The jump set under geometric regularisation.
Part 2: Higher-order approaches
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Abstract

In Part 1, we developed a new technique based on Lipschitz pushforwards for proving the jump set containment
property H™ (Ju \ J¢) = 0 of solutions u to total variation denoising. We demonstrated that the technique also
applies to Huber-regularised TV. Now, in this Part 2, we extend the technique to higher-order regularisers. We
are not quite able to prove the property for total generalised variation (TGV) based on the symmetrised gradient
for the second-order term. We show that the property holds under three conditions: First, the solution u is locally
bounded. Second, the second-order variable is of locally bounded variation, w € BViec(2;R™), instead of just
bounded deformation, w € BD(Q2). Third, w does not jump on J, parallel to it. The second condition can be
achieved for non-symmetric TGV. Both the second and third condition can be achieved if we change the Radon
(or Ll) norm of the symmetrised gradient Fw into an LP norm, p > 1, in which case Korn’s inequality holds. On
the positive side, we verify the jump set containment property for second-order infimal convolution TV (ICTV)
in dimension m = 2. We also study the limiting behaviour of the singular part of Du, as the second parameter of
TGV? goes to zero. Unsurprisingly, it vanishes, but in numerical discretisations the situation looks quite different.
Finally, our work additionally includes a result on TGV-strict approximation in BV().
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1. Introduction

We introduced in Part 1 [38] the double-Lipschitz comparability condition of a regularisation functional R.
Roughly

R(74u) + R(y4u) - 2R(w) < T5 | Dul (L U), (L1)
whenever 7,7 : © — Q are bi-Lipschitz transformations reducing to the identity outside U C 2. Constructing

specific Lipschitz shift transformations around a point x € J,, for which the constant 15 , = O(p?) for p > 0
the size of the shift, we were able to prove the jump set containment B

H™ (T, \ Jp) =0 (J)

for u € BV(Q) the solution of the denoising or regularisation problem
i — dx + R(u). P
min /Q 6(f () — u(x)) dz + R(u) ()

The admissible fidelities ¢ include here ¢(t) = t? for 1 < p < oco. For p = 1 we produced somewhat weaker
results comparable to those for total variation (TV) in [23]. The admissible regularisers R included, obviously,
total variation, for which the property was already proved previously by level set techniques [14]. We also showed
the property for Huber-regularised total variation as a new contribution besides the technique. If non-convex
total variation models and the Perona-Malik anisotropic diffusion were well-posed, we demonstrated that the
technique would also apply to them.

The development of the new technique was motivated by higher-order regularisers, in particular by total
generalised variation (TGV, [9]), for which the level set technique is not available due to the lack of a co-
area formula. In this Part 2, we now aim to extend our Lipschitz pushforward technique to variants of TGV
as well as infimal convolution TV (ICTV, [15]). In order to do this, we need to modify the double-Lipschitz
comparability criterion (1.1) a little bit. Namely, we will in Section 3 introduce rigorously a partial double-
Lipschitz comparability condition of the form

R(7g(u—v) +0) + R(yg(u—v) +v) — 2R(u) < T5 4|D(u — v)[(clU) + small terms. (1.2)

Here, in comparison to (1.1), we have subtracted v from u before the pushforward. The idea is the same as in
the application the jump set containment result for TV to prove it for ICTV. As we may recall

(u) erlvl(mf%ler(Q;Rm)aH u = V2, pm(irm) + B DVl Fp(ammxm)
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where @ = (3, ). Now, if u solves (P) for R = ICTVg, then u solves
’ - d Du—V —
ue%l\l/r(lg) /Q ¢(|f(x) = u(z)]) dz + of Du ll2, m(0:rm)

with v fixed. Otherwise written, @ = u — v solves for f = f — v the total variation denoising problem

i f(z) — a(x)|) dx + || Da
Jmin [ 0(1F(@) = @) do + all Dile auozny

Since v € WH(Q) has no jumps, J§ = Jyg, the property (J) that ICTV would introduce no jumps would follow
from the corresponding result for TV if we had further v € L* (). We verify that this is indeed the case if
m € {1,2}, and consequently prove the jump set containment property for ICTV in these dimensions.

