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Chapter 1

Introduction

1.1. About the course

Photographs and other natural images are usually not smooth maps, they contain edges (discontinuities)
and other non-smooth geometric features that should be preserved by image enhancement techniques. The
correct mathematical modelling of these features involves the space of functions of bounded variation and,
in consequence, aspects of geometric measure theory. The aim of this course is to provide an introduction to
functions of bounded variation and their applications in image processing.

Although we review measure theory in the beginning of this course, it is strongly recommended that the
reader be well acquainted with the topic. Introductions may be found in [28, 19] among other books. It is also
advisable, although not required, that the student be acquainted with the basics of Sobolev spaces and weak
topologies in function spaces. An introduction to the former may be found in [14], and to the latter in [23, 4]

This course is mainly based on the treatment of functions of bounded variation in [2] and [15]. The books
[10, 3] on mathematical imaging also provides good additional reading. Scientific articles detailing certain
aspects will be pointed to as encountered. Hausdorff measures and rectifiable sets will be important through-
out the course. They also play an important role in the fascinating topic of fractal geometry. The interested
student may read more about Hausdorff measures and fractals in [25] and, in a more introductory style, in

[16].
1.2. Photographs

Take a look at the photograph in Figure 1.1. What do you see? A flower, yes! But as a mathematician? A
function! Yes, photographs are functions, they map points on a rectangular domain Q C R? into colour
values, often in an RGB (Red-Green-Blue) space, embedded into R3. In the print industry CMYK (Cyan-
Magenta-Yellow-Key(blacK)) is more popular. Mathematicians often still live in the 19th century, and study
greyscale photographs u : Q — R.

What properties does the function portrayed in Figure 1.1 have? The green background features smooth
and buttery bokeh; an artistic effect created by the background being out-of-focus in the narrow depth of field
of the camera lens caused by a large aperture (small f-number). The flower itself features plenty of texture in
the form of alternating streaks of red and yellow. But what about points x where there is a transition from
flower into background? There is an edge! The colour values change abruptly. Mathematically, u has a jump;
the point x € J,, the jump set of u.

A large part of this course will concern J,. It is important for image processing algorithms, such as denois-
ing, deblurring, and more advanced techniques in medical imaging, to preserve and to restore edges. They
represent depth information, and separate regions consisting of different materials. It is also equally impor-
tant to preserve and to restore smooth areas and texture, but that will be of less concern to us in this course.
The question then is, what kind of function spaces allow for the jump set J, in a controlled manner? Such
that we can expect more regularity from the image than the spaces L?(Q) provide?



Figure 1.1: A colourful flower

Of course, our example image is of high quality, and does not need to be be processed. Even in photography,
with advanced technology, there is however, still need for image processing. Take low-light photography, for
example. In low light conditions, there is noise. The good photographs obtained with high ISO numbers
by top-of-the line DSLR (digital single lens reflex) cameras are the result of image processing! In magnetic
resonance imaging, even physical limitations restrict the resolution of images, as does subject movement
(patient comfort).

1.3. Regularisation of inverse problems

Many image processing problems can be seen as instances of solving an operator equation
Ku+v=f,

for our known data f, noise v, and unknown image u. This is an inverse problem. In general, such problems
are ill-posed, and we cannot expect to have a unique solution, or a solution at all. In order to impose well-
posedness, we introduce a regulariser R that models our prior assumptions on a good solution u, as well
as a fidelity functional F that models the noise v. The choice of R is specific to the problem at hand; a
prototypical choice in image processing is the total variation, which we will also discuss in this course. More
recent research has focused on higher-order [5, 9, 24] and curvature-based [11, 29] extensions, as well as
non-convex regularisers [22].

If we know a noise level o, we may then try to solve the problem
minR(u) subjectto F(Ku-— f) <o. (1.1)
u

Often the noise level is not known. Moreover, this problem nformulation can be numerically very difficult. It
is therefore more common to solve the Tikhonov regularised problem

Irilin F(Ku — F) + aR(u), (1.2)



for a suitable regularisation parameter . We refer to [13] the student interested in reading on more about
inverse problems theory, and the role a and o play especially in their limit.

In image processing, for denoising K = I is the identity. For deblurring, K can be a convolution operation,
Ku = p * u for a suitable blur kernel p. For sub-sampled reconstruction from Fourier samples, as is the case
with magnetic resonance imaging (MRI) reconstructions, K = S¥ for S a sub-sampling operator, and # the
Fourier transform. If simply K = S for a sub-sampling operator, then we are talking about inpainting. This
might be used, for example, to hide hairs and scratches in old photographs or films. For a detailed treament
of various image processing tasks, see, for example [10, 3].

The questions now are, when do (1.1) and (1.2) have solutions, and what are their properties? We will
discuss some of these questions at the end of the course. First we however need to find the right space for the
image u.

1.4. Sobolev functions

Sobolev spaces are common in various areas of mathematics. Given a domain Q C R”, the space W (Q),
for an exponent p € [1,00) may be defined as

WhP(Q) := {u € IP(Q) | Vu € LP(Q; R")}.

Here LP (Q; Rk) is the space of functions v : Q — Rk v = (v1,...,0k), such that

. 1/p
1ol e (o rr) = Z/ |vi (x) P dx) <oo, (1<p<c0), and
i=1 /2

0]l Lo (rk) = €8S SUP,cq [U(x)]| < 0. (1.3)

The integral is to be understood in the Lebesgue sense, and the supremum is the measure-theoretic essential
supremum that ignores the value of u on negligible sets. (We will get back to these later!) In other words,

WP (Q) = {u € LNQ) | lullur@) + IVullp gy < oo
The space can be normed with
lullwre (o) = llulle) + IVullpe omkys
and can be formulated as the completion
W (Q) = C*(Q)
with respect to the norm || - [lyy1.p(q), (1 < p < ).

To be precise the gradient Vu is to be understood in the distributional sense: We require that the distribu-
tional gradient Du is actually a function, and denote this by Vu. For u : Q — R, the distributional gradient is
defined as the linear functional

Du(p) := —/ u(x)dive(x)dx, (¢ € CJ(Q;R™)).
Q
For Du to be a function, we require that we can actually write
Du(e) = [ (o). g0y dx (14)

for some g € L'(Q;R"). If u is smooth, the expression (1.4) holds for g = Vu by the Gauss-Green theorem.
For non-smooth u, we therefore also denote Vu := g when (1.4) holds.



The nice thing about Sobolev functions is that the distributional differential Du is a function much more
often than u is differentiable in the classical sense. Moreover, Sobolev functions are practical for formulations
of partial differential equations in a weak form, that can be solved and manipulated more easily than a classical
form; we point the interested reader to [14].

With p = 1, there is however a problem. For p € (1,00), the unit ball of W'?(Q) is weakly compact. For
p = oo it is weakly* compact. Hence, given a bounded sequence {u'}2, ¢ WP(Q), (1 < p < o), we can
extract a weakly(*) convergent subsequence {u" g This means in both cases that there exist u € W (Q)
such that
u’ - u strongly in I?(Q) and Vu’ — Vu weakly(*) in L (Q;R").

For p = 1 this is not the case! The unit ball is neither weakly nor weakly* compact. There however exists a
slightly larger space, the space BV(Q) > W1(Q) of functions of bounded variation that has a weakly* compact
unit ball. This space will be the main topic of this course.

Why do we want to use and study this space? Let us consider a simple example, and define for € > 0 on
Q := [—1,1] the function

-1, x<e¢€,
ue(x) == yx/e, —e<x<e, (1.5)
1, X > €.
This function is classically differentiable, and
1/e, —€ <x <€,
Vu, (x) = / .
0, otherwise.

It can easily be seen that u. € WP (Q) for every p > 1.

The pointwise limit of u, is

-1, x<0,
up(x) :==40, x=0, (1.6)
1, x > 0.

This function is not differentiable. Indeed the distributional gradient Du is given by

Duo(9) = 2¢(0), (1.7)

which does not have the integral representation of (1.4). So clearly uy ¢ W'?(Q) for any p > 1. Oh,
wait...Sobolev spaces cannot model edges?! Although useful in other contexts, they are not the right space
for image processing.

We may also calculate || Vue||rq) = 2/€P71, so

lim || Vuellrp() = 00, for p e (1,0).
e\,0

Thus uy cannot even be approximated in the corresponding Sobolev norm by elements of W?(Q) for p > 1.
But how about p = 1. We have
||Vue||L1(Q) =2, for € > 0,

$0 {U¢ }e>o forms a bounded set in Wh1(Q). It therefore has a weakly* convergent subsequence in BV(Q). In
fact, the whole sequence must converge weakly* in BV(Q) to u as € Y\, 0, because it converges in L' (Q). Thus
we have found a function u € BV(Q) \ W'1(Q). We have also discovered that the space BV(Q) can model
edges in a controlled manner. That sounds very very good and interesting for further study!



1.5. Functions of bounded variation in R!

We now briefly look at the case Q = (a,b) C R, in order to see what kind of bizarre creatures can inhabit
BV(Q).

Definition 1.1. Let Q = (a,b) and u € L(Q). We define the pointwise variation

pV(u,Q) := sup{Z lu(tivi)) —u(t)| [n=22,a<t;<---<t, < b}.

i=1

Roughly speaking pV(u, Q) < oo defines functions in BV(Q), but we have to be careful: functions in L' (Q)
are only defined almost everywhere, so we have to set

eV(u,Q) := inf{pV(v,Q) | v = u almost everywhere in Q}.

Then
BV(Q) = {u € LY(Q) | eV(u, Q) < co}.

We will get back to the rigorous definition of “almost everywhere”; for the rest of this section, we will only
work with such representatives u that pV(u, Q) = eV(u, Q).

Example 1.1. We now demonstrate that rather weird creatures satisfy pV(u, Q) < co. We begin by construct-
ing the Cantor middle-third set. We set Cy = [0,1], and assuming Cj. has been constructed, we construct Cg;
as

Crs1 = Y1(Ck) + 92(Cy)

where

U1(x) =x/3, and ¥(x) = 2/3 +x/3.

In other words, we create Cy1 by removing the middle-third of (0,1) altogether, and replacing the ends by
scaled-down copies of Ci. The Cantor set is then

C:= ﬁ Cr.
k=0

By construction, it is a self-similar fractal;

C=y;(CN(0,1/3)) = Y71 (CN (2/3,1)).

Let us then define

fr(x) ::/0 (3/2)k)(ck(t) dt, (x€(0,1)).

It can be seen that {fi};_, is a Cauchy sequence in C(0,1), and hence convergent to some f € C(0,1). This
is called the Cantor-Vitali function. Observe that f = 0 on [0,1] \ Ci, so that also f" = 0 on [0,1] \ Ule Ck
for any k > 1. It follows that in a sense (that we will make strict later), f* = 0 almost everywhere. Yet f is
continuous with f(0) = 0 and f(1) = 1. Indeed, pV(f,(0,1)) = 1!

It turns out that D f is zero almost everywhere with respect to the Lebesgue measure, but is concentrated on
the set C, which has Hausdorff dimension log, 2 < 1. Thus the differential of C is “too small to be detected” by
classical tools. But now we really have to be rigorous and start defining the measure-theoretic notions we’ve
been waving our hands about.



Chapter 2

Sets and measures

2.1. Basic measure theory

A measure is a way to formalise the intuitive idea of the area of a set in R2, as well as the length of a curve,
and the number of elements in a discrete set, under one concept. Measures are defined on sets that belong to a
o-algebra. The o-algebra defines sets that are measurable. We have to place restrictions on sets that are mea-
surable, otherwise we may reach conclusions like the Banach-Tarski paradox, which allows reconstructing a
solid three-dimensional ball into two exact copies of itself!

