. Therefore Theorem 3.11 (ii) option (a)
holds. Regarding Theorem 3.1 (i), we first of all observe that (3.26) reduces to ¢’ = nL?n™*'p2/(2a,).
Moreover, in Algorithm 4.1 we took (uj. := &' /n; = 1/7j by (4.6). Consequently (3.29) becomes

2 2
L- =13+ (L max (a) +1)2 N YitsH g, + o) 1
esi =1 14 2ay qﬁ}r]‘

(4'10) i+ _
—L3+L7rj(max(1/7rj+1) D=1 Pet gy px)”’]—igL.
je

We now consider two cases for the satisfaction of Theorem 3.11 (i) option (a) or (b):
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(A) Ifyg,j+yk,j =0, thenys; = 0 and ¢’+1 gb‘ by (4.9), so option (a) holds.
B) Ifyg,j +yk,;j > 0, then (4.7b), (4.10), and T]’ < f;.) show (3.43a), hence (b).

We can now apply Theorem 3.11 to obtain (3.32). From (4.9) we have

¢l.+1_¢ +2YGj’7 /77—'] ¢ +2YG]’7 /71'] =¢}+2iYG’jﬂ1/7%j and
ch =Yt 2ppen™ =y w2y’ = = Y+ 200+ DY’

Therefore, for any j such that yg; > 0 and ¢ such that yg-, > 0, ngN and YN grow as Q(N). This
together with (3.32) gives the claim. O

We can improve the convergence to O(1/N?) in the primal variable if all the primal blocks exhibit

second-order growth. This is achieved by making the dual step lengths grow as in the basic single-block
convex case of [7].
Theorem 4.5. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L, L3 > 0; p € [1,2]; ygj + vk, > O,
(j=1...,m)andypy 2 0, (f = 1,...,n), for some ay,{; > 0 as defined in (4.5). Let the iterates
{u' = (x', y)}ien be generated by Algorithm 4.1 with iteration-independent probabilities 7'[}‘ = 71; and
step length parameters

v
o 1 T . 1
. ? j _
(4.11) 0{’,” =L = ——=—;, and o' ;== max

! J 1+ 27 ot j=1,...m o
Y6 1+275y6,j

with 0 < yg; < j(yc,j + Yk j); and initial T} ,0'? > 0 satisfying for some 0 < § < k < 1, px, pr = 0,

(t=1,...,n), and wj.’[ as in (4.4) the bounds

2

5070
(4.122) 11—k > Z ][ i ]QVK(x)P (ieN) and
jeS (i)
. + P— v, -
(4.12b) 5> (L +2(1- 7)) (Yo, + yi ) L T VK — VG ) with
i (Ye,j + Yk.j) — YG.i

L 1
(4.12¢) Li=Ls+ E(]n}a)'(n(ﬂ'_J + 1) Yim P+ 5g Px)
Assume for A := Y s (77;)'P; that
(413)  Eal0al 2 p? 5,5, 70y 7/0"  and
(4.13b) 1=P[x™ =Xl < pu, 1Qe(y™ = Dllpg < pes (=1,...,1) | Opa].

Then E[||P;(xN — %)||?] — 0 at the rate O(1/N?) for all j.

Proof. We use Theorem 3.11 whose conditions we need to verify. We have already verified the nesting
conditions (2.9) for the choices \O/(i +1)=0,V(i+1) ={1,...,n},and Sc(i) = S(i) in Algorithm 4.1. The
coupling condition (3.27) we have reduced to (4.1). To verify (4.1), we initialise gbj) = 170(7%](.)13]9)_1

Yy :=n"/5} for some n° > 0, and update

(4.14) ¢ = (A+2076)95 ¥ =y and =gl

Then from (4.11), ¥;*'5;* = y}5}/ &' and d)i.+11°']’:+1 = (f);l’]l /@'. Therefore, (4.1) holds by induction. Clearly

also (3.17) holds due to the step length and testing parameters being updated deterministically. The
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conditions (3.28) follow from (4.13) and (4.1) given that T]’ decreases so @' > @, and Og,1, = n'04 =
1+1 19

We now verify (3.8). By (4.11) and (4.14), we get ¢§+1(f;+1)2 < ¢§(f]i.)2. This and (4.1) yield

izi 1(20)2 0(20\2 020
iintei _ 5 ¢'(T') ¢‘(T') _Th 5020
e LT AT = R A
J ;+1 ;Hﬂ] ;,+171'] lp[ J

Combining this estimate with (4.12a) we verify (4.3). Thus Lemma 4.1 establishes (3.8).
We still need to verify Theorem 3.11(i) and (ii). Regarding the dual test, y/** = ¢/ < (1+
6}”)/?;1{,)%” trivially as long as y‘“ > 0, which follows from the assumptions on yg-,. There-
fore Theorem 3.11(ii) option (a) holds. As far as Theorem 3.11(i) is concerned, we observe that (3.26)

reduces to ¢l = nL?p*1p %/(2ay). Consequently (3.29) becomes

(4.15) L- —L3+L7rj(max(a) +1)° e 1P+ 5y px)iy’“/iy <L

thanks to a)j. =o' /nj < 1/njand @' > @°. Also, with Y‘G] < (7jyG,j +Yk.j)s (4.12b), (4.15), and T]’ < qu
show (3.43a), hence, (3.33). Therefore, Theorem 3.11(i) option (b) holds for every j =1,...,m

We can thus apply Theorem 3.1 to obtain (3.32). Multiplying the 7 update of (4.11) by 2y j, plugging
in &', and taking the inverse, we have

1+277YG,j _ 1+ (223y6,,) ™

Zf;?G,j\/l + minj:L..m(Z{-Jl:?G,j) \/1 + (manzl...m(ij?G,j)_l)_l

Q"o )™ =

We now apply Lemma B.1 with zj. = (21"']1:)7(;,]-)_1 to get maszl,__m(zfjl."ffg,j)_l < Zo+N/2with zy > 0.
Then from (4.14), we have

. 2Zo+ N +2
N+ > in (2775 )N > ( ) N 20T TN
¢] = (1+ _I_Iilll’l (ZT]YG,]))(}S] 2|1+ ——F +N/2 ¢ 220 +N ¢]

220+N+2220+N+1¢N1 (220 + N +2)(2zp+ N +1)
2Z20+ N 2zZg+N—-1"7 T 2Z0(2Z0 + 1)

4
Therefore, gbj\] grows as Q(N?), and we obtain the claimed convergence rates from (3.32). O

In Algorithm 4.1, we chose a)j. to eliminate the VK (x') term from the dual step. Selecting a)j. =-1
keeps this term, but eliminates the necessity to have a finite p, as long as p = 2 as (3.29) and (3.28b)
will no longer depend on it. This yields Algorithm 4.2 and the following:

Corollary 4.6. Theorems 4.4 and 4.5 apply to Algorithm 4.2 if Assumption 3.2 holds with p = 2, and instead
of (4.7¢), (4.12¢), (4.8b), and (4.13b), we assume

L:=Ls+nl?p%/(2ay) and P[||x™*" =] < px | Oi_1] = 1.