The idea with v in (1.2) is roughly the same as this: to remove the second-order information from the problem,
and reduce it into a first-order one. However, unlike in the case of ICTV, generally, we cannot reduce the problem
to TV. Indeed, written in the differentiation cascade formulation [11], second-order TGV reads as

2 L .
TGVZ(u) :== plnin al|Du — w||o, mesrmy + BIIEW] gt (0:8ym2 @) - (1.3)

Here BD(£2) is the space of vector fields of bounded deformation on 2, and Fw the symmetrised gradient. Now,
we do not generally have w = Vv for any function v, which is the reason that the analysis is not as simple
as that of ICTV. Standard TGV? is also significantly complicated by the symmetrised gradient Fw, and we
cannot obtain as strong results for it, our results depending on assumptions on w. Namely, we need that w is
“BV-differentiable”, or, in practise that w € BV,.(£2; R™) instead of just w € BD(2), and that the projection
P} (wt(z) —w™(z)) = 0, on a Lipschitz graph T', representing J,,, parametrised on the plane orthogonal to
zr € R™. These complications make us firstly consider the non-symmetric variant of TGV?, nsTGV?, where
Ew in (1.3) is replaced by Dw and w € BV(€; R™). Secondly, we consider variants of TGV? employing for the
second-order term L9 energies, ¢ > 1. These functionals

TGVZ? (u) := min al|Du —w gy + BllEW|| F La(:Sym?2 (®m
R0 wew g [ 2, m(rm) + BIEW| 7, La(0:8ym? @)

have the advantage that Korn’s inequality holds. Observe that since the first-order term is still L'-type, edges in
images can be preserved. In practise, as we demonstrate, denoising results also do not differ much from standard
TGV?. For this variant, only u € LS, () remains to be verified for the satisfaction of the jump set containment
property H™ (J, \ Jf) = 0.

Our analysis of the specific regularisation functionals is in Section 5 after we study local approximability of
w € BD(Q) and approximability in terms of TGV-strict convergence in Section 4. The analysis of the fidelity
term [, (| f(x) —u(x)|) dz is unchanged from Part 1 [38], and therefore the main lemma is only cited in Section
3, where we state our assumptions on R and ¢, and prove (J) for (P) by combining the separate estimates for
the fidelity and regularity terms. We concentrate on p-increasing fidelities for 1 < p < co. The case p = 1 from
Part 2 could also be extended, but we have chosen to concentrate on the case p > 1 where stronger results exist.
As an addendum to this qualitative study, we also study quantitatively in Section 6 the limiting behaviour of
the singular part D%u of Du for TGV? as 8 N\, 0. The behaviour is quite surprising, as on the discrete scale
TGV? appears to preserve jumps in the limit, but analysis shows that the jumps disappear.

The class of problems (P) is of importance, in particular, for image denoising. We wish to know the structure of
Jy, in order to see that the denoising problem does not introduce undesirable artefacts, new edges, which in images
model different materials and depth information. Higher-order geometric and other recently introduced image
regularisers such a TGV [9], ICTV [15], Euler’s elastica [17, 36], and many other variants [31, 13, 35, 16, 20, 22, 5]
are, in fact, motivated by one serious artefact of the conventional total variation regulariser. This is the stair-
casing effect. Further, non-convex total variation schemes and “lower-order fidelities” such as Meyer’s G-norm
and the Kantorovich-Rubinstein norm, have recently received increased attention in an attempt to, respectively,
better model real image gradient statistics [29, 26, 27, 33, 28] or texture [32, 40, 30]. Very little is known about
any of these analytically. For TGV? we primarily have the results on one-dimensional domains in [10, 34]. We
hope that our work in this pair of papers provides an impetus and roots for a technique for the study of many
of these and future approaches. We begin our study after going through the obligatory preliminaries in the
following Section 2. We finish the study with a few final words in Section 7.



2. Notations and useful facts

We begin by introducing the tools necessary for our work. Much of this material is the same as in Part 1
[38]; we have however decided to make this manuscript to be mostly self-contained, legible without having to
delve into the extensively detailed analysis of Part 1. We will also include additional information on tensor
fields and functions of bounded deformation, BD(£2). These are crucial for the definition of TGV. First we
introduce basic notations for sets, mappings, measures, and tensors. We then move on to tensor fields and
Lipschitz mappings and graphs. Finally, we discuss distributional gradients of tensor fields, which allow us to
define bounded variation and deformation in a unified way.