Definition 2.1. Let Q be a set, and denote by P (Q) the collection of all subsets of Q. Then a family ¥ c £ (Q)
is a o-algebra, if the following properties are satisfied:

(i) Non-empty: ¥ # 0.
(ii) Closed under complement: If A € 3, then also A® € 3.
(iii) Closed under countable unions: If {A;}}2, C X, then also | J72, A; € X.
A set A € Y is called a (2-)measurable set, and we call the pair (Q,X) a measure space.
The idea is that if we can measure, let’s say, the area of a set, and take something measurable out of or add
to it, then the result should be measurable. Typically, in vector spaces, also any translation of a measurable set

is measurable. Indeed, in the setting of metric spaces, it usually suffices to work with the smallest o-algebra
containing all open (and hence all closed) sets.

Definition 2.2. Let Q be a metric space. Then we denote by 8(Q) the smallest o-algebra containing all open
sets of Q. We call it the Borel o-algebra of Q. A set A € B(Q) is called Borel-measurable.

Example 2.1. Another example of a o-algebra is the discrete oc—algebra consisting of all subsets of Q. It is
however rarely practical.

Definition 2.3. Let (Q2,X) be a measure space. Then a mapping p : £ — [0,00] is a (positive) measure if the
following properties are satisfied:

(i) Non-negativity: pu(A) > 0forall A C 3.
(ii) Null empty set: p(0) = 0.

(iii) Countable additivity: If the sets {A;};2, C X are pairwise disjoint, A; N A; = 0 for i # j, then
p(UiZ; Ai) = 252y p(Ai).

Example 2.2. Let us define for every A ¢ Q the set function

n, A={xy,...,x,} is a finite set,
#(A) = { 1 nt
oo, otherwise.

Then # is a measure on the discrete o-algebra of Example 2.1.



Example 2.3. Let us pick x € Q and define for every A C Q the set function

1 A
5X(A)::{’ x e

0, otherwise.

Then 6, is a measure on the discrete o-algebra of Example 2.1, called the Dirac measure (at x). It is the
measure-theoretic realisation of what is sometimes incorrectly referred to as the Dirac §-function.

Definition 2.4. We call a positive measure y finite if p(Q) < co. If Q = (J32; A; with p(A;) < oo, we call p
o-finite. A positive measure p on B(Q) is a Borel measure. If, moreover, |u(K)| < oo on compact sets K C Q,
we call y a positive Radon measure, and denote y € M(Q).

We can also define signed and general vector-valued measures. These will be useful later on, when we want
to differentiate functions of bounded variation.

Definition 2.5. Let (Q2,3) be a measure space. Then a mapping p : ¥ — R is a (vector-valued) measure if
the following properties are satisfied:

(i) Null empty set: u(0) = 0.
(ii) Countable additivity: If {A;};2, C ¥ with A; pairwise disjoint, then p(lJj2; Ai) = Xioq p(Ai).

If m = 1, we also call p a signed measure. We define the total variation of i for every A € ¥ by

|ul(A) = sup{Z (AN | A= UAi’ A; € ¥ pairwise disjoint}.
k=1 k=1

If 4 : ¥ — R is a signed real measure, we define the positive and negative parts by

1 1
ph= s+ s = Skl = ).

We immediately observe that if y is an R™-valued measure, then y;, defined by
Hi(A) = (ei, pu(A))
is a signed measure. Here e; is the standard unit vector with the i:th entry 1 and other entries zero.
Definition 2.6. We call a R™-valued measure y on B(Q) a finite Radon measure, and denote p € M(Q; R™).
The finiteness in this definition is justified by the exercise in example sheet 1, showing that |u|, u*, and p~
are positive finite measures if p is signed or vector-valued measure.

We will often talk about a property holding “almost everywhere” with respect to a measure. Let us make
this precise.

Definition 2.7. Let 1 be a measure on a measure space (Q2,%), and A € 3. We say that a property P holds for
p-almost every x € A, in short p-a.e., if there exists E C A such that P holds for every x € E, and u(A\ E) = 0.

Functions can also be measurable. This is important for defining integration by measures.

Definition 2.8. Let (Q,%) be a measure space, and f : Q — R. Then we call f Z-measurable if f~1(A) € > for
every open set A C R. If y1 is a measure on (Q2,X), we call f p-measurable if f is Z-measurable. If ¥ = 8(Q),
we call f Borel-measurable.



2.2. Integration

Definition 2.9. Let (Q,X) be a measure space, f : Q — [0,00) a measurable function, and u a positive
measure on X. Let E € 3. We define the integral

n
/f(x) du(x) == supz aiu(A; NE)
E S =t
with the supremum taken over all simple functions

n
S:ZQiXAiSf, (ai>O,A,~€Z;i=1,...,n;n€N).

i=1

If f:Q— R, wewrite f = f* — f~ for f* >0, and set

[0 = [ 5@ due = [ 100 duo

We call f integrable, and denote f € L}(Q; p), if
[ 15160 dute) <o
Q

Definition 2.10. Let (Q,%) be a measure space. If 4 is a signed measure on 3, and f € L}(Q; |u|), we define

[ran=[rar-[rar. Een)

If p is an R™-valued measure on %, and f = (fi,..., fm) : Q@ = R™ with each f; € LY(Q; |i]), we define
[eronauen =) [ ficduto. Ee)
i=1

Theorem 2.1 (Fatou’s lemma). Suppose {u’ : Q — [0,00]}%, are p-measurable with i a positive measure.
Then

/ liminf ' (x) du(x) < lim inf/ u' (x) du(x)
Q 1—00 1—00 Q

Definition 2.11 (Product o-algebras). Let (Q1,%1) and (Q2,3,) be measure spaces. Then we define the prod-
uct o-algebra 1 X%, on QX Q, as the smallest o-algebra that contains all sets of the form A; X A, for A; € ¥4
and Ay € 25,

Theorem 2.2 (Fubini). Let (Q1,%1) and (Q2,%,) be measure spaces and iy and y, be corresponding positive
o -finite measures. Then there exists a unique positive o-finite measure u on (Qq X Qy,%1 X 3,) such that

H(A1 X Ag) = p1 (A1) pa(Az).

Ifu: Qy X Qy — [0,00] is p-measurable, then the marginal mappings

x> [ ulxy)du(y) and y- [ u(x,y)dp(x)
Qg Q1

are, respectively, 31-measurable and X.,-measurable. Moreover, we can change the order of integration by the
formula

Jya, w51 = [ ] sty i) o

_ / / w(x,y) dps (x) dpia ().
Q, J O



2.3. Lebesgue measure

Enough with toys like the counting measure! Let’s define something really useful: a way to measure the
volume of general sets in R".

To begin with, if Q = [a1,b;] X - -+ X [an,b,] € R" is an n-dimensional cube, we define the volume
v(Q) = [ (b - a).
j=1

We desire to extend this definition to general sets.

Definition 2.12. Let A ¢ R", and define the Lebesgue outer measure by

L"(4) = inf Y v(Q)

i=1

where the infimum is taken over all countable collections {Q;}

AC (ij Q?p
i=1

Theorem 2.3. Let Q € B(R"™). The mapping L7 restricted to the Borel o-algebra B(Q) is a positive measure.
We call it the Lebesgue measure, and denote it by L". We have

L(Q) =v(Q).

oo
i

, of cubes in R" such that

Proof. Let us show that Ln (Q) = v(Q) for a cube Q. Clearly f"(Q) < v(Q). To show the other inequality,
we take an e-cover {Qj};';l of Q,ie.,

D 0(Q) < LM(Q) +e.

=1
We may subdivide each Q; into a family of cubes Q1,. .. ,sz.n such that Qj = Q;NQ and v(Q;) = 2 v(Qj’:).
But then v(Q) < 3172, v(Q)), so that

2n

o0 = 3 u(0) = 2@ +e.

i=2 Jj=1

Me

v(Q) < v(Q) +

~.
Il
—_

Since € > 0 was arbitrary, this concludes the proof.

In order to show that £ is indeed a measure on B(Q), we have to verify the axioms in Definition 2.3. That
L™(A) > 0 for A € B(Q) is immediate because v > 0. Picking Q; = [0,€/2!/"], we have 32, v(Q;) = €, so
letting € N\ 0, we see that clearly £"(0) = 0. We therefore just have to verify countable additivity. So suppose
A; € B(Q), (i =1,2,3,...) are pairwise disjoint, and let A := [J;2; A;. We may assume that f”(Ai) < oo,
(i = 1,2,...), because otherwise clearly Ln (A) = oo. Pick arbitrary € > 0. By the definition of L", we may
find collections {Q{ };‘;1 of n-dimensional cubes such that

A; C OQ{,
j=1

and

Z U(Q{) < .Zn(Ai) +e€/2%.

j=1



Then

SO

We now have to prove the opposite inequality. Let us, first of all, verify that it holds for countably many
sets, if it holds for two disjoint sets, that is

LMA) + L"(B) < L*(AUB), (A,Be B(Q), AN B = 0). (2.1)

Indeed, then for any k > 2, we have
ko ok B
LA < L Jan < L), (2.2)
i=1 i=1

where the last inequality holds because any cover of A by cubes also covers [ J;2; A; C A. Letting k — oo
proves the claim under (2.1). Hence countable additivity follows from Lemma 2.3 below, where we prove (2.1).
It follows that £* = L" is a measure on B(Q). O

Definition 2.13. For A,B Cc R", we define the distance

d(A,B) := inf -yl
AB)= e =

Lemma 2.1. Let A,B C Q. Then the inequality (2.1) holds in the following cases.
(i) d(A,B) =r > 0.

(ii) A and B are closed and disjoint.

Proof. (i) Pick € > 0, and let {Q;}72, be a covering of AU B by cubes such that

(9

D 0(Q) < L"(AUB) +e.

Jj=1

Subdividing each Q; into smaller sub-cubes, we may assume that there are two subsets of indices 7, J C N

such that
aclJo, Bcl o

Jjel JjeT

and
Z U(Qj) <e. (2'3)

jeIng
Indeed, let k be such that

j=k+1

and define . .
A=An|JQ, and B:=Bn| o

j=1 j=1



Because d(}i §) > d(A,B) = r > 0, by possibly subdividing each Q; for j = 1,.. .,k into smaller cubes, we can
find 7,9 c {1,...,k},suchthat 7 N J =0 and

AclJo, Bel o

jer jeJ
We now simply let 7 = Tu {k,k+1,...}and J = 5 U {k,k +1,...} to construct covers of A and B. The
estimate (2.3) follows. With that at hand, we may calculate
L")+ L7(B) < D 0(Q) + Y 0(Q)) +e < ) v(Q)) +e < LN(AUB) +2e.
jel JjegT Jj=1

Since € > 0 was arbitrary, this concludes the proof of (2.1).

QiLFinally, if A and B are closed and disjoint, then A and B are closed, bounded, and disjoint. Therefore
d(A,B) > 0. The previous argument applies. m]

Lemma 2.2. Let A € B(R") and € > 0. Suppose L"(A) < co. Then there exist closed F C A and open G > A
such that L"(A\F) < eand L"(G\ A) <e.

Proof. Suppose first that A is open. We may then choose G = A. Regarding F, we set
Fi:={x € A|d(0A x) > 1/i}.

Then F; is closed, and

we have

and likewise

Jj=1 Jj=1
Thus -
D, Lrm)<e
j=N+1

for large enough N. But A\ Fy = U2y, T}, so that

LA\ Fy) <e.

If A is closed, we may choose F = A and G is obtained by a construction analogous to the above using
Gi={xeQ|dAx) <1/i}.
Let D be the class of sets A on which the claim of the lemma holds for any € > 0. Clearly, by the above, D

contains all open and closed sets A with £"(A) < co. Here we recall that we have assumed the atter from our
set of interest as well. Moreover, if A,B € D, then A\ B € D. Indeed, if F C A and G D B, then

(A\B)\ (F\G) c (A\F) U (G\ B).