Proof. The proof remains exactly the same those of Theorems 4.4 and 4.5. Inserting (uj. = —1, (4.10)
and (4.15) as well as (4.8a) and (4.13a) lose their dependency on p,. Hence p, can be taken infinitely
large. O

4.2 LINEAR CONVERGENCE

If all the primal and dual blocks exhibit second-order growth, i.e., yr<, > 0 and yg; + yx,j > 0, we
obtain linear convergence:
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Algorithm 4.2 Full dual updates #2

Assume the problem structure (P), equivalently (S). . For each iteration i € N, choose a sampling
pattern for generating the random set of updated dual blocks V(i + 1) € R(O;; P{L,...,n}) with
corresponding blockwise probabilities 7°ti :=P[j € S(i) | Oi-1] > 0. Choose a rule for the iteration and

block-dependent step length parameters T &+ &' > 0 based on one of Theorem 4.5, 4.4, or 4.7. Pick
an initial iterate (x°, yo) and on each 1terat10n i € N update all blocks x;.” =Pix™*, (j=1,...,m),and
1+1 Q y1+1 ([ =1,. )’ Ofxi+1 and yi+1

xt, J & S(i),

i+ _ {(I'l‘ i"]’PJaGJPJ)—l(x; — ZO'JIPJVK(XI)*yl)’ ] € S(l),
J

yi i i N o' N
= (145,71 Q00F; Q) vy + 57 QK () + 6, Z (ﬁ+1)QfVK(x)(xj+l—xj) :

jesti

Theorem 4.7. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L, Ly > 0; p € [1,2]; ygj + vk, > O,
(=1....,m)andypyp > 0,( = 1,...,n), for some ay,{; > 0 as defined in (4.5). Let the iterates
{u' = (x', ") }ien be generated by Algorithm 4.1 with iteration-independent probabilities ﬂ]‘ = 71; and
step length parameters

°i

. 7! : 5t
(4.16a) Tt = + &= + and
1+ ery(;,j)a) (1+26,yp )@
(4.16b) o' == max{ max o= max o }
Jj=l.m 1+ 21']. YG,j =l-nl+ 20€ YF*¢

with 0 < yg,; < ﬂj(y(;] +Yk,j); and initial TO &) > 0 satisfying for some 0 < § < k < 1, py, pr > 0,

(t=1,...,n),and wj)[ as in (4.4) the bounds

2

5070
(4.17a) 1—-k > Z ][ ot ———2Q,VK(x")P; (ieN) and
jeS (i)
YG.j tYK.j — VG.j . . .
(4.17b) 5> (L+ 2(1- 71'])()/(;] +VK,j) J J ) ) (j € S(i)), with
7 (YG,j + YK.j) = YG.j
(4.17¢) L:=1L +L CD+122” + 2L 52
4.17¢ =53 o ]I:I}a)fn ]f[j =1 P¢ Zaypx :

Further assume for A = Zjes(,-)(ﬁj)_le that

(4182)  Eiq[0a] 2 p P 20,8 o Ple and
(4.18b) 1= P[[lx"™ = %] < pu, 1Qe (™ = Pllpy, < per (£ =1,...,n) | Opi].

Then E[||P;(xN — %)||1?] and E[||Q¢(¥N — 3)[|?] converge to zero at the linear rate O((1/@)N) for all
je{l,...,m}andt € {1,...,n}.

Proof. We use Theorem 3.1 whose conditions we need to verify. We have already verified the nesting
condition (2.9) for the choices V(i+1) =0, V(i+1) = {1,...,n}, and S(i) = S(i) in Algorithm 4.1. The
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coupling condition (3.27) we have reduced to (4.1). To verify (4.1), we initialise gbj) = (7r TO) ~1and
Yy :=n"/5} for some n° > 0, and update

(4-19) =k 2tye g Y= (25 yp )Y and =106,

Then from (4.16), Y;*'6;" = ¢5% /@ and ¢’+1 ritl = ¢’r’/ ®. Therefore, (4.1) holds by induction. Clearly
also (3.17) holds as the step length and testmg parameters are updated deterministically. The conditions
(3.28) follow from (4.18) given that Og,7, = 04 = wn'*104.

We now prove (3.8). We start by proving by induction that

1 1
(4.20) 0 = max{ max ————, max ———— 1,
J=1.. m1+2TyG] £=1.. n1+2cré,yF*

in other words

o t= 1+m1n{ m1n 27! yG], mm ZO'gYF* }
=y

The inductive base for i = 0 is clear from (4.16b). Using (4.16a), we obtain

1 1 1
= —min{ min —— EEETETrTE—
} @ {J =Lem 1+ (220y56,) 7" & "1+(20'[YF*Z) }

1

mm{ mm 21' y(;], mln 20{ Yre e
=1,

ST

= mm{ mm 27t yGJ, min 20'()/F* f},
T i ] il = £=1..
1+ min 1{m1nj:1mm 2T;YG,j> MiNg=1._.n ZU;YF*J’} 7=

This establishes the inductive step, hence (4.20). By (4.20) and (4.16a), Tl+1 and &!*! are non-increasing
in i. Also using (4.17a), this verifies (4.3). Thus Lemma 4.1 verifies (3. 8)

We need to verify Theorem 3.11 (i) and (ii). Option (a) of the latter is trivially satisfied for every
¢ =1,...,n based on (4.19). Regarding Theorem 3.11 (i), we first of all observe that (3.26) reduces to
cl = anry”l 2/(2ay). Consequently (3.29) becomes

(4.21) L =L+ Ln]( max (a) +1)* 30 pe + 3 px)r]’+1/77 <L

for w;. := @'/7j as in Algorithm 4.1. And with y5; < 7;(yG,j + yk,)> (4-17b), (4.21), and f]".“ < f](.) show
(3-43a). Therefore, Theorem 3.11(i) option (b) holds for every j =1,...,m
We can now apply Theorem 3.11 to obtain (3.32). By (4.19) and (4.20) we have

¢N+1 (1+2r yG])g{) >¢N/a)> Zqﬁ?/&)N*l and

N = 1+ 25Ny YN 29N jo > .. >y JoN T
Applying these estimates in (3.32) establishes the claimed linear convergence rates. O

Similarly to Algorithm 4.2, we could in the derivation of Algorithm 4.1 set a); = —1 to remove any
dependencies on p; from (4.17¢) and (4.18a). This yields Algorithm 4.2 and:

Corollary 4.8. Theorem 4.7 applies to Algorithm 4.2 if Assumption 3.2 holds with p = 2, and (4.17¢) and
(4.18b) are replaced with

L > Ly+nLl?p%/(2ay®) and P[||x™ =%|| < px | Oi-1] = 1.