2.1. Basic notations

We denote by {eq,...,en} the standard basis of R™. The boundary of a set A we denote by JA, and the closure
by cl A. The {0, 1}-valued indicator function we write as x 4. We denote the open ball of radius p centred at
x € R™ by B(x, p). We denote by w,, the volume of the unit ball B(0,1) in R™.

For z € R™, we denote by z+ := {x € R™ | (z,2) = 0} the hyperplane orthogonal to z , whereas P, denotes
the projection operator onto the subspace spanned by z, and P;* the projection onto z*. If A C 2, we denote
by ri A the relative interior of A in 2z as a subset of R™.

Let Q C R™ be an open set. We then denote the space of (signed) Radon measures on Q by M(Q). If V is a
vector space, then the space of Radon measures on 2 with values in V' is denoted M(£2; V). The k-dimensional
Hausdorff measure, on any given ambient space R™, (k < m), is denoted by H*, while £L™ denotes the Lebesgue
measure on R™.

The total variation (Radon) norm of a measure p is denoted ||p[|pqrm). For vector-valued measures p =
(1, - -, pu¥) € M(;RF), we use the notation

k
@, M(Q;RF) i= SUp {/ﬂ > i) dpi()
=1

to indicate that the finite-dimensional base norm is the p-norm where 1/p + 1/¢ = 1. When the choice of the
finite-dimensional norm is inconsequential, we use the notation ||u|l,, M(;rk)- In this work in practise we restrict
ourselves to ¢ = 2 for measures. In other words, we consider isotropic total variation type functionals. We use
the same notation for vector fields w € LP(Q; R¥), namely

1/p
[wllg, e (@srr) = (/Q [Jw(z) |5 dm) .

For a measurable set A, we denote by uc A the restricted measure defined by (uLA)(B) := u(A N B). The
notation p < v means that p is absolutely continuous with respect to the measure v, and p L v that p and v
are mutually singular. The singular and absolutely continuous (with respect to the Lebesgue measure) part of
w are denoted p® and p®, respectively.

el

p € CE(URY), [lp(x)], < 1forz e Q} (2.1)

We denote the k-dimensional upper resp. lower density of u by

O (1 ) := lim sup M7 resp. O, p(p;x) := liminf M

AN Wgp N0 Wk P

The common value, if it exists, we denote by O (u; ).

Finally, we often denote by C, C’, C""" arbitrary positive constants, and use the plus-minus notation a* = b*
in to mean that both a™ = b and ¢~ = b~ hold.

2.2. Lipschitz and C! graphs

A set I' € R™ is called a Lipschitz (m — 1)-graph (of Lipschitz factor L), if there exist a unit vector zr, an open
set Vr C zﬁ, and a Lipschitz map fr : Vr — R, of Lipschitz factor at most L, such that

I'= {1} + fr(U)Zr | NS VF}



If fr € C*(Vp), we cal T" a C! (m — 1)-graph. We also define gr : Vi — R™ by

gr(v) = v+ zrfr(v).

Then
F = gF(VF)

We denote the open domains “above” and “beneath” I', respectively, by
't =T+ (0,00)2r, and T~ : =T+ (—00,0)zr.

We recall that by Kirszbraun’s theorem, we may extend the domain of gr from V- to the whole space zf: without
altering the Lipschitz constant. Then T splits  into the two open halves Tt NQ and '™ N 2. We often use this
fact.

2.3. Mappings from a subspace

We denote by L(V; W) the space of linear maps between the vector spaces V and W. If L € £(V;R¥), where
V ~ R" (n < k), is a finite-dimensional Hilbert space, then L* € L(R*;V*) denotes the adjoint, and the
n-dimensional Jacobian is defined as [3]

TnlL] := \/det(L* o L).

With the gradient of a Lipschitz function v : V — R* defined in “components as columns order”, V~y(z) €
L(RF; V), we extend this notation for brevity as

Inf (@) = Tul(Vf(2))7].