Thus _
L((A\B)\ (F\G)) <.



whenever £ (A\F) < €/2and Ir (G\ B) < €/2. As F\ G is closed for F closed and G open, one side of the
claim follows. The other is analogous.

Let then {A;}}2, € D, and pick closed F; C A; and open G; D A; such that

LA\ F;) <e/2), and L"(Gi\A) < e/2.

If we set - -
A= ("]Iqi and F:= (FW‘Fh
i=1 i=1
Then -
AVF e[ @i\ R,
i=1
so that

[ee)

LM(A\F) < an(Ai \ F;) < ZG/Zi =e.
i—1

i i=1

Moreover, if we pick N € N, and set

AN ::ﬂA,-, and GV ::(N]G,-,
.

then

N
N\ AN c | @4y,
i=1

so that

N
LGN\ AN) < Zf”(Gi \A) <e.
i=1

It follows that D contains finite intersections. Analogously we show that O contains finite unions, and that

if
A::UAl- and G::UG,-,
i=1 i=1

then .
L'G\A) < ) LG\ A) <.

i=1

Let us then consider countable unions. We set
) k
A= UAi and FF .= UFi,
i=1 i=1

By the above, by possibly replacing A; by A; \ U;;} Aj, we may assume that the sets {A;}7?, are disjoint.
Hence also {F;};2, are disjoint. Now

[0 [

LA\ JFR) <) LMAnF) <e.

i=1 i=1

It remains to show show that for some k

£ R\ <e, (2.4)
i=1



because then - .
LMA\FY) < LM@AN By + L Fi\ Fe) < 2e.
i=1 i=1

But the sets F; are closed and disjoint, so by Lemma 2.1 and (2.2), and

[Se]

| |
:—/

00> LMA) > L" O

In particular £"*(F;) — 0. But

UF\Fk)< Z Vi

i=k+1

Thus (2.4) holds for large enough k, and in consequence D contains countable unions.

Finally, O contains countable intersections: If A = (2, A;, we may assume A; D A, O .... Then A; \ A =
Uje (A1 \A;). But then A; \ A€ D,andsoalso A=A; \ (A1 \ A) € D.

It follows that O contains all Borel sets A with £" (A) < oo, constructed out of open and closed sets A;
satisfying this assumption. To finish the proof, we observe that we do not in fact need sets A; with £"(A;) = oo
in the construction of Borel sets, as we can always write A; = [Jj2; AiNB(0, ), where L"(A;NB(0,j)) < eo. O

Lemma 2.3. Let A,B € B(Q) with AN B = 0. Then (2.1) holds.

P~roof. Let € > 0. By Lemma 2.2, we may find closed sets F4 C A and Fg C B such that f" (A\ Fq) < eand
L"(B\ Fp) < €. Then
L"(A) + L™(B) < L™(Fa) + L™(A\ Fa) + L"(Fg) + L"(B\ Fp)
< L™(Fa) + L"(Fp) + 2¢
It is an easy exercise to show that Lr (Ap) < Lr (Ap) if A; C Aj. Therefore, because (2.1) holds for disjoint
closed sets by Lemma 2.1, and F4 U F4 C AU B, we further obtain
L"(A) + L"(B) < L™(Fa U Fp) + 2¢
L"(AUB) + 2.

As € > 0 was arbitrary, (2.1) follows. m]

Remark 2.1. The Lebesgue measure can be extended to a larger o-algebra than 8(Q2), consisting of so-called
Lebesgue measurable sets. For our purposes, it suffices to limit the attention to Borel-measurable sets.

Definition 2.14. We will denote integration by the Lebesgue measure by the usual notation for Riemann
integration, as these agree on continuous functions. That is

/A f(x)dx = /A F(x)dL" (x).

We also denote L1(Q) := L1(Q; L").

2.4. Hausdorff measure

In the definition of the Lebesgue measure, we could calculate the the volume v(Q;) of the cube Q; through
the diameter diam Q; as v(Q;) = w(n)27"(diam Q;)" for a suitable dimensional constant w(n), which gives
the volume of the unit ball. We could further place an upper bound on the diameter, diam Q; < €, because
we can always decompose a cube into smaller subcubes without altering the total volume. In fact, we do not
even have to use cubes, since we can approximate an arbitrary set by cubes. This leads us to the definition
of the Hausdorff measure, where we also allow instead of the dimension n of Q@ ¢ R" an arbitrary possibly
non-integer dimension k € [0, o).



Definition 2.15. Let A € B(Q), Q c R", and k € [0,00). Then the k-dimensional Hausdorff measure of A is
defined by
HE(A) = 11{%745(/1),

where

HE@A) = inf{)" w(k)2*(diam E)¥ | A c | JEj, diam E; < e}.
j=1 j=1
The normalisation constant is defined as

k/2

w(k) = "

_ * -x,.5—1
—(1+k/2)’ F(s)—/o e *x* dt.

The point of forcing € N\ 0 is to measure complicated sets accurately. For example, the set
A= {(x,sin(1/x)) | 0 < x < 1} c R?

has HZ(A) < oo for every € > 0, but H'(A) = co. We will get back to how to arrive at these, when we talk
about rectifiable sets.

The idea behind using the 1-dimensional measure /' to measure sets A C R?, is that ! measures the
length of curves. Likewise H° measures the number of points; it just the the counting measure. In Q c R?,
the measure H? coincides with the Lebesgue measure £? (when both are restricted to the Borel measurable
sets B(Q)). But we may also use H? on Q C R? to measure the area of more complicated surfaces, such as
the unit sphere S?, where we generally define

s" 1= {x e R" | ||x| = 1}.

How about H® non-integral s? These measure fractals! The Cantor middle-thirds set C defined in Example
1.1 has H*(C) = 1 for k = k* := log2/log3, but H*(C) = oo for k < k* and H*(C) = 0 for k > k*. This

motivates the following,.

Definition 2.16. Let A € B(Q). The Hausdorff dimension of A is
dimg A := inf{s > 0 | H*(A) = 0}.

The enthusiastic student may read more about fractals and Hausdorff dimensions in the literature listed
in the Bibliography. In the rest of this course, we will primarily concentrate on a particular type of sets of
dimension n — 1 in R", as well as a “remainder set” of arbitrary dimension k € (n — 1,n), arising from the
differentiation of functions of bounded variation.

2.5. Densities and derivation of measures

Definition 2.17. Let 1 be a measure on a measure space (Q,%), and f : Q@ — R measurable. We then define
the measure fu by

(Fh)(A) = /A Fe)dutx), (Aes).

Example 2.4. Let f(x) := e /2/\27r and N := fL'. Then N is a probability measure for the Gaussian
distribution. A probability measure is a positive measure with N'(Q) = 1.

Definition 2.18. Let v be a (signed or vector) measure and y a positive measure. If
1A =0 = [v|(4) =0,

then we say that v is absolutely continuous with respect to y, denoted v < p. If, on the other hand, y and v
are positive measures, and there exists A € ¥ such that y(E) = 0 and v(Q \ E) = 0, we say that p and v are
mutually singular, denoted p L v. If  and v are vector-valued, we say the same if this holds for |¢| and |v|.



Example 2.5. We have 6, L L" forx € R", and N < L.

Obviously y < |g|. In fact, we have the following.

Theorem 2.4 (Polar decomposition). Let u be a (signed or vector) measure on a measure space (Q2,%). Then
U < |p|. In this case we write
- () v
)

and call this the polar decomposition of p.

This result is a corollary of the Radon-Nikodym theorem.

Theorem 2.5 (Radon-Nikodym). Letv : ¥ — R™ be a (signed or vector) measure and p a o-finite measure on a
measure space (Q2,X). Then there exist unique measures v and v® such thatv® < pandv® L p withv = v*+v°.
Moreover, there exists a unique function f € [L'(Q; u)]™ such that v® = fp.

Theorem 2.6 (Besicovitch derivation theorem). In Theorem 2.5, suppose v and i1 are Radon measures on B(Q).
Then v® = fpu for
B(x,
PELCY))
PO p(B(x, p))
where the limit exists y-a.e. If v < i, we thus denote

dv
d—u._f.

Definition 2.19. We introduce the average integral notation

1
f £ dut) = = [ s duto).

Corollary 2.1 (Lebesgue points). Let f € L'(Q) with Q C R" open. Then for L"-a.e. x € Q we have

lim . If() = f(x)dy = 0.

Such a point x is called a Lebesgue point of f.

Proof. Apply Theorem 2.6 tov = |f — q|L" and p = L" with g € Q to get

|f(x) —ql = lim lf(y) —qldy
PNOSB(x, p)

forx € Ay C Q, where L"(Q \ Ay) = 0. Let A = (N4eq Ay, and observe that £L"(€Q \ A) = 0 because Q is
countable. For x € A, pick {g;}{2, € Q with ¢; — f(x). Then

mf 1) - f@ldy < lim ]i ) iy 1)~ ai = 20() il

where the right hand side tends to zero as i — co. O

Definition 2.20. Let Q ¢ R” be open, and y a positive Radon measure on Q. For k > 0, we define the upper
and lower k—dimensional densities of y at x € Q by

B B
0 (,x) := lim sup Lx’i)), and O,k (g, x) := liminf w
o ok)p N0 w(k)pk

If these densities agree, we denote the common value by O (p, x).



In order to define densities of sets, we introduce the following notation.

Definition 2.21. Let u be measure on a measure space (Q2,X), and A € 3. Then we define the restriction of
1 to A, denoted pL A, by
(e A)E) = w(ANE), (E€3).

Definition 2.22. Let A € B(Q) We then define the upper and lower k-dimensional densities of A at x € Q,

by
O (Ax) = OL(HFLAX), and ©.r(Ax) = O (HFLA X).

Again, the common value, if it exists, is denoted O (A, x).

Remark 2.2. Observe in Theorem 2.6 that if p = L", then f(x) = ©,(i,x). Thus ©,(u,x) gives the density
of p with respect to the Lebesgue measure. Next we study densities with respect to the Hausdorff measure.

2.6. Rectifiable sets

Definition 2.23. We call a set A € B(R") countably H*-rectifiable if there exist Lipschitz functions f; :

RF > R", (j = 1,2,...) such that
H* (A\ Ufj(le)) = 0.

Jj=1

If also H*(A) < co, we say that A is H*-rectifiable.

Theorem 2.7. Let it be a positive Radon measure on an open set Q C R™. Ify = OH* S and S is H* -rectifiable,
then 0(x) = O (u,x) for H*-a.e. x € S. Consequently

@k(/l,X) =

dy
ks

Theorem 2.8 (Area formula). Let f : R"™ — R™ be Lipschitz with m > n, and E C R" be L"-measurable.

Then the functiony — H(EN f~(y)) = 2xef-1(y) XE(X) is measurable and

HOEN f1(y)) dH" (y) = /E TV ()] dx

Rm

where the n-dimensional Jacobian of a linear map L : R" — R™ is defined as

JuL = +/det(L°L).

Remark 2.3. By the area formula, if f is one-to-one on E, then
H (G = [ TIvswldr

Example 2.6. Consider the set
A= {(x,sin(1/x)) | 0 < x < 1} c R?
from Section 2.4. Let us set Iy = [1,7) and I; = iz + [0, ) for i = 1,2,3,.... Write [a;,b;) = I; and
(1/x,sin(x)), x €I,

filx) =4 (1/a;,sin(a;)), x < a,
(1/b;,sin(b;)), x > b;.

Then each f; Lipschitz, and A c |J fi(I;). Thus A is countably /H!-rectifiable. Let us show that it is not
H '-rectifiable. Indeed, we have
Vfi(x) = (=1/x%cos(x)) onl



so that given ¢ € (0,1), we can find € > 0 such that
Si[Vfi(x)] 2 ¢ on(aj,a; +€) U (b —€,b;), (i>1).
Thus by the area formula, Theorem 2.8, we have for i > 1 that
HYAN fi(l)) = / HOU O f7 () dH () = / FIV (0] dx > 2ec.
R2 I;

Thus -
H'(A) 2 D HYAN [i(1) = oo,

i=1
2.7. Interlude: Convolution

Mollification by convolution is often used to approximate non-smooth functions and even measures by smooth
functions. Generally, convolution is defined as follows.