Proof. The proof remains exactly the same as Theorem 4.7 given all w; = —11in (4.21) and (4.18a) no
longer depend on p,, hence p, can be taken infinitely large. O
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Remark 4.9 (Stochastic block-coordinate forward—backward splitting). Let F(z) := z forz € R and
K € CYX). Then F*(y) = 8u3(y). Taking n = 1and Q; = I results in (I + 5/*"'Q0F*Qy) ™" =
Consequently y’ = 1 on all iterations, so that the updates of Algorithms 4.1 and 4.2 reduce to

(I + f}Pj8Gij)_1(x; - IQ'JIP]VK(X)), ] € S(l),

(4.22) =48
J X j¢S(i),

In the step length conditions of Theorems 4.4, 4.5 and 4.7, we can moreover take p; = 0 and let yp+ ;7 0o,
consequently ay, —co. In particular, in all the theorems, L = L, so that when 7; = 1, the upper bounds
on the primal step lengths reduce to § > {']QLg for some 6 € (0, 1) similarly to the standard condition in
forward-backward splitting type methods. Moreover, by (A.1), yx 1 is simply a (reduced) factor of strong
monotonicity of K at x as defined in Assumption 3.4. Finally, since we can take 5 > 0 arbitrarily small
without affecting the updates (4.22), the conditions in the theorems corresponding to (3.7) become
irrelevant.

5 METHODS WITH FULL PRIMAL UPDATES

We continue with developing more specific methods and their convergence results based on the
updates of (2.13) and the conditions of Theorem 3.11. We now take So(i) =0,50() ={1,...,m},and
‘0/(1' +1) = V(i +1) for all iterations i. Then the nesting condition (2.9) of Theorem 3.11 holds and the
coupling condition (3.27) becomes

(5.1) ¢1 vt _ - V2+2 ;+20-¢l’+2'

Taking Q; = —I, the updates of (2.13) simplify to those of Algorithm 5.1 since for the last two terms in
the primal update

i+1 i+l ’]i
vi i+l I3 4 i+1 _ 1+1 i+1 i —i ,_
Tiye + T -y =1 (Y( o (y - Y()) for ':= g
j ¢
Moreover, (2.12) reduces to /1; = —o 1yl We thus verify (3.8) via:

Lemma 5.1. Supposeg(i) =0,5(i) ={1,...,m}, and V(i +1) =V (i+1) fori € N; the coupling condition
(5.1) holds; @' < 1; as well as, forallt =1,...,n; j=1,...,m,

2
°1 0

e WJ 09T J ]
(5.2) 5 < 6 and 1-12 |3 AL VK (x)P
=1 Ve
forsome0 < k <landwjei =1/wjr, > 0 such that
(5:30) wie = xi(0) D Wik
ke(Vj?(t’)
with
(5.3b) Vi) ={ke{L....n} | Q:VK(x")P;VK(x')"Qr # 0, £ € V(i +1)}.
Then the lower bound (3.8) holds.
Proof. By the first part of (5.2), (5.1), and )Lj. = ;“ ;H af’l tf“, we have
(O°.i+1¢i+1)2 =i (/1 27 z+1
O'(T >0§+lf’— £t j=1...,m).

Jj— O°_lz;+1(¢;‘+l)2 - ¢;+1¢;
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Algorithm 5.1 Full primal updates

Assume the problem structure (P), equivalently (S). For each iteration i € N, choose a sampling pattern
for generating the random set of updated dual blocks V(i+1) € R(O;; P{1, ..., n}) with corresponding
blockwise probabilities 135,“ :=P[¢ € V(i+1) | Oi_1] > 0. Also choose a rule for the iteration and
block-dependent step length parameters o2, fj"., @' > 0 from one of Theorem 5.3, 5.4 or 5.5. Pick an
initial iterate (x°, y°) and on each iteration i € N update all blocks xj.“ =Pix™, (j=1...,m),and
yirt = Qpy™, (¢ =1,...,n), of x*! and y™! as:
i I+ 00F; Q) (v + 677 QeK (x7)), €€ V(i+1),
Yoo = A PEV(i+1),
—~1
X = (1 + #1P;3G,P)) P (xj. SALCIDY (y;;“ - (Y- yf;))).
£eV (i+1) Ve

By the orthogonality of the projections P;, we may insert this estimation into the second part of (5.2),
obtaining (3.7); compare the proof of Lemma 3.5. The definition of (V]’(f) in (3.5) also reduces to that
in (5.3b), while the definition of w; , in (5.3a) is exactly that in (3.6). We finish by applying Lemma 3.5
to verify (3.8). O

Remark 5.2. The first part of (5.2) is a relaxation of the property r'c’*! = 7% that would be satisfied
by a dual-first variant of the basic PDPS; compare Remark 4.2.

Finally, we also remind that (3.30) and (3.31) for this section simplify to

_; i _ YF* b5 Q¢Pnr. =0,
(5.4) Yok = YGj+VKj — e and Vi, = e =
GK.J ! ! o yree— (p =1, QePni # 0.

5.1 ACCELERATED RATES

As in Section 4, we start with simple step length rules that yield O(1/N) convergence rates for those
blocks that exhibit second-order growth.

Theorem 5.3. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L,Ls > 0; p € [L2]; ygj +yk,; > 0
(G=1....,m)andyp, = (p — 1){; for some {; > 0 when Q,Pxp, # 0, (¢! = 1,...,n). Let the iterates
{u' = (x', y") }ien be generated by Algorithm 5.1 with iteration-independent probabilities v = v, and step

lengths

. ol . . #
(5.5) a{’,” =—2*t  Bi=1 and f}“ =
1+ 20,yF ¢ 1+27yG,
with0 < Yo, < v, +Ykj» (j = L,...,m), and either 0 < Yp+y < VeYpey OF Ypeyp = ypepe = 0 for

eacht = 1,...,n, yp-, defined in (5.4); and initial f](.), 6; > 0 satisfying for some p; > 0, ({ = 1,...,n),
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0<d<k<1,and wj.,[ as in (5.3) the bounds

2
m Wi. O“.lfO '
(5.6a) 1-k > Z \/%QIVK(XI)Pj
- ¢

Jj=1
mL?

5.6b §> 7Ly + , and
(5.6b) i\ 2minj=; m(yc,j + Yk, — YGJ) Zp[

) %
(5.6¢) > 20y Gien) (£) (1= 70) i, mﬂ—yif (€N j=1....m).

1-6 VeYF*e — YF* ¢
Assume that
(5.72) 91 > p P Tia (00?2, Tp, P and
(5.7b) =PlIQ:(y™ = Dllpg < pr. (£ =1,...,n) | Oi4].

Then E[||P;(xN —X)||?] — 0 at the rate O(1/N) for all j such thatyg; > 0 and E[||Q;(yN = y)|I*] — 0
at the rate O(1/N) for all £ such that yp-, > 0.

Proof. We will use Theorem 3.11, whose conditions we need to verify. With the choice of S (i)=0
S(i) = {1,...,m}, and V(l +1) = V(i +1) in Algorithm 5.1, we have already verified the nesting
conditions (2.9) and reduced the coupling conditions (3.27) to (5.1). To verify (5.1), we set gb;.) =nl/ f;.),
yZ =n'/(c2v,) for some ' > 0, and update

(58) ¢§+1 — (1 + 21\;}1')76’])?5;’ t+2 (1 + 925 l+1’)7F*,{’)‘//i+1> and Ui+1 = Ui'

Then v,y = ™! = gb}fj’ due to (5.5) for all £ and j, and (5.1) follows. Clearly also (3.17) holds
because the step length and testing parameters are updated deterministically. The conditions (3.28)
follow from (5.7) given that in Assumption 3.2 we can take 0p,1, = n'*'0; = n'60; = Y/ *'5"16; /v, and
Px can be taken infinitely large.