If Q C V is a measurable set, and g € L!(Q), the area formula may then be stated

[ X s@are = [ s@ga@de). (2:2)

k
z€QNy~1(y)

That this indeed holds in our setting of finite-dimensional Hilbert spaces V' ~ R"™ follows by a simple argument
from the area formula for v : R” — R¥, stated in, e.g, [3]. We only use the cases V = z* for some z € R™
(n=m-—1),or V=R"™ (n=m).

We also denote by

C*N(V)y:= [ C¢PMNV)

A€E(0,1)

the class of functions that are twice differentiable (as defined above for tensor fields) with a Holder continuous
second differential for all exponents A € (0,1).

The Lipschitz factor of a Lipschitz mapping f we denote by lip f. We also recall that a Lipschitz transformation
v:U — V with U,V C R™ has the Lusin N-property if it maps L£™-negligible sets to £™-negligible sets.

If v : Q — Qis a bijective Lipschitz transformation, and u :  — € a Borel function, we define the pushforward
Uy i=ygu :=u o~ '. Finally, we denote the identity transformation by ¢(z) = z.

2.4. Tensors and tensor fields

We now introduce tensors and tensor fields. We simplify the treatment from its full differential-geometric setting,
as can be found in, e.g., [6], as we are working on finite-dimensional Hilbert spaces. These definitions and our
approach to defining TGV? follow that in [39)].

We let Vi,..., V) be finite-dimensional Hilbert spaces, V; ~ R™J with corresponding bases {e{, .. .,ef@_},
(j =1,...,k). A k-tensor is then a k-linear mapping A : V; x --- X V; — R. We denote A € T(V1,...,Vi).
IfV; =V foralj=1,... k we write T*(V) := T(Vi,...,Vi). A symmetric tensor A € Sym* (V) ¢ T*(V)
satisfies for any permutation 7 of {1,...,k} and any c1,...,cx € V that A(cr1,...,cak) = Alca,...,ck), For
conciseness of notation, we often identify V' ~ 71 (V) through the mapping V(z) = (V, z).



Fora AeT(Vi,...,Vi)and B € T(Viy1,- .., Vitm) we define the (m + k)-tensor A® B € T(Vi,..., Vigtm)
by
(A® B)(c1y. -y Chpm) = Alcty ...y ck)B(Crg1, - -y Chtm)-

We define on A, B € T(V4,..., V) the inner product
mi mp
(A, B) := Z Z A(e;n,...,e];k)B(ezln,...,e’;k),
p1=1 Pr=1

and the Frobenius norm
[AllF ==/ (A, A4).

If k =1 ,we simply denote | A|| := ||Al|2 := ||Al|F, as the Frobenius norm agrees with the Euclidean norm.

Let then u : Q — T(V4,..., V%) be a Lebesgue-measurable function on the domain Q C Vp, where Vy ~ R™
is also a finite-dimensional Hilbert space. We define the norms

1/p
e = ([ ute)lpde).” e (too). and fulia = essup u(o)lr,

and the spaces
LP(T(Vi, .., Vi) ={u: Q= T(Vi,..., Vi) | u Borel, ||ul]|r, < o0}, (p € [1,00]).

The spaces LP(Q; T*(V)) and LP(Q; Sym*(V)) are defined analogously.
2.5. Distributional gradients and tensor-valued measures

For the definition of total generalised variation (TGV), we need to define the concept of a tensor-valued measure,
as well as the distributional differential Du and the symmetrised distributional Eu on tensor fields. This is done
now. If the reader is satisfied with a cursory understanding of TGV, this subsection may be skipped.

We start with tensor field divergences. Let u € C*(Q;T(Vi,..., V), (k > 0). The (Fréchet) differential
df(z) e T(Vo,Vi,..., Vi) at © € Q is defined by the limit

o I+ 1) = @) —d f@) by, )l

=0.
w0 Al

If k > 1, if Vo = V1, we define the divergence, divu € C(Q; T (Va,...,Vk)) by contraction as

mq
[diVU(.I)](CQ, cey Ck) = Zdu(x)(le7£zl7 C2, ... 7Ck)'
i=1
Observe that if u is symmetric, then so is div u. Moreover Green’s identity

/(du(x%d)(x))dxz/(u(x),—div¢(ac)>dm
Q

Q
holds for u € C*(Q; T (Va,..., Vi) and ¢ € CLH(Q; T (V4,..., Vi) with Q C V; = V4.
Denoting by X™* the continuous linear functionals on the topological space X, we now define the distributional

gradient
Du € [C2(Q TFHHR™)))*

of u € LY(Q; TH(R™)) by
Du(y) == — / (u(a), div (@) dr,  (p € C(Q THR™)).