Definition 2.24 (Convolution). Let f € L'(R") and g € L'(R"; R™). We then define the convolution f * g by

(9= [ fx=yg)dy.

Analogously, if p € M(R";R™), we define the convolution f * y by
(om0 = [ fx=y)du)

Definition 2.25 (Family of mollifiers). We require a function p € C(Q) satisfying p > 0, [ pdx = 1 and
supp p C B(0,1). We then set p(x) := € "p(x/€) and call {p¢}eo a family of mollifiers.

Definition 2.26 (Standard mollifier). The standard mollifier that can be used in Definition 2.25 is

{e—l/(l—llxllz), x|l < 1,

X) =
P =1, Ixll > 1.

Theorem 2.9. Let f € LP(R™;R™), (p € [1,00)), and {pe}e>0 be a family of mollifiers. Define f. := f * p..
Then
1. fe(x) — f(x) for every Lebesgue point x of f, hence hence almost everywhere in R".

2. feIK — fIK in LP(K;R™) for every compact set K.

2.8. Weak™ convergence

If {p'}52, is a sequence of measures on a measure space (Q,%), they converge to p strongly if | — p*|(Q) — 0.
This kind of convergence is often difficult to achieve. For example, let us define on Q = R” the Borel measure

H(A) = 6o(A) = xa(0).
concentrated at the point 0 € R”. Let then {p¢}¢>¢ be a family of mollifiers. We define ,ui = (p1yi * ) L",

that is
p@ = [ [ o= autrax= [ o
A JRn A
Thus ' < £", but g 1 £". By mutual singularity
p' = pl(R") = [ |(R") + |ul(R") = 2,
so ' does not converge to y strongly. However
[ owae) = [ owipindx = 00 = [ o) duto)

for every ¢ € Co(R"). This motivates the following mode of convergence.



Definition 2.27. Let {,Lti};?‘;l C M(Q;R™). If there exists p € M(Q;R™) such that

/ o(x)dy'(x) — / o(x)du(x) forevery ¢ € Co(Q; R™),
Q Q
we say that the measures ' converge to i weakly*, denoted pu' = p.

Theorem 2.10 (Weak* compactness). Let {,ui}‘i";1 c M(Q;R™), and suppose

sup |1'[(Q) < co.
1

Then there exists u* € M(Q; R™) and a subsequence {y" 2, such that % = p*. Moreover, the map i — |u|(Q)
is lower semicontinuous with respect to weak ™ convergence.

Proof. For convenience, we use the notation

uww=4w@»wa»

The proof is a simple diagonal argument combined with the Riesz representation theorem, which we state
below in Theorem 2.11. Indeed, we may pick a countable set G = {q)j};?‘;l with [|¢jll < 1 such that G has

dense linear span in Cy(Q; R™). By a diagonal argument, we can find a subsequence {y" }p, such that there
exist limits

%zgm/@meWMw,o=LG¢
—00 Q
Then |a;| < M for M := sup; | (Q).

If p = Z]{le Beoe € span G, let us define

k
L(p) = ), Bea.
=1

Then L is linear on span G, and given € > 0, for large enough h > hy, we have

HL(fp)— /Q p(x)dp' (x)|| < e. (2.5)

It follows that
IL(@)]l < Mll@ll + €,

so that by the arbitrariness of €, we have ||L|| < M.

Picking arbitrary ¢ € Cy(Q; R™), we may for any € > 0 find k, f¢, (€ = 1,...,k) such that

k
7= Broc

=1
satisfies
lo — ¢lle < €/(2M). (2.6)

Then

k

L(p) = Z Beac,

=1

and

™ (@) = L@ < " (@) — g™ (@1 + I (@) — L@l < €/2 + lIp™ (@) — L()]I.



Using (2.5), we thus observe the existence of hy € N* such that

lu'(p) —L(@)Il < e, (h = hp).

It can easily be seen that approximating ¢ this way, L extends to a bounded linear functional L on Co(Q; R™).
Thus Theorem 2.11 below shows that there exists yp* € M(Q;R™) such that

(o) = /Q (WG dit (D). (p € Co(@iR™),

and _ .
[ I(Q) = IILIl = M = sup |u"[(Q).

We have to show that py* = p*. Clearly p'#(¢p) — p(p) for ¢ € spanG. By approximating general ¢ €
Co(Q;R™) as in (2.6), we get

V(e - @) < IVl(exa) < eM, (v =p"p',pi%,. ). (2.7)
Letting € \, 0, we deduce from p'*(9) — u*() that p'»(¢) — u*(¢).
Finally, the claimed lower semicontinuity of y — |p|(Q) follows easily from the Definition (2.27) of weak*

converge ]

2.9. The Riesz representation theorem

We required the following Riesz representation theorem in the proof of weak compactness. It will be important
for us in the next section as well, as we introduce functions of bounded variation. The content is: bounded
linear functionals are measures.

Theorem 2.11 (Riesz representation theorem). Let Q C R", and suppose L : Co(Q;R"™) — R is linear and
bounded, i.e.,
IIL]| := sup{L(p) | u € Co(Q;R"), sup [lo(x)|| < 1} < co.

x€Q

Then there exists a unique p € M(Q;R") such that

L(p) = /Q (). du(x)).

Moreover
[1(Q) = IILII.



Chapter 3

Functions of bounded variation

We are finally ready to start a proper treatment of the main subject of the course.
3.1. Definition and basic properties

Definition 3.1. Let u € L!(Q) for an open set Q C R". We say that u is of bounded variation, denoted
u € BV(Q), if

TV(u) := sup{/Q div p(x)u(x) dx | ¢ € CZ(Q;R™), sup [lox)| < 1} < 0,

x€eQ
Remark 3.1. Observe that we have not defined the finite-dimensional norm used in the constraint

le()Il < 1.

For the basic theory, this makes no difference, since all finite-dimensional norms are topologically equivalent
in the sense that any two norms || - || and || - ||” on R” satisfy for some c,C > 0 the inequalities

cllxll < llxllI” < Cllx]l.

Geometrically the two norms however can be very different, as the unit balls ||x|| < 1 and ||x||” < 1 can differ.
Consequently, the choice of the finite-dimensional norm will play a role in image processing applications.
Typically we choose the 2-norm to get isotropic, direction-invariant, behaviour, but sometimes the co-norm
makes sense to get anisotropic behaviour that enhances vertical and horizontal lines, for example.

Theorem 3.1 (Structure theorem). Let u € BV(Q). Then there exists a measure Du € M(Q;R"™) such that
TV(u) = |Dul(Q)

and the following generalised Green’s identity holds,

/ div ¢(x)u(x) dx + /((p(x), dDu(x)) =0, (¢ € CJ(Q;R")).
Q Q

Moreover, ifu € C'(Q) and dQ is of class C', then Du = VuL".

Proof. Let us set
L(gp) := —/ div ¢(x)u(x) dx.
Q
Then L is a linear functional on C°(Q;R"), and
IL(@)| < TV@W)llgllL=rny, (¢ € CZ(R™)). (3.1)

We want to extend L to Cy(Q; R"™) and apply the Riesz representation theorem. As Cy(€2; R") is the closure of
Cc(Q; R™) in the infinity norm, and C.(Q; R"™) can approximated by elements of C°(Q2), given ¢ € Co(Q; R"),
we can indeed find ¢’ € C2(Q), (i = 1,2,...) with ¢’ — ¢. Using (3.1), we see that

IL(¢") = L(¢))| < TVW)ll' = ¢/Il,  (i,j =1,2,...).

23



Therefore {L(¢")}$2, forms a Cauchy sequence, so that the following limit exists
L(p) := lim L(¢").
1—00
An analogous argument shows that limit is independent of the approximating sequence.

We also easily see that L is linear and ||L|| = TV(u). An application of the Riesz representation theorem,
Theorem 2.11, therefore shows that

Lo) = [ (o). dDutx)
Q
for some measure Du € M(Q;R"). Moreover

IDul(Q) = IILI| = TV(u).

Finally, if u € C'(Q), using the fact that ¢|dQ = 0, Green’s identity shows that

L(p) = —/ div o(x)u(x) dx = /((p(x),Vu(x))dx.
Q Q
Since ¢ was arbitrary, it follows that VuL" = Du. O
Theorem 3.2. The space BV(Q) is a Banach space when equipped with the norm

lullsv(e) = llullq) + 1Dul(Q).

Moreover, u — |Du|(Q) is lower semicontinuous with respect to convergence in L'(Q).

Proof. We have to show that BV(Q) is complete with respect to the the BV-norm || - [lgy(q). Let {ui};?il be a
Cauchy sequence in BV(Q) with respect to the BV-norm. Then {u'}$, is also a Cauchy sequence in L'(Q),
and hence converges to some u € L!(Q) strongly in L!(Q).

Given ¢ € C°(Q), by Holder’s inequality we have

< |l div gl @mmllu — u' [l (q)-

‘/ div o(x)(u — u' (x)) dx
Q

It therefore follows that
/ div g(x)u(x) dx < liminf/ div p(x)u’ (x) dx < liminf [Du'|[(Q).
Q 1—00 Q 1—00
Thus u € BV(Q), and by Theorem 3.1, Du exists. This also shows the claimed lower semicontinuity.

We want to show that |Du’ — Du| — 0, as that would establish the convergence u’ — u in the BV-norm,

and show completeness. Minding that {Du’}$, is a Cauchy sequence in M(Q;R™), let us pick € > 0, and

choose iy large enough that [Du’ — Du/|(Q) < € for i,j > iy. Then for ¢ € CZ(Q;R") with [|¢|l~@rnm) < 1,
we have

/ (p(x). d(Du — Du')(x)) = / (p(x). d(Du — D) (x)) + / (p(x). d(Du — Du')(x)
Q Q Q

= —/ div (x)(u — w’)(x) dx + /((p(x), d(Dw — Du')(x))
Q Q
< div el llu = @/llio) + €.
Choosing j large enough, we conclude that
/((p(x), d(Du — Du')(x)) < 2e.
Q

Thus
|Du — Du'|(Q) = sup/(q)(x), d(Du — Du')(x)) < 2¢
[ Q

with the supremum over ¢ € CZ(Q;R") with [|¢llr=rr) < 1. Since e was arbitrary, this concludes the
proof. O



3.2. Smooth approximation

Theorem 3.3 (Smooth approximation). Suppose Q C R" is open and let u € BV(Q). Then there exists a
sequence {u'}2 | € C*(Q) withu' — u in L'(Q) and |Du’|(Q) — |Dul(Q).
Proof. Given a positive integer m, we set Qy = 0 as well as

Qr :=B0,k+m)n{xeQ| inf ||x—-y| >1/(m+k))}.
yeIQ

We pick m large enough that
[Du|(Q\ Q;) < 1/i. (3.2)

With .
Vie = Qg1 \ Qi

each x € Q belongs to at most four sets V. We may then find a partition of unity {@’k}z’:l with {x € C° (Vk),
0<{x<land 37 {=1onQ.

With {p¢}e>o a family of mollifiers, and e > 0, we let
Uk 1= pe * (ulk).
We select € > 0 small enough that supp uy C Vi (doable because (i € C°(Vi)), and
lug — ulell < 1/(2%i), and  llpe, * @VE) — VG < 1/(2F0). (3.3)
We then let

(o)
u' = Zuk.
k=1

By the construction of the partition of unity, for every x € Q there is a neighbourhood of x such that there
are only finitely many non-zero terms in this sum. Hence u’ € C®(Q). Moreover, as u = Yo Sku, (3.3) gives

=l < ) g = ugill < 1/i.

k=1

Thus u’ — uin L'(Q) as i — oo.