The step length parameters ¢'*! and f]’ are non-increasing in i by the defining (5.5). Also using (5.6a),
we thus verify (5.2). Hence Lemma 5.1 establishes (3.8).

We still need to verify Theorem 3.1 (i) and (ii). As far as the former is concerned, ¢’+l < (1427 yG J)(/’)
from (5.8). Moreover, after applying (5.1), (3.26) and (3.29) reduce to

) mLZ i+1 1
c, = Zp( and L _L3+—Zp[,
x

20 —

which Thus, setting o, = minj—y_n(yc,j + yx,j — YG,j) > 0, Theorem 3.1 (i) option (a) follows for every
j from (5.6b) and f;+1 being non-increasing. Regarding the dual test, we have //** < (1+26 ‘+1§/}+1[)1//’+1
which together with (5.6¢) leads to (3.43b). Therefore, Theorem 3.11 (ii) option (b) holds for every #.

We can now apply Theorem 3.11 to obtain (3.32). From (5.8) we have

¢t = ¢+ 2yem™ = @)+ 2y6,n' = ... = ¢} +2iyg,n'  and
2 = i 4 2yt Ve = Y+ 27k Ve = L= Y+ 2(i+ VYR en’t Ve

Therefore, for any primal block j with ¥ ; > 0 and dual block ¢ with yr, > 0, ngjV and YN grow as
Q(N), respectively. This together with (3.32) gives the claim. O

We get improved O(1/N?) rates if all primal blocks exhibit second-order growth:
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Theorem 5.4. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L, L > p [L2]; yG, +vkj > O,
(G =1...,m);and yp-y > (p — 1) for some {;, when Q;,Pn, # O, (f = ). Let the iterates
{u' = (x y) bien be generated by Algorithm 5.1 with iteration- mdependentprobabllztzes Vi = V¢ and step
length parameters

i+l ) 1 7 . 1
(5.9) 0'¢lz+2 = f—l, f]l-ﬂ = = ,ijﬂ, and o™ = max ————;
w 1+ 27,'].)/(;,]' w j=l.m [1 + Zi']l-?G,j
with0 < YG,; < Y6, +Yk,j» ( = 1,...,m), and the initial ©° = 1, 1"'](.’ and 6, satisfying for some p; > 0,

t=1...,n),0<d8<k<1, andwj.,t, as in (5.3) the bounds (i e N; j =1,...,m)
2

m
(510) 1-«k Z J[ (JQVK(x)P 52%19(L3+
j=1

pr

mL? S
2minj— m(v, + vk~ Vo) & |

Also assume

(5.112) Or > p P 37 (Vp)? ng 4 2—p and
(5‘11b) 1= P[”Qf(yi-H - Y)”PNL < p& ({7 = 1, .. '5n) | Oi—l]'

Then E[||P;j(x™ — %)||?] — 0 at the rate O(1/N?) for all j.

Proof. We will use Theorem 3.11 whose conditions we need to verify. With the choice of S (i) =0,
S(i) = {1,...,m}, and V(l +1) = V(i +1) in Algorithm 5.1, we have already verified the nesting
conditions (2.9) and reduced the coupling conditions (3.27) to (5.1). To verify (5.1), we set ¢;) =nl/ z"JQ
and Y := n'/(V¢c?) for some n' > 0, and update

(5.12) ¢;+1 =1+ Zf;ffg,j)gbi., M=yl and p™"'=p'/w'.

Then from (5.9), we inductively get v ¢1+2 2 = yyitioltt jo' = p™! for all ¢. From (5.9), we also
have inductively for all j, ¢’+1 Fil = i T/ a)’“ = 52, Therefore (5.1) holds. Then, the conditions (3.28)
follow from (5.11) given that @' < 1and in Assumption 3.2 we can take 0p,1, = n'*'0; = n'0;/" =

Hoi™01/(Vew'), and py can be taken infinitely large. Clearly also (3.17) holds because the step length
and testing parameters are updated deterministically.

We now verify (3.8). From (5.9) we obtain

Si+l 20

o, T

o i+2 2itl _ t
O T T i = .z
o (1+ ZYG,jTj)

°1 O 1

o' 14 2y6,j T01+2YGJ

This and (5.10) verify (5.2). Thus Lemma 5.1 establishes (3.8).
We still need to verify Theorem 3.1 (i) and (ii). Regarding the former, gb’“ < (1+27 yG ])gb from
(5.12). Moreover, after applying (5.1), equalities (3.26) and (3.29) reduce to

LZ i+1

n mL? n
¢l = and L =13+ — 2
20, Z Pe 201, ; Pr

=1

Thus, setting o = minj—_m(yG,j + Yx,j — ¥G,j) > 0, Theorem 3.11(i) option (a) follows for every j
from the second inequality in (5.10) and #}*' being decreasing. As for Theorem 3.11 (ii), y;*' = ;" <
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(14 2xv (i) (D)0, ‘+1y1‘;1{,)¢‘+1 trivially as we have assumed y}j;lt, > 0. Thus Theorem 3.11 (ii) option (a)
holds for every ¢.
We can now use Theorem 3.1 to verify (3.32). Multiplying the 7 update of (5.9) by 2y ;, plugging in

©™1, and taking the inverse, we get

1+ Zf}YG,j B 1+ (2%}7@)})_1

iji'?G,j\/l +minjo_m(27776,)) \/1 + (maxj=1.m(27)¥6,;) ™)™

(2876, =

We then apply Lemma B.1 with z = (27 )/GJ) ~! to obtain max =y . m(2T ¥6,7) ' < Zo+N/2 withz, > 0.
Then from (5.12), we have

; 1 220+ N +2
N+1 : vi~ N N 0 N
A 21+m1n 2T.VG. i '2(1+—) A SR— A
¢] ( j=1.. ( ]YG,]))¢] Z o+ N/Z Jj 220 +N ¢]
2z0+N+22z0+N+1 N-1_ (220+N+2)(2z0+N+1) 0
2Z0+ N 2Zg+N—-1"7 2z0(2zo + 1) 7
Therefore, ¢>j\] grows as Q(N?), and we obtain the claimed convergence rates from (3.32). O

5.2 LINEAR CONVERGENCE

If all the primal and dual blocks exhibit second-order growth, i.e., yp<, > 0 and yg; + yx,; > 0, we

obtain linear convergence:

Theorem 5.5. Suppose Assumptions 3.1, 3.2 and 3.4 hold with L,Ls > 0; p € [1,2]; ygj + yk,; > O,

(j =1,...,m). Let the iterates {u' = (x', y')};en be generated by Algorithm 5.1 with iteration-independent
' = vy and step lengths

=i o i+l
(5.132) 7l N AT T N % and
. i - o~ > { b —
] (1+ ZTJI.}/G,]‘)&) (1+ 26} yp0) @
: 1 1
(5.13b) w'=0:= max{ max , max }
j=lm 1+ 279 )/Gj Ce=1. n1+20[yF*

with0 <Y j <Yj+VYkj (G=1....,m),and0 < yp; < Veypp, (£ = 1,...,n), Y-, defined in (5.4);

and initial 1“';.), 5’} > 0 satisfying for some 0 < § <k <1, p, 20 (¢ =1,...,n), with w;,[ as in (5.3) the
bounds
2
¢ t’
(5.142) Z \/ i Q VK (x')Pjl| |
-1
mL? &

(5.14b) 8> 7L+ - — 2

I\ 2minjym(ye, + v&j — Vo) ; Pt

-5 Ve o — T,
(5.14¢) B s 21— t)peest 2 T e v(i41); j=1,...,m;i€N).
1-6 VeYFr e — YF ¢

Further assume that
(5.152) 0> pPo X, (W) oy T and
(5.15b) 1=P[IQ:(y™" - Y)IIPNL <pe(t=1,...,n) | Oi4].