Likewise we define the symmetrised distributional gradient

Eu € [C2°(; Sym* ™ (R™))]*



of u € LY(Q; TH(R™)) by

Eu(p) = —/Q<U(fﬂ)adiv () de, (p € CZ(2Sym" (R™))). (2.3)
We also define the “Frobenius unit ball”
Vitns = {9 € O (B THR™)) | llell poo < 13-
and the “symmetric Frobenius unit ball”
Vis = {p € C2 (2 Sym" (R™)) | ¢l po0 < 1.

For our purposes it then suffices to define a tensor-valued measure u € M(; T#(R™)) as a linear functional
p € [C(Q; T#(R™))]* bounded in the sense that the total variation norm

”UHF,M(Q;T""(Rm)) = sup{u(p) | ¢ € VFk,ns} < 0.

For a justification of this definition, we refer to [24]. The definition of a symmetric measure p € M (; Sym* (R™))
is analogous with p € [C2°(Q; Sym* (R™))]* and

[ ] F,M(Q;SymF[R™)) ‘= sup{u(p) | ¢ € Vllwf,s} < oo.

It follows that Du and Eu are measures when they are bounded on Vz?,ns and Vlf{s, respectively. Observe that
for k = 0, it holds M(Q; TO(R™)) = M(Q; Sym°’(R™)) = M(f), and for k = 1, it holds

M(Q; THR™)) = M(€; Sym! (R™)) =: M(Q;R™).

Remark 2.1. The choice of the Frobenius norm as the finite-dimensional norm in the above definitions, indi-
cated by the subscript F', ensures isotropy and a degree of rotational invariance for tensor fields. Some alternative
rotationally invariant norms, generalising the nuclear and the spectral norm for matrices, are discussed [39].

2.6. Functions of bounded variation

We say that a function u : & — R on a bounded open set Q C R™, is of bounded variation (see, e.g., [3] for a
more thorough introduction), denoted v € BV(Q), if u € L1(2), and the distributional gradient Du is a Radon
measure. Given a sequence {u'}%°, C BV(Q), weak* convergence is defined as u’ — u strongly in L!(Q) along
with Du® = Du weakly* in M(Q). The sequence converges strictly if, in addition to this, | Du?|(2) — |Du|(Q2).

We denote by S, the approximate discontinuity set, i.e., the complement of the set where the Lebesgue limit
u exists. The latter is defined by

) 1 ~ _
lim — /B @)~ wwldy =0

The distributional gradient can be decomposed as Du = VuLl™ + D7u + D¢u, where the density Vu of the
absolutely continuous part of Du equals (a.e.) the approximate differential of u. We also define the singular
part as D%u = D7y 4+ D°u. The jump part Diu may be represented as

Diu=(ut —u")@uv;,H™ '],

where z is in the jump set J, C S, of u if for some v := v, (z) there exist two distinct one-sided traces u™ (x)
and u~ (z), defined as satisfying

1

lim—/ uF(z) —u(y)|| dy =0, 2.4
e [ ) -l 2.4

where
B*(xz,p,v) :={y € B(z,p) | £(y — z,v) > 0}.

It turns out that J, is countably H™~l-rectifiable and v is (a.e.) the normal to .J,,. This former means that there
exist Lipschitz (m—1)-graphs {I';}5°; such that H™~*(J, \U;j=, I';) = 0. Moreover, we have H™ (S, \ J,) = 0.
The remaining Cantor part D°u vanishes on any Borel set o-finite with respect to H™ 1.

We will depend on the following basic properties of densities of Du; for the proof, see, e.g., [3, Proposition
3.92).



Proposition 2.1. Let u € BV(Q) for an open domain Q@ C R™. Define
Su:={zeQ] Oum(|Dul;z) = 00}, and Ju:={z € Q| O, m_1(]Dul;z) > 0}.