By Theorem 3.2, we have 4
[Du|(Q) < liminf |Du'|(Q).
1—00

It therefore only remains to prove the opposite inequality. Let ¢ € CL(Q;R") with sup,.q l¢(x)] < 1. We
have

[ divetucto = [ divo (s « G dx
Q Q
= [ div(o s ) () dr
- / divIZi(pe, * )] (0)u(x) dx - / (V2 (x). (per * ) (x)u(x) dx
Q Q
- /Q divIZe(pe, * )] (0)u(x) dx
- /Q (000 (pey, * (WYL (X) — (WYL (x)) dx — /Q (00, (VL) (x)) dx.

Since 220:1 V(i = 0, we have

Z/<¢(x),(uV§k)(x)>dx = 0.
k=179



Thus using (3.3), we get
/le(p x)u'(x) = Z div o (x)ug (x)

k=179

Z div[li(pe; * @)](x)u(x) dx

k=

Il
8

e}

Q(qﬂ(X) P * (UVE))(x) = (V) (x)) dx

gk
—_—

div[Ge(pe, * @) (Ou(x) dx +1/i

A~
Il

IA
Mz =
D\

1

Observing that {x (pe, * @) < 1, and using the fact that 377 | xv, < 4, we further get
[ divetouit < / Av{Eu(pe, ) dx+ ) [ divIEipe, * @)t dx + 1/
Q k=2 €

< |Dul(Q) + Z |Dul(Vi) + 1/i

< |Du|(Q) + 4|Du|(Q \ Q) +1/i
< |Du|(Q) + 5/i.

In the final step we have used (3.2). This concludes the proof.

3.3. Traces and extensions

Theorem 3.4. Suppose Q C R" is open and bounded with a Lipschitz boundary. Then there exists a bounded

linear mapping
T:BV(Q) - L'(0Q;H" ™),

such that

/(qo(x), dDu(x)) = —/ div p(x)u(x) dx + / (o(x),v(x)Tu(x) dH™ ', (u € BV(Q), ¢ € CX(R";R™)),
Q Q 9

with v the unit outer normal field to 0Q. We call Tu the trace of u on 0Q.

Proof. Since 0Q is Lipschitz, at every x € dQ, we can find a neighbourhood Q of x such that Q N Q is the

graph of a Lipschitz map . By rotation and translation if necessary, we may assume that x = 0 and

Q=Ux(-p,p)

for some ball U ¢ R™!, as well as

92N Q = (.9 (v) | v e U}.

and

QNO=0n{(v,t) lveU,p>t>y)}.

Suppose first that u € C*(Q), and define the slice

ue(y) =u(0,y (@) +e€), (y=(v,t) €9QNQ)

whenever € € (0,p/2). Then for 0 < § < € < p/2 we have

s () — e (y)] < /5 OU o p(0) + 1)

oxy,

dt < / [Vu(o, ¢ (v) + t)| dt.
1)



Since ¥ is Lipschitz, the area formula shows for some constant C > 0 that

/ s (y) — e (Y| dH"(y) < C / Vu(y)| dy = ClDul(As.0).
oQNQ As,e

where
As.e ={(v,t) |[veU,t ey(v)+(d,€)}.

It follows that {u, }¢>o is Cauchy in L1 (dQNQ; H™ 1), and hence convergent to some Tu € L} (QNQ; H™1).

Moreover, the above arguments yield

/ ITu(y) - ue () dH™ () < ClDul(A0). (3.5)
oQNQ

Let then ¢ € CL(Q;R™). By the Gauss-Green theorem, we have

/ divp(y)u(y)dy = - / (p(»),Vu(y))dy + / ue (V@) vaa(¥))y dH" " (y).
QNO\Ay, e QNO\Ay, e

89NQ

Here we have translated the boundary {(v,¥(v) + €) | v € U} to Q. Letting € N\ 0, we thus get

/ divo(y)u(y)dy = - / (p(y), dDu(y)) + / Tu(y){e(y),vaa(y)) dH" ' (y) (3.6)
QNQ 91a10]

4QN0

Let us then finally consider the general case u € BV(Q). We construct using Theorem 3.3 a sequence
{u'}2 € C*(Q) with '’ — u in L'(Q) and |Du’|(Q) — |Du|(R2). By Theorem 2.10, we may assume that

i=1

Du' = Du weakly* in M(Q;R™). We claim that Tu' is Cauchy in L'(dQ N Q; H"™!). Indeed, let

ui’e(y) = é/o ui(v,l//(v) +t)dt = E/o ué(y) dt. (3.7)

Then using (3.5) we get

. . 1 [€ ) ) )
/ |Tu'(y) —u"c(y)l d‘H"_l(y) < —/ / |Tu'(y) — ug(y)l d?—{"_l(y) dt < C|Du'|(Ao,e).-
aQNQ € Jo Joano
It follows

/ ITul (y) - T ()| dH™ 1 (3) < / T (v) — ub< ()| dH" (3)
H0N0 H0N0

+ / ITW () — 1< () dH" (3)
aQNQ

+ / < (y) — € ()| dH ()
oQNQ

) ) C ) .
< CIDW|(Ane) + CIDW |(A) + = / W' ()~ ()] dy.
Ao,e

In the final step we have used the definition (3.7). Using u! — u in L'(Q) for the final term, thus

limsup [ Tu(y) = T/ ()1 EH™ ) < C'1Dul(A0 N Q)
oQNQ

i,j—00
Since € > 0 was arbitrary, and |Du|(Ap N Q) — 0 as € \, 0, the claim is proved. Thus we may again define

Tu := lim Tu'

I—00

in the sense of strong convergence in L'(Q N Q; H"™!). Reasoning as in (3.8), it is not difficult to see that
this limit is independent of the selection of u in the sense of L! equivalence classes. Further, the reasoning



in (3.8) shows that T is bounded on C*(Q N Q), and consequently on BV(Q N Q). Taking the limit in (3.6) for
u', we moreover see that it holds for u as well.

Finally, since 0Q is compact, we can cover it by finitely many sets {Ui}f\i , as above. Then we may form

a partition of unity {{; é\il with0 < ¢ < 1,supp¢; € U;fori = 1,...,N, and supp ¢y, C Q. Moreover
fil {i(x) = 1for x € 9Q and Zfio {i(x) = 1 for x € Q. Then we define T : C*(Q) — LY{(0Q; H™ ') by

N
Tu(x) = ) (i) [Tl (x),
i=1

where T; is the extension operator on U; as constructed above. Observe from the construction above that,
moreover

{iTiu = Ti(iu).
Thus for ¢ € CL(R"; R"), using (3.6), we get

N
/Q div p(y)u(y) dy = Z /Q div oG ()u(y) dy

N N
) _Z/«p(y)’dD@"u)(y)“Z/ GO Tu@) o), vaa () dH" (y)
i=0 Y@ — Joo

= —/(fp(y), dDu(y)>+/ Tu(y)e(y),vaa(y)) dH" ' (y).
Q oQ

This establishes (3.4). The boundedness and linearity of T follows from the boundedness and linearity of
T; O

Theorem 3.5. Suppose Q C R" is open and bounded with a Lipschitz boundary, and u € BV(Q). Let

wix) = {u(x), x€eQ,

0, otherwise,

Then w € BV(R") with |lwllgyrr) < Cllullgv(q) for some constant C = C(Q).

Proof. Given ¢ € C°(R"), we have

/ div p(x)w(x) dx = / div g(x)u(x) dx
R Q

Using Theorem 3.4, we obtain

/ div g(x)u(x) dx = —/((p(x), dDu(x)) +/ (p(x),v(x))Tu(x) dH" 1,
Q Q 0
with the trace Tu € L'(9Q; H" '), and v the unit outer normal field to Q. Thus

o div p(x)w(x) dx < |lollz>Q:rn) (|Du|(Q) + ||Tu||L1(aQ;ﬂn-l)) .
It follows that w € BV(R") and
[Dw|(R2) < [Dul(Q) + ITullL1 o021 < Cllullsv(a)-
Since ||wl[r1(rny = l[ullz1(q), this concludes the proof. O

Sometimes the above extension introduces difficulties because |Dw|(9dQ2) # 0. We can also make this kind
of extension.



Theorem 3.6. Suppose Q C R" is open and bounded with a Lipschitz boundary, and u € BV(Q). Then there
exists w € BV(R") with w|Q = u, satisfying |[Dw[(0Q2) = 0 and ||wl|lgywrnr) < Cllullgv(q) for some constant
C =C(Q).

Proof. We skip the details of the proof. It may be found in [2], and is based on locally “mirroring” u over Q.
Namely if Q and ¢ are is Theorem 3.4, we define

u(v,t), y = (v,t) € Q,t > Y (v),
w(y) = Tu(v,1), y = (v,t) € Q,t =¢(v),
u(v,2¢(v) —t), y=(v,t) € Q,t <yY(v).

Then we glue the extensions together with a partition of unity. The most work is in showing that |[Dw|(Q\ Q)
is bounded by C|Du|(Q N Q). This depends on results showing that u o g is of bounded variation for Lipschitz
9 O

3.4. Weak modes of convergence

Definition 3.2. Let {u,u',u?,...} C BV(Q). We say that {ui}‘l?il converge to u
(i) strongly, denoted u' — u, if ||u’ — ullgv(o) — 0.
(ii) strictly, if u' — u strongly in L}(Q), and |Du’|(Q) — |Du|(Q).
(iii) weakly*, if u’ — u strongly in L'(Q), and Du’ -~ Du weakly* in M(Q;R").
Clearly strong convergence implies strict convergence, but the converse is not true. Exercise 2.24 shows

that weak” convergence does not imply strict convergence. A consequence of the next proposition is that
strict convergence implies weak* convergence.

Proposition 3.1. Let {u'}, € BV(Q). Then u’ = u weakly* in BV(Q) if and only if sup, |Du’|(Q) < oo and
u' — u strongly in L1(Q).

Proof. Suppose sup; |Du’|(Q) < oo and u’ — u strongly in L'(Q). By Theorem 2.10, we can find a subsequence
{14"’<}];"’=1 such that Du’s = i for some y € M(Q;R™). If we show that z = Du, the weak* convergence u’ = u
follows. Indeed, by the convergence of u'k to u in L!, we have

/(go(x), dDu'* (x)) = —/ div p(x)u'* (x) — —/ dive(x)u(x), (¢ € CZ(Q;R")).
Q Q Q

But also by Dus = 1 we have

[ 0. apu ) > [ o). dut. (9 € CE(@RM).
Q Q
By the definition of Du, this shows that Du = p.

For the opposite direction, one may apply the Banach-Steinhaus theorem, also known as the principle of
uniform boundedness. Applied to our present situation, it says that if

sup ||Dui(q))|| < oo forall p € CZ(Q;R"),
i=1,2,3,...
then

sup |Du'|(Q) < oo,
i=1,23,...

This is exactly what we need. O



Lemma 3.1. Let {pc}e>o be a family of mollifiers. We have

/ [(w s pe)(x) — w(x)|dx < e|DW|(Q), (w € BV(R") with compact support).

Proof. Indeed, by Theorem 3.3 we may assume that w € C;°(R"). Thus with y € B(0,¢) and x € R", by the
fundamental theorem of calculus

1
wx —y) —wx) = —/O (Vw(x —ty),y)dt.

Taking norms, integrating, applying Fubini’s theorem and ||y|| < e, gives

1
/ [wix — y) = wix)| dx < /0 / V(e — )yl dx dt < e[Dwl(R").

Multiplying by p(y) and integrating over y, we have

/ / [w(x —y) — w(x)|pe(y) dx dy < e|Dw|(R").