Then E[||Pj(xN — %)||)] — 0 and E[||Q¢(¥N — P)||’] — 0 at the linear rate O((1/®)N) for all j €
{1,...,m}andt € {1,...,n}.
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Proof. We will use Theorem 3.11, whose conditions we need to verify. With the choice of S (i)=0
S(i) = {1,...,m}, and \a/(i +1) = V(i +1) in Algorithm 5.1, we have already verified the nesting
conditions (2.9) and reduced the coupling conditions (3.27) to (5.1). To verify (5.1), we set (;55) =nl/ f}o
and Y2 := '/ (V¢c?) for some n' > 0, and update

(5.16) ¢§+1 = (1+ 2%1’:76,]-)%, M= (14 26p )Y, and  p™t =l

Then from (5.13), we inductively get v,y/*265 = vei*'61+! /& = ™! for all ¢ and gbj,”f]’:“ = d);f]’ Jo =

n'*2 for all j, therefore, (5.1) holds. Then, the conditions (3.28) follow from (5.15) given that in Assump-

tlon 3.2 we can take Oo,7, = n'*'0; = n'0;/@ = Y}*'o}'0;/ (V,@), and py can be taken infinitely large.

Clearly also (3.17) holds because the step length and testing parameters are updated deterministically.
We now verify (3.8). We start by proving by induction that

1 1
(5.17) @ = max{ max ————, max —————1,
j=1. m1+21'y(;] t=1..n 14 20, yp g

in other words

o l= 1+min{ mm 27! yG], mm 20, YWre e }
="

The inductive base for i = 0 holds by (5.13b). Using (5.13a),

~i+l~

1 1 1
Yo o mln 20{, YFer } = —min{ min —————— }
3]

min mm 21'
j=1. m1+(2¢y(;]) - n1+(2 l+1}’F*[)

Jj=1..

1

ISTRI

= min{ rrlnn 27! yGJ, mm 20{, Yre e }
P

14 min™! {minjzlmm 2%;}76,]-, ming_;_, 26, g,

This establishes the inductive step, hence (5.17), which in turn shows that fj’: and &, as updated
according to (5.13a) are non-increasing in i. Also using (5.14), this proves (5.2). Thus Lemma 5.1 verifies
(3.8).

We need to verify Theorem 3.1 (i) and (ii). As for the former, (3.26) and (3.29) reduce to

2 n
mL 2 i+l

i i mL? < 9
el = and L'=1L +—E ,
" Pell j 3 20y £ Pe

2“"[1

so (5.14), together with non-increasing f} and the update rule for gi)j.” in (5.16), verify Theorem 3.11 (i)
option (a) for every j and ax = minj—;_,(ys; + Yx,j — Yc,j)- Regarding the latter, since we take
YF+.e < V¢YF+ ¢, We obtain (3.43b) using the last inequality of (5.14) and that ¢:*' is non-increasing by
definition in (5.13). Hence Theorem 3.11 (ii) option (b) holds for every ¢.

Therefore, we can apply Theorem 3.11 to obtain (3.32). By (5.16) and (5.17),

97" = (1+2870,)) 2 ¢ @ 2 ... 2 ¢5/&"" and
0= (20 eV 2 Y 0 2 2 g6
Applying these estimates in (3.32) establishes the claimed linear convergence rates. O
Remark 5.6 (Stochastic sum-sampling forward-backward splitting). Consider the problem (1.1) with

F*(y) =6y for 1:=(1,...,1) € R" and VK(x)*y': vt Ve (%) y(e) with y = (y(1), - - -, Y(n))- Taking
Qey =(0,...,0,¥(,0,...,0), it follows that (I+6."Q,0F;Q;) ' = (0,...,0,1,0,...,0). Consequently
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y' = 1 on all iterations, so that with just a single primal block with corresponding step length ¥ = #,
Algorithm 5.1 reduces to

= (I+ fiaG)_l(xi L Z V]((Xi)).

eV (i+1)

With random V(i + 1), this is a forward-backward splitting method that stochastically samples 3, J;
in (1.1). We can take any yp+, € (0, 00), which in Theorems 5.3 to 5.5 also allows us to take {; arbitrarily
large and ¢, > 0 arbitrarily small. Consequently, the systems of step length bounds (5.6) and (5.14)
reduce to their second part (with first and third part unnecessary), and (5.10) reduces to its second part.
In other words, we only need to choose 7° sufficiently small.

6 NUMERICAL EXPERIENCE

We will now study the performance of our proposed methods on two application problems: diffusion
tensor imaging (DTI), which is a form of magnetic resonance imaging (MRI), and electrical impedance
tomography (EIT).

6.1 DIFFUSION TENSOR IMAGING

Diffusion tensor imaging is covered by the Stejskal-Tanner equation: given a tensor field x : Q —
Sym?(R?), associating each point on the domain Q C R® with a of symmetric 2-tensor (presentable as
a symmetric 3 X 3 matrix), and a non-diffusion-weighted image sy : Q — R, the diffusion-weighted
image s; : Q — R corresponding to a diffusion-sensitising gradient by € R is given by

(6.1) sk (£) = so(§)e” D) (¢ e Q).