Then the following decomposition holds.
(i) Vu=Du.(Q\S,). N N
(i) Diu = DurJ,, precisely J, D Ju, and H™ 1(J, \ Ju) = 0.
(iii) D°u = Dur (S, \ Ju)-

We will require the following property of the one-sided traces of u. Roughly, the lemma states that locally,
outside a singular set Z,, the jump set J, can be approximated by a Lipschitz graph T

Lemma 2.1 ([38]). Let u € BV(Q). Then there exists a Borel set Z, with H™ (Z,) = 0 such that every
x € J,\ Z, is a Lebesgque point of the one-sided traces u™, and

r 1 (|Dul (T 2) =0, and ©F,_;(|Dul(T*) ;2) =0
for a Lipschitz (m — 1)-graph T'®, which satisfies the following. Firstly
1
Vr= D B(Px,r(x))

for some r(x) > 0. Secondly the traces of u at = exist from both sides of T® and agree with u™(x).

2.7. Functions of bounded deformation

Similarly to the definition of a function of bounded variation, a function w € L*(£;R™) for a domain Q C R™
is said to be of a vector field (or function) of bounded deformation, if the distributional symmetrised gradient
Ew € M(Q; Sym?(R™)) [37], where Sym?(R™) is defined in Section 2.4, and Ew defined in (2.3). We denote
the space consisting of such w by BD(€2). The concept can also be generalised to tensor fields of higher orders
[7], useful for the definition of TGV* for k > 2.

Similar to BV, we have the decomposition [1]
EBw = EwL™ + E'w + Ew,

where Ew is the absolutely continuous part. For smooth functions
1
Ew(x) = i(Vw(x) + [Vw(z)]").

Generally this expression holds at points of approximate differentiability of w, at L™-a.e. z € Q [1, 25]. The
jump part satisfies

- 1
Elw = 5(z/Ju @ wt —w )+ wr —w )@, )H™ 'y,

where the one-sided traces w™, the jump set .J,, and its approximate normal v, are as in the case of functions
bounded variation. Likewise, the Cantor part vanishes on any Borel set o-finite with respect to H™~1. Similarly
to Proposition 2.1, defining B

Ju ={r € Q| Oum_1(|Eul;x) > 0},

we have

JuD Ju, and H™NJ,\ Ju)=0. (2.5)

Many other results are however not as strong in BD(2) as in BV(Q2). For one, we only have |Ew|(S,, \ Jw) =0
instead of the stronger result H™ (S, \ J,,) = 0, which were to hold if u € BV(Q; R™). In fact, this result can
be made a little stronger. Namely, |Ev|(Sy, \ Jw) = 0 for v,w € BD(Q2) [1, Theorem 6.1].

Instead of Poincaré’s inequality in BV(£2; R™), which says that on Lipschitz domains we can approximate
zero-mean |lu — @l for u = §, udy by Cq|Du|(R2), in BD(Q2) we have the Sobolev-Korn inequality. This says
that there exists a constant Cq > 0 and for each w € BD(Q2) an element w € ker E such that

[w = w2, (@rm) < Call BwllFm@isym2®m))-



The kernel of E consists of affine maps w(z) = Az + ¢ for A a skew-symmetric matrix. The Sobolev-Korn
inequality can also be extended to symmetric tensor fields of higher-order than the present £ = 1, in which case
the kernel is also a higher-order polynomial [7].

We will not really need these latter properties. The point is that BD(2) has significantly weaker regularity
than BV(€;R™). This will have implications to our work. What we will use is Korn’s inequality, which holds
for 1 < ¢ < oo but notoriously not for ¢ = 1. The form most suitable for our purposes, easily obtainable from
the versions in [1, 19, 18], states the existence of a constant Cq 4 > 0 such that

/QIIVUJ(I)II‘}: dz < sz,q/ﬂl\fw(:v)\lqp da, (2.6)

for bounded domains €2, and vector fields w € I/VO1 4(Q; R™). Our reason for the zero boundary condition, as
opposed to 2 = R™, a Sobolev-Korn type ||V(w — w)(z)||% on the left, or extra |[w||s,Lo(q;rm) on the right, is
that in our application, we do not want to directly enforce w € L7(2; R™). This will typically however follow a
posteriori from (2.6) and the Gagliardo-Nirenberg-Sobolev inequality.