But
[ 1w pae - wenax = [ ‘/ Wx = )pe(y) dy - wix)| dx
- | ‘ [ wix =)= wnpen | v
< [ [ wix =) - wlpe) ax .
which shows the claim. O

Theorem 3.7 (Weak* compactness). Suppose Q C R" is open and bounded with Lipschitz boundary. The space
BV(Q) has a weak” compact unit ball. That is, any bounded sequence {u'}$2, C BV(Q) has a weak* convergent
subsequence.

Proof. We extend each u’ by Theorem 3.5 to w’ € BV(R"). Then ”WiHBV(Rn) < C”uiHBV(Q) for some constant
C = C(Q). If we can show that w’* = w weakly* in BV(R") for some subsequence, then u’* = u for
u := w|Q weakly* in BV(Q). Indeed, we immediately see that u’* — u strongly in L'(Q). Therefore, as
sup;, |Du’*|(Q) < oo, Proposition 3.1 proves the claim.

So we have to show the weak* convergence of a subsequence {w'* o~ Let us pick a family {pe}eso of
mollifiers, and define w! := p. * w’. Using Lemma 3.1 we have

n

[ —wiwidx < [ i) =wl@ldxs [l = w0+ w0 - w0l dr
S/ Iwé(x)—Wé(x)ldx+265up|Dwk|(Q).
R~ k

ix o0
: 1767 k=1 .
that {w's}}* is a Cauchy sequence in LY(K) for any compact set K > Q + B(0,1). By completeness w'k

converges to some w € L'(K). Since

If we can find a subsequence {w"k}Z"=1 such that {w convergences for every € = 1,2,3,. . ., this shows

sup |[Dw*[(Q) < Csup [lu'lIpv(a)
k i

Proposition 3.1 shows the required weak* convergence.



We still have to find {w'*}?_ . We have

Iwille®ny < 1Wllziq)llpellcwny  and  [IVwillc@mgrny < lw'llzio) I Vpello@ngn).-

It follows that for fixed € > 0, the sequence {w’}$ | is uniformly bounded and equicontinuous. By the Arzela-
Ascoli theorem, we can therefore find a subsequence {wg }o., convergent in C(R"). By diagonalising, we

can thus find {w"k}:’=1 such that {wi’;[ ., is convergent in C(R") for every £ = 1,2,3,. ... This concludes

the proof. O

3.5. The Poincaré inequality

Theorem 3.8. Let Q C R” be a connected bounded open set with Lipschitz boundary, and define

) ::]{2 u(x)dx = .E"L(Q) /Q u(x) dx.

Then there exists a constant C = C(Q) such that

llu = uallpioy < CIDul(RQ), (1 € BV(Q)). (3.9)

Proof. Suppose the inequality (3.9) does not hold for any C > 0. Then there exist a sequence {u’}2, € BV(Q)
with
lu' —ug o) > ilDU'[(Q),  (i=1,2,3,...).

Since D(u’ — ”Ez) = Du', and this inequality is homogeneous on both sides, we may assume that ||u’ L) =1
and ué = 0. Thus we have

1/i > |Du'|(Q), /Q lu'(x)|dx =1, and /Qui(x) dx=0, (i=1,2,3,...). (3.10)

Hence by Theorem 3.7, we may assume that u’ = u for some u € BV(Q). But |Du’|[(Q) < 1/i, so by lower
semicontinuity |Du|(Q) = 0. Therefore u = ¢ is a constant by Exercise 3.4. But by (3.10) we also have

/Qu(x) dx

This is a contradiction. Therefore (3.9) must hold for some C = C(Q). O

le] L™M(Q) = /Q lu(x)|dx =1, and |[c|L™(Q) = =0.

Example 3.1. In recent years, research in variational image processing techniques has attempted many
higher-order generalisation of total variation. This is due to the stair-casing effect that the latter exhibits:
due to noise and other imperfections ind ata, processed images may exhibit large flat areas where there orig-
inally was a smooth gradient. This is avoided by higher-order approaches. One of them is total generalised
variation [5] or TGV. For two parameters f,a > 0, in the second order case, we may write it as the differen-
tiation cascade

2 _ . B
TGV(g.0) (W) := weBV(GR™) allDu — wllmamrry + BIEWI pmamrxn). (3.11)

Here Ew is the symmetrised gradient, which for w € C'(Q; R™) may be written as Ew = Ew.L" for

1
Ew(x) = 5(vW(x) + [Vw(x)]").
(Observe that by smooth approximation, we may always take an infimum over w € C'(Q;R") in (3.11).)
Using Poincaré and more general Sobolev-Korn inequalities — the counterpart of the Poincaré inequality
for the symmetrised gradient — it can be shown [7, 6] that the norm

lullsav(e) = Ilullpiq) + TGVE, 4 (1),

is equivalent to the standard BV-norm ||u||gyv(q). This allows us to use a large part of the BV theory, including
existing of weak* converging subsequence and solutions to variational problems, to image processing with
TGV? regularisation.



Corollary 3.1. Letx € Q c R" and p > 0 be such that B(x,p) C Q. Then
lu = up(x,p)lli() < CplDul(B(x,p)), (u € BV(Q)),

for some constant C = C(n).

The proof is an easy exercise employing the area formula.
3.6. Fine properties

We now study the fine stucture of u through the decomposition of Du into different parts. Of particular
interest to use are the jump part and the absolutely continuous part, which, roughly, correspond to image
edges and smooth parts. However, the Cantor part causes some extra headaches!

Definition 3.3. Let u € L'(Q), and x € Q. Then u has an approximate limit at x if there exists z € R such
that

lim lu(y) — z|dx = 0.
PNOJB(x.p)

We then set u(x) := z. We denote the set of points where the u(x) does not exist by S,, and call it the
approximate discontinuity set.

Remark 3.2. The definition of S, is independent of the representative of u in the L' equivalence class. Ap-
proximate continuity depends on the representative, but we can always find a representative that is absolutely
continuous in Q \ S,: we just set u(x) = u(x) outside S,,.

Remark 3.3. By Corollary 2.1, we have £"(S,). The next result shows that x ¢ S,, when both u and Du are,
in a sense, non-singular.

Proposition 3.2. Let u € BV(Q), and x € Q. Suppose O}, (Du,x) < oo and ©;(uLl",x) < oo. Then the
approximate limit u(x) exists.

Proof. Let

z, :=][ u(y)dy.
B(x,p)
Then by Corollary 3.1, for small enough p that B(0,p) C Q, we have

/ lu(y) — z,|dy < Cp|Dul|(B(x,p)).
B(x,p)

Thus

Dul(B(x,
lim sup][ lu(y) — z,|dy < limsup CpM =0, (3.12)
B(x,p)

pN\0 J AN 0)("),0"
where the latter inequality follows from

I |Du|(B(x, p))
imsup ——————

sup = = 03D < oo
P

If we can show for equence p; \, 0 that z,, — z for some z € R, then u(x) = z. Indeed z satisfies

lim lu(y) — z|dy < lim O[ lu(y) —zp,ldy + 1z — z,|| = 0.
B(x,pi)

i—o0 B(x,p;:) i—o0



To see that only a subsequence suffices, suppose we had two subsequences z

|z1 — 25| < liminf(][ lu(y) — z1| dy +][ lu(y) — 22| dy)
PO VB(y.p) B(y.p)

< lim sup(][ lu(y) — z1| dy +][ lu(y) — z2| dJ’)
imoo \/B(y.p?) B(y.p})

< limsup(][ lu(y) = zp, | dy +][ [u(y) = zp,1 dy + 121 — zp,| + |22 —sz|) =0.
im0 Y B(y.p?) B(y.p;)

1 = z1and z,2 — Z,. Then
Pi ps

We still have to produce z,, — z. Given ¢, by (3.12) for small enough p > 0, we have

1zl S][ lu(y)ldy + €. < O, (uLl",x) + 2.
B(x,p)

It follows that {z,},>0 is bounded, and we may find a subsequence convergent to some z. O

In order to shed more light on S,,, we next look at the jumps of u.

Definition 3.4. Let u € L'(Q), and x € Q. Then x is an approximate jump point of u if there exist a*,a™ € R
and v € S""! such that a* # a~ and

lim lu(y) —a*|dy =0,
PNCI B (x.p) g g

where the half-ball
By (x,p) = {y € B(x,p) | (y — x,v) = 0}.

We then set u*(x) := a* and v, (x) := v. We denote the set of points x where (u*(x),u™(x),v(x)) exists Jy,,
and call it the (approximate) jump set.
Obviously J, C S,. The next result details the relationship for u € BV(Q).

Theorem 3.9 (Federer—Vol'pert). Let u € BV(Q). Then the approximate discontinuity set S, is countably
H"-rectifiable and H" (S, \ J,) = 0. Moreover

DurJ, = (ut —u ) v, H" 'L ],.

How about Du outside J,,? Just as approximate limits, we may define approximate differentials.

Definition 3.5. Let u € L}(Q), and x € Q \ S,. Then u is approximately differentiable at x if there exists
z € R" such that

lim lu(y) —ulx) = (z,y = x)| dy =0, (3.13)
PNO B(x,p) P
We then denote Vu(x) := z, and say that Vu(x) is the approximate differential of u at x.

Theorem 3.10 (Calderon-Zygmund). Let u € BV(Q). Then u is approximately differentiable at L"-almost

everyx € Q, and
dD%u
dLn

(x) = Vu(x), (L"-aexeQ). (3.14)



Proof. Letv = dD%u/dL". We show that z = v(x) satisfies (3.13) for every x € A with
A={xeQ\(S,US,) | ©,(D°u;x) =0}

By the Besicovitch derivation Theorem 2.6 and Remark 2.2, £"-almost every x € Q \ (S, U S,) satisfies
©,(D*u;x) = 0. Since L™(S, U S,) = 0, we have L™(Q \ A) = 0, so proving (3.13) and (3.14) for x € A will
show our claims.

Let us do that. We pick x € A, and set

w(y) = u(y) - ulx) - (©(x),y - x).

Then
Dw = (v-3(x)) L" + D*u,

so that

|Dw|(B(x, p)) |D*u|(B(x, p))

e T Bl  im (ii<x,p> oly) - elnldy + m) =0+8,(D'w;x) = 0.

Using w(x) = 0 then

: lu(y) —u(x) - @x),y -2 , . [w(y) —w(x)|
lim dy = lim ——=d
PNOSB(x, p) ly — x| PNOSB(x, p) ly — x|
i sap [DIBCD)
T N0 4e(0,p) LM(B(x,1))
In the final step, we have applied Lemma 3.2 below. Thus Vu(x) = v(x). O

Lemma 3.2. Supposeu € BV(B(x,r)) and that the approximate limit u(x) exists. Then

ju(y) - 7(x)| " |Dul(B(x, 1)) \Dul (B(x. 1))
Rt S w2 Lo ) et WA A4 4 e )t WAL ZAF
]{B(x,r) yox  © S][ 20B00) P ()

Proof. We me assume without loss of generality that x = 0. Then, if u € C*(B(0,r)) and p € (0,1), the
fundamental theorem of calculus gives

u(y) = u(py)| !
—Iyl S/p [Vul(ty) dt.

Thus application of Fubini’s theorem and the area formula give

_ 1
/ @) ~ulpy)l / / [Vul(ty) dy dt
B(0,r) Iyl p JBON

1
= / / t7"|Vu|(y) dy dt (3.15)
p JB(0,tr)
1

= / t"|Du|(B(0,tr)) dt.
p

Smoothing u € BV(B(0,r)) using Theorem 3.3, we see that this inequality holds generally. (Fatou’s inequality
on the left, dominated convergence theorem on the right.) By assumption 0 ¢ S,,. Therefore

lim lu(py) — u(0)|dy = lim ‘”/ [u(y) —u(0)|dy = 0.
PNO JB(0,r) i Y P\Op B(0,pr) Y Y



Thus the blow-up mappings v, (y) := u(py) converge to v(y) := u(0) in L'(B(0,r)). Consequently, we can
find p; N\, 0 such that v,, (y) — u(0) for L"-a.e. y € B(0,r). Fatou’s inequality and (3.15) now give

—u(0 — ;
[ OO [y ) sl
B(0,r) Iyl B(0,r) 7 lyl

Sliminf][ Iu(y)—u(piy)ldy
i~ Jp(0,r) |yl

< liminf

1 1
e L7(B(0.r)) /p

[ DulBO.tr) [T 1Dul(B(0.1))
‘/o Z7(B(0.17)) dt‘]f Z7(8(0.0)) "

Lemma 3.3. Letu € BV(Q), and A C Q be a Borel set. Then we have the following.

t7"|Du|(B(0,tr)) dt

(i) IFH"1(A) = 0, then | Dul(A) = 0.
(ii) IfH™ 1 (A) < 00 and S, N A = 0, then |Du|(A) = 0.