At each spatial point ¢, the tensor x(&) models the covariance of a Gaussian probability distribution
for the spatial directions of the diffusion of water at that point. Models more advanced than DTI, such
as HARD], consider composite probability distributions at each &. For our purposes a simplified DTI
model will be sufficient. One can measure s; and sy by suitable MRI pulse sequences, inversion of a
Fourier transform, and taking the absolute value of a complex number; for details we refer to [1, 19],
among others. We recommend [24] as an introduction to MRL

We want to determine x from noisy measurements of sy and s, (k = 1,..., N). Clearly, (6.1) can be
converted into an invertible system of linear equations with respect to x if N > 6 and the tensors
by ® by are linearly independent. With noise involved, to get a good-quality image, we want to obtain a
regularised solution. We therefore consider a problem of the form (Py) where G is a data term modelling
(6.1) along with any noise, and F o K is the regulariser. Ideally, our data term would model the Rician
noise distribution, which is the distribution of the absolute value of a complex number when the latter
has Gaussian noise distribution. However, the numerical treatment of the Rician distribution is quite
involved — we refer to [20, 17] for some variational approaches — and instead of modelling it directly, a
more fruitful approach may be to work with complex data directly, even incorporating the Fourier
transform into our model. For the purposes of the present work, since we only use synthetic data,
we will therefore assume that the noise in s; is Gaussian. We note that (6.2) in infinite dimensions
requires the use of the Banach space of functions of bounded deformation, so, since our algorithms
require Hilbert spaces, only discretised versions of the model can be considered. Consequently, taking
the discretised domain Qg :={1,...,n} X {1,...,ny} X {1,...ns} and incorporating total deformation
regularisation with parameter ¢ > 0, we seek to solve

) 1 —(x
(6.2) min [T+ all&axllry, [Tk = sk (8) = so(£)e” X Bbebd (=1, N).
x:Qy—Sym?(R3) 2
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(a) Original helix (b) Least squares reconstruction (c) Regularised reconstruction

Figure 1: Visualisation of original helix data (a) and the reconstruction from noisy diffusion-weighted measure-
ments. The reference least squares reconstruction in (b) is based on linearising (6.1) with respect to x by
taking the logarithm. The regularised reconstruction (c) is the numerical solution of (6.2) for & = 0.005
with the variant (d2) of our method after 10000 iterations. The visualisation, generated with Teem [40],
displays the tensor at each voxel of the 3D volume as a cuboid oriented along the eigenvectors of the
tensor, size of each side proportional to the corresponding eigenvalue. The cuboids are also colour-coded
based on the principal eigenvector. Tensors with too small eigenvalues are suppressed; in essence this
suppresses the background outside the helix, letting the latter to be inspected unobstructedly.

Here [E4x](§) € Sym*(R?®) is forward-differences discretisation of the symmetrised gradient, a
symmetric third-order tensor. The F,1-norm is based on taking pointwise the Frobenius norm of
[E4x](&) and integration of the space (1-norm). This model is sightly simplified from our previous
work in [37, 39, 38], where second-order total generalised variation regularisation was considered and
we included a positivity semi-definiteness constraint on x(&).

To write (6.2) in the form (S), we take with y = (p, A) the functions

G(x) =0, K(x) := (8ax,T(x)), F'(y) := F,(p) + F;(A), F,(n) := S (p), Fi(A) = %IMIIZ-

Here B is the product of the voxelwise unit balls of Sym?(R?) over Q. To better satisfy the conditions
of our convergence theorems, we replace F; by F; (1) = am (1) + ya Y| p||? with y = 107°. This is
the same as applying Moreau-Yosida regularisation to || - ||r; in (6.2).

We generated our test data, a simple helix depicted in Figure 1, with the Teem toolkit [40]. The
dimensions are ny X ny X n3 = 38 X 39 X 40. In the background, outside the helix, the tensors are fully
isotropic with the eigenvalues of 10% of the maximal eigenvalue of the tensors within the helix. The
exact generation details can be deciphered from our codes [21] written in Julia [3]. After generating
the helix data, we took s¢(&) = ||x(&)||r. Then we generated si, (k = 1,...,6), from the Stejskal-
Tanner equation (6.1) with the diffusion-sensitising gradients b; = (1,0, 0), b, = (0,1,0), b3 = (0,0,1),
by = (\/5, V2, 0), bs = (\/5, 0, \/5), and bg = (0, V2, \/5). To these diffusion-weighted images we added
synthetic Gaussian noise of standard deviation 30% of the mean magnitude of s. As the regularisation
parameter in the model (6.2) we took o = 0.005.

We only consider deterministic updates. We develop step length rules for Algorithm 4.1 based on
Theorem 4.4, however, although F; is strongly convex, and the Moreau-Yosida regularisation makes
also F),, strongly convex, we generally do not employ acceleration and instead keep the step length
parameters fixed throughout the iterations. Therefore the theorem does not generally provide any
convergence claims.

For convenience, we will identify the linear primal indices j and dual indices ¢ (used for arbitrary
blocks) with symbolic indices corresponding to the different variables x, p, A and their sub-blocks (used
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(a) Multiple step length parametrisations of the non-block-(b) Comparison of the algorithm variants (d1)-(d4). The dotted
adapted reference algorithm (d1) to justify the choice 7 =  lines show the effect of accelerating the dual blocks in (d3)
1/R. and (d4) following Theorem 4.4.

Figure 2: Reference algorithm step length justification (a) and algorithm performance (b) on the DTI problem.
Function values are on the vertical axis, and iteration counts are on the horizontal axis. Based on
(a), we take 7 = 1/R in (b): T = 5/R appears to have convergence issues and r = 0.5/R yields slower
convergence.

for specific blocks). The primal variable will be just a single block “x”, or be divided into voxelwise blocks
“x¢” for £ € Qq. The dual variable will consist of just a single block “y”, the two blocks corresponding
to the variables “i” and “A”, or “4/” and the sub-blocks “Ar " over k = 1,...,N and £ € Qq.

Of the conditions of Theorem 4.4, we will not seek to satisfy the boundedness (4.8); following
Remark 3.13 this seems likely to hold if we initialise close enough to a solution and take the primal
step length parameters f;.) small enough. However, we do not know, how small and how close would
be theoretically required. Likewise, (4.7b), which with deterministic updates simplifies to § > f;.)]j, is
satisfied by taking f}q small enough. To do this exactly, we would need to calculate the constant L that
satisfies the Lipschitz requirement of Assumption 3.1. Assumption 3.4 readily holds (with Moreau-
Yosida regularisation, as discussed above) with ygx = 0 and any 0 < yp-, < ya™'and 0 < yp- ) < 1.
We take the latter as well as &, and {; such that (4.5) yields yr« , = 0 for all £. Assumption 3.2 we do not
hope to verify in the confines of the present manuscript. With (4.7b) out of the way, for the calculation
of the step lengths, it would only be needed for the constants yx ;. We simply make the reasonable
assumption that we start close enough to a local minimiser satisfying the “second-order necessary
condition” yg ; + yk,;j = 0, i.e., yx; > 0. Then we may simply assume yx ; = 0 and are justified in
taking yg ; = 0.

It remains to satisfy the relationship (4.7a) between the primal and dual step lengths. Taking the
weights w; o = w; ok and the set of connections ‘17]?({’) = (l7j(f) given in (4.4b) independent of the
iteration and inserting w; x from (4.4a) into (4.7a), the latter holds if

2

(6.3) 1-k>

m
Z \/5?13;))(4/]!' () Z(/E(Vji([) Wi e Qe VK (x')P;
j=1

In particular, with just a single primal block x, we then satisfy (6.3) by taking

1-x .
where we need the estimate R, > ||Q,VK(x")]|.

(6.4) & ==
Tg Zg/efvj(g) Wx,f,t”R?