2.8. Embeddings of BV?(Q) in dimension m € {1,2}

The second-order variable of ICTV lies in the space
BVZ(Q) := {v e WH(Q) | Vv € BV(Q;R™)} (2.7)
with the norm
lvllBvzio) = [lvlizr@) + IVl @rmy + DVl pmeosr2 @my)-

We now provide some embedding results for this space. These are based on [21].

Definition 2.1. Let Q ¢ R? (or, trivially, R'). We say that 89 is of class C2*V | if it can be covered by finitely
many C? graphs except possibly for a finite set of points N.

Example 2.1. Most importantly for us, the rectangular domain Q = [ay, b1] X [ag, bo] C R?, typical for images,
has C** boundary.

Lemma 2.2. With m = {1,2}, let @ C R™. Then the following hold.

(i) If Q is an open bounded domain with C*N boundary, then BV?(Q) — L>®(Q).
(i) Generally BVZ(Q) C L2.(Q).

loc

Proof. For m = 1 the claims are verified by a simple integration argument. Claim (i) for m = 2 is a consequence
of [21, Théoréme 3.2] with the singular part A of the boundary covered by [21, Remarque 2.1]. Claim (ii) for
then follows by applying (i) on a ball B(z,r) C Q around every x € Q. O

3. Problem statement

Before stating our main results rigorously, we introduce our assumptions on regularisation functionals and
fidelities. The definition of an admissible regularisation functional, and our assumptions on the fidelity ¢ are
unchanged from Part 1, but we replace the double-Lipschitz comparability by a notion of partial double-Lipschitz
comparability, and limit the set of admissible Lipschitz transformations to one that operates along a specific
direction.

3.1. Admissible regularisation functionals and fidelities

We begin by stating our assumptions on R, which are formulated in Definition 3.1 and Definition 3.4.

Definition 3.1. We call R an admissible regularisation functional on L (£2), where the domain Q C R™, if it is
convex, lower semi-continuous with respect to weak* convergence in BV(Q), and there exist C, ¢ > 0 such that

[ Dull meommy < C(1+ [lullLrq) + R(w)), (ue L'(Q)). (3.1)

Here and throughout the paper, unless otherwise indicated, the finite-dimensional base norm on R™ is the
Euclidean or 2-norm. This is the one most appropriate to most image processing tasks due to its rotational
invariance.
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Figure 1: Illustration of the partial push-forward v [u, v] (dashed line) versus the push-forward vy4u (dotted line). The
transformation is y(z) = +1 on the domain U = R, and the functions are v(z) = sinz and u(zr) = v(x)+2x0,00) (@) — 1.
Observe how the partial push-forward does not alter the sine component, and only pushes the jump of the step function
forward.

The next two technical definitions will be required by Definition 3.4.

Definition 3.2. We denote by F(Q2) the set of one-to-one Lipschitz transformations 7 :  — Q with 41 also
Lipschitz and both satisfying the Lusin N-property. With U C 2 an open set, and z € R™ a unit vector, we set

FQU):={yeFQ) |vx)=zforx g U}, and
F(Q,U,z2) :={y € F(QU) | Pry(y) = Ply for all y € Q}.
With 7,y € F(£2), we then define the basic double-Lipschitz comparison constants

Gy = sup [ A5 (z)ol| + [[Ay (2)o]| = 2[|v]l, (3:2)
z€Q,ER™ ||v]|=1

and

j;,, = suPZ | Tm () + ij(l") -2|.
- xre

The Jacobian 7,7 is defined in Section 2.3. The mapping [ is the identity on R™, and

Ay (2) =V (7(2) Ty (2).-
We also define the distances-to-identity

Dy = sup [[Vy ' (y(x)) —I|, and J,:=.Jy, =sup|Tmy(z)— 1],
e €N

as well as the normalised transformation distance

7 [yzu(y) —u(y)l
M., = sup - dy. 3.3
T vnerau) Jo diam(U)|Dul(U) (33)
u€BV(R)