Remark 3.4. The first part of the lemma in particular shows that Du has no features of dimension less than
n — 1, which turn out to correspond principally to the jump set J,, as we see in the next theorem.

Motivated by the above results, we make the following definition.

Definition 3.6. Let u € BV(Q), and let Dy and D*u, respectively, be the absolutely continuous and singular
parts of Du with respect to L", as given by the Radon-Nikodym Theorem 2.5. Then we call

D'u := DuL]J,

the jump part of Du, and
Du = D°uc(Q\ S,).

the Cantor part of Du.

We may summarise the various results above in the following

Theorem 3.11. Letu € BV(Q). Then
Du = D% + D/u + D¢u,

where the absolutely continuous part and jump part satisfy
D% =Vul" and Du=u'—u)vyH" '], (3.16)

respectively. Moreover the Cantor part Du vanishes on sets A that are o-finite with respect to H"~1: D°u(A) = 0
ifA=U2, A =0 with H" 1(A;) < o, (i = 1,2,3,...).

Proof. By the Radon-Nikodym Theorem 2.5, we have
Du = D% + D?u,

By the Calderon-Zygmund Theorem 3.10, and the Federer—Vol’pert Theorem 3.9, the expressions (3.16) hold.
It therefore remains to show that
D’u = D/u + Du, (3.17)

and that Du is o-finite. By Lemma 3.3, indeed Duc. (S, \ J,) = 0. Because D%u.S, = 0 (since L"(S,) = 0),
it follows that Duc (S, \ Ju) = 0. Thus (3.17) holds. Finally, if A = [ J%2, A; = 0 with H"!(A;) < oo, then
in particular W"‘l(gi) < oo for Z{i := A; \ S,. Therefore Lemma 3.3 shows that Du(A;) = Du(gi) =0. It
follows that D°u(A) = 0. O



3.7. The co-area formula

Definition 3.7. We say that a Borel set E C Q has finite perimeter if yg € BV(Q). We then denote Per(E; Q) =

IDxel(€).

Theorem 3.12 (Co-area formula). Suppose Q c R" is open and bounded with Lipschitz boundary. Let u €

BV(Q), and denote by
E, =E/(u) ={xeQlulx) >t} (teR),

the level sets of u. Then E; has finite perimeter for L'-a.e. t € R, and
|Du|(Q) =/ Per(E;; Q) dt.

Conversely, u € BV(Q) ifu € LY(Q) and

/ Per(E;; Q) dt < co.

Proof. We first prove that

/ div p(x)u(x) dx = /00 (/ div ¢(x) xE, (x) dx) dt, (p e CLQ;R™)).
Q - Q

(o)

Let us write u = u, — u_ where u, > 0. Then

so that
/diV(p(x)u+(x) dx = / div ¢(x) (/ XE, (x) dt) dx
Q Q 0
= / / div ¢(x) g, (x) dx dt

0o Jo
Analogously

0

wt) = [ -1

so that

/QdiV(p(x)u_(x) dx = /Qdiv o(x) (/_(:O XE, (%) — ldt) dx
- [ [ avo)e 0 - axar
0o Jo

= /0 /Q div ¢(x) yg, (x) dx dt

Summing the contributions from u,; and u_, we deduce (3.20). This also shows that

/ div p(x)u(x) dx < /00 Per(E;; Q)dt, (p € CL(Q;R™)).
Q —

(%)

Thus -
IDuI(Q)S/ Per(E;; Q) dt.

In particular u € BV(Q) if u € L'(Q) and (3.19) holds.

(3.18)

(3.19)

(3.20)

(3.21)



To prove the converse and (3.18), we suppose first that u € BV(Q) N C*(Q). We let
) = [ 1= 50 dDul) = [ e ) diDul).
Q Q
Lemma 3.4 below shows that
m’(t) > Per(E;; Q), (L'-ae.teR)

and

/_‘x’ m’(t) < |Dul(Q).

o0

Thus .
/ Per(E;; Q) dx < |Dul(Q).

(o]

This proves (3.18) for u € BV(Q) N C(Q).

To prove the general case, we take a sequence {u'}$2, € BV(Q) N C™(Q) strictly approximating u, as given
by Theorem 3.3. Since u’ — u in L}(Q), we also have

XE,(ul) = XE, 1n LY(Q) for L'-ae. t. (3.22)

To see this, one may apply Fatou’s inequality on

/ llgl.}o L xe, i) = XEc o) dt.

By Theorem 2.10,
Per(E;; Q) < liminf Per(E;(u'); Q).
i—o0
Thus by another referral to Fatou’s inequality

(o)

/ Per(E;; Q)dt < liminf/ Per(E;(u'); Q) = lim [Du'[(Q) = |Du|(Q).

(o) —00

Together with (3.21) this proves the coarea formula (3.18). That Per(E;; Q) < oo for £L!-a.e.t € R is immediate
from (3.18). O

Lemma 3.4. Letu € C*(Q) NBV(Q). Letting

Mﬂ:AmKMﬂWMM%

we have
m'(t) > Per(E; Q), (L'-ae teR). (3.23)
and .
/ m’(t) < |Dul(Q). (3.24)

Proof. From the construction, we immediately see that the function m is non-decreasing and the derivative
m’ exists L1-a.e. . The fundamental theorem of calculus shows (3.24). To show (3.23), it suffices to show that
given ¢ € C°(€;R") and ||¢|| > (rn) < 1, it holds

m'(t) > —/Qdiv @(x) xg, dx, (when m’(t) exists). (3.25)

Fixing any t € R and r > 0, we define to yg, the approximation 7 o u using

0, s<t,
n(s) ==k, t<s<t+r,

1, s>t+r.



Then

, 1/r, t<s<t+r,
n'(s) = .
0, otherwise.

Hence
—/diV<p(X)r7(u(X))dx=/U'(u(X))<Vu(X),<p(X)>dx
Q Q

. / (e () = v, () (Vu(x). () dx.
rJo

Letting r — 0, (3.25) follows.



Chapter 4

Total variation denoising

4.1. Problem statement

Let f € L*(Q) be a noisy image. The Rudin-Osher-Fatemi (ROF) total variation denoising problem is stated

.1 2
i Ellf = ullpoq) + aTV(u). (4.1)

Here @ > 0 is a parameter that balances between restoring f perfectly (not removing noise) as ¢ \, 0 and
simply averaging f as a /" co.

4.2. Level set formulation

Theorem 4.1. Let f € L>(Q) N BV(Q), where Q C R" is open and bounded with Lipschitz boundary. Then il
solves (4.1) if and only if the super/sub-level sets

E,(0), t>0,
B@ =1
E_t(—u), < 0,
and the function
9:(x) := sgn(t)(t - f(x))
solve for corresponding t the minimal surface problem

min/ g:(x)dx + aPer(E; Q), (L'-aeteR), (4.2)
EcCQ E

Lemma 4.1. Let f € L*(Q) N BV(Q) and u € BV(Q). Then

1 « . 1
_||f—u||iz(9) +aTV(u) = / / gi(x) dx + Per(E; (u); Q) | dt + —||f||iz(Q).
2 o \JEiw 2

Proof. By the co-area formula

[

TV(u) = /Oo Per(E;(u); Q) dt :/ Per(E; (u); Q) dt,

(o) —00

so it remains to expand the fidelity term in terms of level sets. We have

O (t=f@))dt, u) 2o,

1 _ 21 2_1 2 _ =
3100 7 u@F =3I = gl = F el {—ff<x>(t—f<x))dt’ ux) <0
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Therefore

Sl = 51 ey = [ (5100 =) = 17 C0F)

u(x) 0
:/Q(/o XE"(”)(X)(t_f(x))dt‘/u( Xey-w () (£ = F(x)) d )
= [/ rewnsweale=sea) it [ raane cuoferto) )
=/Q/_m Xy () (%) sgn(t) (£ = £ (x)) dt dx.

Referral to Fubini’s theorem now establishes the claim. m]

Lemma 4.2. Suppose h,g € L'(Q) with g(x) < h(x) for L™-almost every x € Q. IfE and F solve, respectively

minPer(E;Q)—/g(x) dx, and minPer(F; Q)—/h(x) dx,
EcQ E FcQ F

then L"(E\ F) = 0.

Proof. Observe that if A,B C Q are Borel sets, then
Per(AU B; Q) + Per(AN B; Q) < Per(A; Q) + Per(B; Q). (4.3)

If now L£"(E \ F) > 0, we have

Thus

(Per(E;Q) - /g(x) dx) + (Per(ﬁ;Q) - / h(x) dx)
E F

> (Per(Emﬁ; Q) - / g(x) dx) + (Per(éuﬁ; Q) - / h(x) dx)
ENF EUF

This contradicts the optimality of E and F. O

Proof of Theorem 4.1. Applying Lemma 4.2 ong = —(t — f) and h = —(s — f) for t > s > 0, we see that
solutions A; and Ag to

mm/(t - f(x)) dx + aPer(A; Q) (4.4)

A

at corresponding levels ¢ and s satisfy L"(A; \ As) = 0.

Likewise, applying Lemma 4.2 ong =t — f and h = s — f for t < s < 0, we see that the solutions C; and C;
to

CccQ

min / ~(t - f(x)) dx + aPer(C; Q) (4.5)
c
at corresponding levels ¢ and s satisfy £L"(C; \ Cs) = 0.
Most of the work is now done. We just have show that we get no growth of the level sets at t = 0, that is

LA NC) =0, (s<0<t). (4.6)



Indeed, because Per(Ag; Q) = Per(Q \ Ap; Q), we have
f(x)dx + aPer(Q\ Ap; Q) = / f(x)dx + (/ —f(x) dx + aPer(A; Q)) .
Q\A, Q Ao

As the term in parentheses achieves the minimum in (4.4) for t = 0, we see that Cj := Q \ Ay solves (4.5) for
t = 0. Likewise A} := Q\ Cj solves (4.4) for t = 0. It follows that £L"(A;\ A)) = 0fort > 0and L"(C;\C;) =0
for t < 0. Consequently (4.6) holds. Therefore, if we define

At, t> Oa
Et =
Q\C, t<0,
and set
u(x) = sup{t € R\ {0} | x € E;},
then E;(u) = E, for L'-a.e. t € R. Now, since by construction E, solves (4.2) for ¢, using Lemma 4.1, we see

that u solves (4.1).

Conversely, if u solves (4.1), then E; = E,(u) necessarily solves (4.2), because otherwise the argument above
would construct more optimal A, or C; for t in a set of positive measure. This way v violating the optimality
of u could be constructed. O

Remark 4.1. We may extend the statement of Theorem 4.1 to Q = R"; the only point where the the assump-
tions of open and bounded with Lipschitz boundary were needed, was the smooth approximation in the proof
of Theorem 3.12. This can also be done in Q@ = R" simply by mollification.

Example 4.1. Let f = ya for a Borel set A C Q. Then

t— yalx), t=0,
gt(X) =
xalx)—t, t<o0,

so that
>0, t>1,

gi(x)1<0, t <0,
=tyac(x) +(t-1yalx), 0<t<I1
It follows that E; (1) = 0 if t > 1 and E;(21) = Q if ¢t < 0.