Similarly to [5] we estimate ||E4]| < Rg := V12. Assuming that each x'(&) for £ € Qg is positive
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semi-definite, we also estimate with ry ¢ := 5o (E)[1bkc |5 that

N
Z Z re; and IVK(x")|| < R:= \|R% + R

k=1 ¢(e€Qq

IVT(x)Il < Ry =

We obtain R, for (6.4) from the same constituents r¢ s and Rg, depending on the exact block structure.
It then remains to choose the primal step lengths and the weights w; i ;. We consider the following
four block structures and choices of weights:

(d1) As our reference case, corresponding to earlier non-block-adapted works [33, 9], a single primal
block x (m = 1) and a single dual block y (n = 1). Based on the rough optimisation of the step
length parameters illustrated in Figure 2a, for a range of 7 = 70 with 5'3 =0 :=(1-x)/(R?)
with x¥ = 0.05, we take 7 := 1/R.

(d2) A single primal block x (m = 1) and the two dual blocks y and A (n = 2). We take 7 = 7} as
in (d1) and with w, 5 , := Rg/(R — Rg) calculate from (6.4) the dual step length parameters as
Gy =(1-x)/(z(1+ w;’l/l’y)ng) and 67 = (1 - x)/(7(1+ wx ,)R7). Thus G Rg equals oR of (d1).
(d3) A single primal block x (m = 1) and in addition to the dual block p, we split A into voxelwise
and by-wise blocks A (n = 1+ Nnynzns3) indexed by k = 1,...,N and £ € Qy. We still take
T = °1° as in (d1) and with Wx Aot = 2wy TeeRe/((R — Rg)re ) and Wil e = 1
calculate from (6.4) the dual step length parameters as 62 =1 —1)/[(r(1+ X e W;;l/l(k o ng)

and 62}@ =(1-x)/(z(N + wx,ﬂ(k@,y)rig). This also keeps 5'2R5 equal to oR of (d1).

(d4) Voxelwise primal blocks x; for & € Q (n = ninyns3) in addition to dual blocks as in (d3). We take the
blockwise primal step length parameters fg = 7z == Rt/(1+N maxg-1_ N k) for & € Qg, where 7
is as in (d1). Then we take Wxe At = Thé and wy, 2 nAwe =L Observe that according to the
definition of the connection set V;(¢) in (4.4b) that the dual block (k, £) is not connected by K to
(k’, &) for & # & Therefore, we satisfy (6.3) by taking 5'2 = (1-x)/(maxgeq, T§(1+Z£]:1 rk,sr)Ré)
and 5/1ij,5 = (1-K)/(re(N + 1. g)r]i §). The maximum comes from estimating the norm in (6.3).

We report in Figure 2b for the first 10000 iterations the function value achieved by each algorithm
variant. For (d3) and (d4) we also display the effect of the O(1/N) acceleration of Theorem 4.4; on (d1)
and (d2) this has no notable effect.

On a mid-2014 MacBook Pro with a 2.8GHz Intel Core i5 processor and 16GB RAM running Julia
1.1.0, each iteration of (d1)—(d3) takes roughly 0.048 seconds. For (d4) this is roughly 0.062 seconds
due to a more complicated primal update." However, in terms of computational times, (d4) is clearly
much faster than the other variants: 0.77s against 14.7-19.2s for (d1) and 13.6-18.1s for (d2) and (d3)
to reach function value 50. The time ranges account for us sampling the function values only every
100 iterations after the first 100. The visual character of the approximate solution provided by (d4)
is on closer inspection slightly smoothed out compared to the other variants. This may be due to
non-optimal « in the model (6.2) or due to a different local solution.

'In the Julia code [21], we update x**1(&) := x% (&) — T{::Axi(g) and AFU(k, &) == (Ai(k, &) + O'k’SzA/li (k. £))/(1+ oy &) for some
temporary Ax’ and AA’ and all é € Qgandk =1,..., N. The latter does not appear to cause a notable performance
penalty compared to a spatially constant o while the former does. However, each x*+1(£) is a tensor consisting of multiple
floating point numbers while A*1(k, &) is a single floating point number. Our guess is that, due to uneven memory
indexing when 7 is spatially varying, the tensor update cannot make as good use of processor SIMD instructions.
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(a) Synthetic conductivity (b) Reconstructed conductivity (c) Finite element mesh

Figure 3: Synthetic true conductivity and reconstructed conductivity for the EIT example. The reconstruction is
the one obtained with the block structure and dual step length setup of (e3) with 7 = 500/R after 15000
iterations. The blue patches on the boundary of the domain indicate the electrodes. We display in (c)
the finite element mesh used to represent the conductivity.

6.2 ELECTRICAL IMPEDANCE TOMOGRAPHY

In this problem, we want to solve

i
6. min “NALGO? + al|Vx
(6.5) sz AL + | V]l

on a finite-dimensional subspace V c L?(Q) with Q ¢ R? and each Ay : V — RY a non-linear
operator corresponding to the fit of the solution of a partial differential equation controlled by x to
measured data. We specifically use the complete electrode model of EIT [41]. Our implementation
of the model will be described in detail in [18]. The rough idea is that N electrodes are placed on the
boundary of the domain Q inside which we want to reconstruct an unknown conductivity x; see
Figure 3, which presents a synthetic 2D slice model of an object in a cylindrical water tank. As our
data, we only have N boundary measurements corresponding to exciting in turn each of the electrodes
k =1,..., N with a positive electric potential. In each of these excitations, the remaining electrodes
are grounded, and the electric current generated by these excitations is measured at each electrode,
yielding N measurements. The operators Ay correspond to each such excitation setup. In the example
of Figure 3, the number of electrodes N = 16.
We can again write this problem in the form (S) with

N
G(x) =0, K(x):=(Vx,Ai(x),...,An(x)), and F*(y)=08(n) + Z ||/1k||§,
k=1

where y = (g, Ay, ..., AN) and B is the product of the pointwise Euclidean unit balls of R? over Q.
As a first case of the dual blocks, we take y, corresponding to the total variation term, and the full
measurement vectors yy corresponding to each excitation k = 1,..., N. We estimate ||V|| < Ry for Ry
being the largest singular value of V on V. We do not have exact estimates on the norm of VA (x").
Therefore, we take a dynamic norm estimate ry = r (i) over the last 100 iterations,
IVAK (x| < re :=1.05 max IVAL(:H] (k=1,...,N).

max{i—99,0 } <1<i

We may then estimate | VK (x")|| < R = \/sz +r2+---+r3. As a second case, we further split each
Yk into sub-blocks yi ; € R corresponding to each individual electrode j =1,..., N being measured.
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We then take norm estimates ry ; = r j(i) over the last 100 iterations,

[[VAL(x")];] < rgj =105 max  |[VA(x)];| (k,j=1...,N).
max{i—99,0} <i<i
We work in the setting of Section 5. Note that unlike Algorithm 4.1 in the DTI experiments of
Section 6.1, Algorithm 5.1 allows partial calculation of K in both the primal and dual updates, which
should in principle be beneficial in stochastic methods. We develop step length rules for Algorithm 5.1
based on Theorem 5.3. Similarly to (6.4), with wj ;5 = W;,r,k and ‘"V]‘({’) = (17]({’) independent of the
iteration, for non-stochastic methods with a single primal block x, (5.6a) in particular holds by taking

1—-«k

(6.6) o = where we estimate R, > ||Q, VK (x")]|.

~0 _ 2
T Do e (o) Wxeo R

Again, for convenience, we identify the linear primal indices j and dual indices ¢ and ¢’ with symbolic
indices x, y, and Ag. It then remains to choose f}g and the weights w, ¢ . For this we consider four
different block and weight setups:

(e1) Again, as our reference case, corresponding to earlier non-block-adapted works [33, 9], a single
primal block x (m = 1) and a single dual block y (n = 1). Based on rough optimisation of the step
length parameters, illustrated in Figure 4a for a range of 7 = 7} with 6}, = (1 - x)/(7R?) with
x = 0.05, we take 7 := 5/R for R computed using just the initial iterate x* as explained above.

(e2) A single primal block x (m = 1) and the dual blocks , Ay, ..., Ay. We take 7 = 72 as in (e1) and
with wy a1, = X rkRv/((R = Ry)rp) and wy p, 2, = 1for p,k =1,..., N, solve from (6.6) that
6, = (1-x)/(z(1+ X W;,l/lk,p)sz) and &/11,, = (1-x)/(t(N +wyn,,)rp) for p=1,...,N. This
case and the step length rules are analogous to (d3) for DTL

(e3) As(e2)butsplit each A, into further measurement-wise dual blocks y,, ; (p, j = 1,..., N),replacing
in the expressions of (e2) the indices p and k by (p, j) and (k, j') with j, j* € {1,..., N}. Thus rx
becomes ry jr, etc.

-1

(e4) Measurement-wise dual blocks as in (e3) but wy, . 4 = T

The performance of the algorithm variants (e1)—(e4) is depicted in Figure 4, and a sample recon-
struction in Figure 3b. Observe how the block-adapted algorithms allow in practise larger 7 than the
reference algorithm without block-adaptation. This has significant performance benefits: To reach and
stay below objective function value in the order 1077, (e4) with 7 = 500/R requires 208 iterations while
(e1) with T = 10/R requires 906 iterations. (With z = 500/R the latter requires 3544 iterations, no longer
converging well with high 7.) We also tested stochastic variants of the algorithms for the EIT problem,
updating on each iteration only a random subset of the dual blocks. This did not, however, offer any
performance benefits over the block-adapted variants, neither in terms of epoch count (iteration count
scaled by the fraction of updated blocks) nor actual computational time.

7 CONCLUSION

In this paper, we studied block-proximal primal-dual splitting methods for non-convex non-smooth
optimisation. From an abstract starting point—also able to model doubly-stochastic methods—we
derived explicit algorithms and step-length bounds for two particular cases: methods with full dual
updates and methods with full primal updates. For both of the cases, we derived rules ensuring local
O(1/N), O(1/N?) and linear rates under varying conditions and choices of the step lengths parameters.
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g Figure 4: EIT reconstruction performance: iteration
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[ Lol Lol Lol Lol parameters insigniﬁcant improvement is Ob'
100 10 102 10 104 . .
tained. Based on this, in (c) we represent the
(c) Blocked algorithm (e4), multiple step lengths performance of (e4) for multiple step lengths.

We demonstrated the performance of the methods on practical inverse problems. Based on our
experience with both the DTI and EIT examples, the block-adaptation provides significant performance
benefits. Random updates, by contrast, did not offer benefits in our sample problems. We suspect they
might be more beneficial on very large scale problems that do not share work between the blocks, yet
the blocks have overlapping information, or where communication delays within a computing cluster
become significant. This may be one of the possible directions for further research on the presented
methods and their application.

A DATA STATEMENT FOR THE EPSRC
The codes and data for the DTT experiments are available at [21]. The codes for EIT, based on historical
work of several people, cannot be made available at this point.

APPENDIX A SATISFACTION OF THE THREE-POINT CONDITION

The following lemma provides simplified conditions under which Assumption 3.2 holds, e.g., whenever
x  (K(x), y) is block-separable and strongly-convex.

Lemma A.1. Suppose Assumption 3.1 holds and the following is true for the given neighbourhood Xk of x,
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Ik = Z;”zl vk jPj € L(X;X), yk,j € R, somey, > 0:
(1) ([VK(x") = VK@)I"7.x" = %) 2 |lx" = %I, + yxllx” = X%,
(a1b) ([P VK(x) = PVK@T5x) = %) = yicsllx) =% G =1...,m).
Let B, Bo > 0, A=}, a;P;, and a := min; a;. Then Assumption 3.2 holds for p =1 when
LOs < a(yx = p1) — fomax(a; —a) and
J
Ly > L*||Pwuyll (B + (Be) ™' By (aj — @) /2 + 2L0a.
Proof. We need to study (3.3). We have
R® = ([VK(x) = VK(X)]"Y, %" = )4 = IIx" = %I,
= a({[VK(x) - VK(®)]"y.x" = %) = lIx’ = XlIf,)
+ 2 (a5 — D (VK (x) - VK@1'5,x! = 55) = yiellx) = 511,
We now apply (a.1a), Young’s inequality with the factor f; > 0, and Assumption 3.1 to bound
([VK(x) = VK()]"y,x" = %) = llx" = %I,
= ([VK(x") = VK()]"9,x" = %) = |lx" = %I, + ([VK(x) = VK(x)]"7,x" = %)
> (yx = BolIx" = X11? = LAIPa DI (480 7' [Ix” = x|
Similarly, for any S, > 0, we have
([VK(x) - VK(x)]"y. x} — X))
= ([P}VK(x') — PVK ()15, x| - %) + ([VK(x) = VK(x)]" 5, %} - )
> yi,jllx; = X511° = LA PN I (4B2) Hlx" = 11 = Ballx; = ;117
Combining the two estimates, we arrive at
RY > a(yx = p)llx" = %I = aL?|I Paw P1I* (480 Hllx” = x]1°
- Xiti(aj = @) (Ballx} = x5l + L2y P llx” — x]1%)
= Xi(alyx = B - (a; - D Bo)llx] — %I°
— al’|Pa Yl (BT + (Po@) ™ B (a) — @)X — x| /4.

At the same time, using Assumption 3.1, we get for the right-hand side of (3.3) the bound
= = L = ’r = ’
IK(x) = K(x) = VK(x) (x =0l < S llx - XN < Lilx" = x| + Lllx" = x|1%.

So Assumption 3.2 holds if we take p = 1, LOx < min; a(yx—f1) = (¢~ @)fy, and Ly > L*[Pw 311 (B +
(B2a)' X1 (aj — a))/2 +2L6,. o

APPENDIX B TECHNICAL LEMMA

Lemma B.1. We havezy < zy + N/2 wheneverz§. >0,(i=1...,N;j=1,...,m) satisfy

- 1+ zj. )
(B.1) 2 = ———  with z;:= max Zz\.
J —1 j=l...m J

1+7z;

1
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Proof. Taking maxj—; . on both sides of the first part of (8.1), we obtain

_ — Ei -2 —
Zis1 = (1+z,~)1/2i i \ 7+ Zi

We thus obtain the claim by telescoping

. O

— = _ _2 — —
Zit1 —Zi =2 +Zi — Z;

[NCRI

Zi 1
= = S
2 +7Zi+7 1/1+z;1+1
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