If Q = R% and A is closed and convex, it can be further shown that E; (i) C Afor 0 < t < 1. In fact, applying
the results for L! fidelities in [12], it is not difficult to show that in this case

E, (1) = U{Bx | x € Q, By := B(x, p(a,t)) C A}
for a suitable radius p(a,t),
We may have E, (@) = 0 for t € (0,1). Also, if we had Q ¢ R?, we would not necessarily have E, (i1) C A for

t € (0,1). Both of these effects are part of the contrast loss that the L>-TV model exhibits, but L!-TV doesn’t.

4.3. Structure of the jump set
Theorem 4.2. Let f € L*(Q) N BV(Q), where Q@ C R" is open and bounded with Lipschitz boundary. If i

solves (4.1), then
H" " (Ja \ Jp) = 0. (4.7)

For the proof, we follow [8]. We require the following result based on regularity results for minimal surfaces.



Theorem 4.3. Denote the symmetric difference of two sets A,B by
AAB:=(A\B) U (B\A).
Let A > 0, and suppose A € B(Q) satisfies for every compact K C Q and B € B(Q) with
L"((AAB) \K) =0,

the inequality
Per(A;K) < Per(B;K) + AL"(AAB).

Then, except for a singular set 3. of Hausdorff dimension at most n — 8, the boundary dA is of class C** for any
a € (0,1). That is, for every x € OE \ Z, there exists p > 0 such that up to rotation, B(x, p) N 0A is the graph of a
CL% function, i.e., a continuously differentiable function i with Vi Hélder continuous of exponent a. Moreover,

H(Z) =0, (s>n-38).

Proof. See [1]. The proof therein only directly applies to 2 < n < 7 (in which case ¥ = 0). The case n = 1is
trivial with regard to regularity. For n > 8 we may extend the proof based on regularity results for minimal
surfaces in higher dimensions. These can be found in [21, 17]. A very recommendable introductory book to
the entire topic is [26]. O

Proof of Theorem 4.2. Let E; := E;(i1) and M := || f|r~(q). By Theorem 4.1, E; solves (4.2). Thus, with g;(x) :=
sgn(t)(t — f(x)), we have

aPer(E;; Q) + /

E:

g:(x) dx < aPer(B; Q) + / g:(x)dx, (Be B(Q)).
B
In particular with K ¢ Q compact, we have

aPer(Es; K) + /

g:(x) dx < aPer(B;K) + / g:(x) dx,
E/NK

BNK

whenever B € 8(Q) with L"((E; AB) \ K) = 0. If t € [-M,M], we have

/Et 6:(x) dx—/ngx) dx

It follows from Theorem 4.3 that E; is of class C# for t € [-M,M]. Regarding t > M and ¢t < —M, we clearly
have, E; = 0 and E; = Q, respectively. In both cases dE; = 0.

< 2ML"(E; A B)).

We want to show that if ¢t > s, then
H" N (JEs N IE, \ Jf) = 0. (4.8)

This would imply (4.7). Indeed, any point x € J; satisfies x € dE,— N 0Ep; for a = max{u™(x),u” (x)},
b = min{u~(x),u*(x)}, and any € € (0,a — b). In particular, by the density of Q in R, we can pick s,t € Q,
s # t, such that x € dE; N JE;. Thus

Ja C U OE, N OE,.

s,t€Q;s#t

Since the union is over a countable set, (4.8) implies (4.7). We can also take sgnt = sgns.

Let %; be the singular set of E;, given by 4.3. Assuming that (4.7) does not hold, we can find x € J, \ Jr
with x ¢ %, N X,. By Theorem 3.9, the set S is countably H "' rectifiable, and H"~'(S¢ \ J¢) = 0. It follows

that for H" '-a.e. y € J, \ Jf, the approximate limit f(y) exists. We may therefore assume that f (x) exists.
Choosing an appropriate representative of the L! equivalence class of f, we may further assume that x is a
Lebesgue point of f.



By rotation and translation if necessary, we may take x = 0 and
vg,(x) = e,, (the n:th unit vector). (4.9)
Therefore, locally E; can be written as graph of y, € C*(U;), with ¢,(0) = 0 and
U, = B(0,5;) c R"!
for some §; > 0. This means that within Q; := U; X (—8;,8;) we have
E;nQr={(v,p) | =6: < p <Y (v),v € Us}

and
OE; N Q¢ = {(v,¥1(v)) | v € U} = ¥, (Uy).

Since Es D E;, (s < t) and x € 0E; U JE;, we have that the outer normals agree, vg, (x) = vg,(x). Therefore
we may locally parametrise 0E; analogously to 0E; with Us = U; and Qs = Q;. Then /s > ¢/;. Henceforth we
denote Q := Q; and U := Uj,.

With r = t,s, we may write
[VE(@)]'w = (w,0) + (0,(V{)»(v), W)).
Thus
Iwli*(1+ IV ()117),  w o Vi (),
llwll?, w L Vi, ().

It follows that the eigenvalues of V¥, (v)[V¥,(v)]* are A; = 1 + |V, (v)||? and Ay = 1 fork = 1,...,n -2,
Thus the (n — 1)-dimensional Jacobian

Tur([VE@)]) = /det(VE @) [VE@)]) = 1+ 194 @)l

By the area formula, Theorem 2.8, we can write

Per(E; Q) = H™ (OE, N Q) = / L+ IV ()1 dH ™ (0)
U

YUr(v)
[ smu-genas= [ [T s e dpde
E,.NQ UJ-s

(Y, (0)]'w. [V, (0)]"w) = {

and

Let us now consider local variations to (4.2), adding h € C}(U) to ¢/,. Then we have the problem

(Yr+h)(0)
min ) (/U \/1 + |V + h)(0)|2dH™ " (v) + /U /_5 sgn(r)(r — f(v,p)) dpdv) .

heCy(U

Since E, is optimal by Theorem 4.1, A = 0 must solve this problem. Differentiating to get the first order
optimality conditions, we therefore see that

Vi (v)
V1+1IVY ()12

in a weak sense. Using results for higher regularity of solutions to elliptic partial differential equations (see,
e.g., [20]), we can show that actually ¥, € C*(U’) for any 0 € U’ € U. Thus (4.10) holds in the depicted
classical sense on U’. As x = 0is a Lebesgue point of f, the value f(0) = f(0,¥,(0)) has a pointwise meaning.
Using (4.9), we also see that Vi), (0) = 0, (r = t,s). With v = 0, (4.10) therefore gives

— alyy(0) + sgn(r)(r — £(0,¥+(0))) =0, (r=t.ys). (4.11)

Subtracting (4.11) for r = t,s we get when sgnt = sgns = 1 that

al(Y:(0) = Y5(0)) =t —s > 0.

This contradicts s > ; (i.e., Es D E;). The case sgnt = sgns = —1 is analogous. O

— adiv +sgn(r)(r — f(v,¥-(v))) =0, (veU;r=t,s) (4.10)

Remark 4.2. We now know that the L2-TV denoising model does not introduce artefacts in terms of edges.
But does it preserve edges? Generally H™'(Js \ J;) = 0 does not hold. But can we say, let’s say, that
limg o Wm_l(]f \ Ja,) = 0, where i, solves (4.1) for a? In some explicit cases yes, as in the case of convex
sets in Example 4.1.



Chapter 5

Special functions of bounded variation

We finish the course with a quick look into special functions of bounded variation, and the Mumford-Shah
image segmentation problem.

5.1. Basics

Definition 5.1. We call functions u € BV(Q) with Du = 0 special functions of bounded variation, and denote
the space by SBV(Q).

This kind of functions are important in various free discontinuity problems, see [2]. These include in partic-
ular the Mumford—Shah image segmentation problem. Image segmentation is an important task in computer
vision, and attempts to discover different objects in the scene by dividing it into segments. Before looking at
this problem in more detail, we have to establish some facts about SBV.

5.2. Compactness

Although SBV gets rid of the sometimes nasty Cantor part Du, it comes with its own problems. In particular,
if we have a sequence {u'}%2, C SBV(Q), converging in any of the standard senses - strongly, strictly, or
weakly™ — to some u € BV(Q), we do not necessarily have u € SBV(Q). This problem is related to similar
difficulties with compactness in the space L!(Q), and the associated Dunford—-Pettis theorem; see [18].

Fortunately, we do have a following compactness result, for whose statement we introduce a few shorthand
notations.

Definition 5.2. If ¢ : [0,00) — [0,00), we write
=i t)/t, d ¢%:=1 t)/t,
¢o := lim e(t)/t, and ¢ Jim p(t)/
implicitly assuming that the (possibly infinite) limits exist.
Definition 5.3. Let u € BV(Q). Introducing the function 0, € L'(J,,), we write |D/u| = 0, H" 'L J,.

Theorem 5.1 (SBV compactness). Let Q C R” be open and bounded. Suppose ¢,y : [0,00) — [0,00) are lower
semicontinuous and increasing with ¢ = oo and g = co. Suppose {u'}2; C SBV(Q) and u' = u € SBV(Q)
weakly* in BV(Q). If

i=1,2,3,...

sup ( RIS /J 'wwuf(x))d(ft"-l(x))mo,

then u € SBV(Q) and there exists a subsequence of {u'}$*,, unrelabelled, such that

i=1

u' — u strongly in L'(Q), (5.1)
Vu' — Vu weakly in L' (Q;R"), (5.2)
D'u' = DVu weakly* in M(Q;R™). (5.3)
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If, moreover, Y is subadditive with /(0) = 0, then

(04 (x)) dH" 1 (x) < liminf / ¥(0,i (x)) dH " (x). (5.4)
Ju

i—oo

Roughly, the idea with ¢ = oo is to prevent the absolutely continuous part from forming higher-density
Cantor or jump parts in the limit. Likewise, the idea with §/° = oo is to prevent jumps from flattening out into
lower-density Cantor or absolutely continuous parts in the limit.

5.3. The Mumford-Shah problem

The Mumford-Shah segmentation problem, originally stated in a discrete setting [27], is often stated in the
form _
inf{J(K,u) | K ¢ Q closed, u € C}(Q\ K)} (5.5)

for

sy = [ (VI + ) = £ de+ pHOHN ).

Here a, 8 > 0 are two regularisation parameters, and f € L?(Q) our source image. The idea is to find a set
K modelling the boundaries between different image segments, and then approximate f — which may have
Gaussian noise as modelled by the squared L? term - by a C! function u within each of the segments. To
keep the solution reasonably simple, we penalise the complexity and count of the segments by the Hausdorff
measure of their boundary K. The term ||Vul||? likewise penalises the complexity of the image within the
segments — it should be smooth, and not cross any natural segment boundaries, where the gradient would
blow up and not be an L? function, but a measure.

The above formulation of the segmentation problem is mathematically troublesome, because of the depen-
dence on both u and K. On the surface of it, there is no simple natural space where the solution lives. A natural
idea is to replace K by the jump set J;, of an SBV function u, relaxing the requirements that K is closed and u
smooth. The SBV compactness theorem immediately shows existence of solutions to the relaxed problem

min _allu = fI2, 0, + (IVelZ ) + BH" ) - (56)

ueSBV(Q)

The question is, are the solutions of (5.5) and (5.6) related? Fortunately, yes, if we relax the C! requirement
to Wll 2

ocC
Theorem 5.2. Suppose f € L*(Q) NL*(Q). Letv € SBV(Q) solve (5.6). ThenK = S, andu =v € Whl)’f(Q \K)
solve (5.5).

The proof is very long, and we point the interested reader to [2]. The crucial bit in the proof is the density
lower bound
H" (S, NB(x,p)) = 0p™, (0<p< min{d(x,BQ),ﬁa_l||f||£o20(Q)}),

for some constant 6 = 6(n) > 0 and any x € S,,. This allows to show that S,, is not too much of a point cloud,
such that taking its closure will not add too much to it.
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