Finally we combine these all into the overall double-Lipschitz comparison constant
,_ I 2 2 2720 L2
Tg’l = Gi’l + Jﬁ’l—‘r D7+Dl+ J7—|— J1+M7+ Ml.
Observe that by Poincaré’s inequality, if supp(y —¢) has Lipschitz boundary, then M., < oo for L™-a.e. z € ,
small enough r > 0, and v € F(Q,U) for U C B(0,r).
Definition 3.3. Given u,v € L'(Q), and v € F(Q2), we define the partial pushforward
vl o] = 7w = 0) +v.
The idea in our application of the partial push-forward is, roughly, to only push forward the first-order
component of u, while keeping the second-order component fixed. This is however not in terms of Taylor
expansions or such, but in terms of splitting performed by R. We illustrate this idea in Figure 1 by comparison

to the push-forward ~y4u.

Finally, we may state rigorously our most central concept.



Definition 3.4. Let ¢ € Q and u € BV(Q). We say that R is partially double-Lipschitz comparable for u at
o, if there exists a constant R* > 0 and a function v = vy, 5, € WH1(Q) N L. (Q) with 2 ¢ S, such that
for every € > 0, open set U C B(zo, 1),
for some 7. > 0, for every ¢ 0 <r < r., and

3,7 € F(Q,U) with Ty, < 1,

holds
R(7g[u,v]) + R(yg[u,v]) — 2R(u) < R*T5 5[ D(u — v)|(clU) + (T%/; +r)er™ (3.4)

We also say that R is partially double-Lipschitz comparable at xq for v in the direction z for some unit vector
z € R™, if (3.4) holds with the change that 7,7y € F(Q,U, z).

Remark 3.1. Usually R® will be a universal constant for R, but we do not need this in this work. The function
v will depend on both u and z¢. The bound 75, < 1 is mostly about aesthetics. We could instead allow
Ty~ < ¢ for arbitrary § > 0; we however cannot allow § to be determined by € > 0 for the proof of our main
result Theorem 3.2. It can only depend on u and g similarly to v. The only purpose of the bound is to allow
the use of the single constant T% ., in front of both of the terms on the right hand side of (3.4), replacing any
second-order terms that we might get in front of the remainder term er™ by first-order terms, which suffice
there; compare the proof of Proposition 5.1. For this the fixed bound suffices: T , < T;QQ . Instead of this, we
could also replace 15 , by two arbitrary polynomials of the square roots of the variables in its definition, the
one in front of |D(u — v)|(clU) being of lowest order 2, and the one in front of er™ of lowest order 1. Then
we would not have to bound 7%, < 1. The reason for introducing the normalised transformation distance is
likewise aesthetical. B

We will strive to prove the following property of the regularisation functionals that we study. We will only
use the more involved case (ii) in this work.

Assumption 3.1. We assume that R is an admissible regularisation functional (Definition 3.1) on L'(£2) that
satisfies the following for every u € BV(Q) and every Lipschitz (m — 1)-graph T" C Q.

(i) R is partially double-Lipschitz comparable for u at £L™-a.e. z € .
(ii) R is partially double-Lipschitz comparable for v in the direction 2r at H™ !-a.e. x € T.

In order to show the existence of solutions to (P), we require the following property from ¢.

Definition 3.5. Let the domain Q C R™. We call ¢ : R — [0, 00] an admissible fidelity function on Q if ¢ is
convex and lower semi-continuous, ¢(0) = 0, ¢(—t) = ¢(t), (¢t > 0), and for some C' > 0 holds

||u||L1<m<c( / ¢><u<x>)dw+1), (ue L}(Q)). (3.5)

For the study of the jump set J,, of solutions to (P), we require additionally the following increase criterion
to be satisfied by ¢.

Definition 3.6. We say that ¢ is p-increasing for p > 1, if there exists a constant Cy > 0 for which

p(x) — d(y) < Cy(x —y)|z[P~",  (z,y >0).

As we have seen in Part 1, the functions ¢(t) = ¢?, (p > 1), in particular are p-increasing and admissible.
Moreover, the problem (P) is well-posed under the above assumptions.

Theorem 3.1 (Part 1 & standard). Let f € L*(Q) satisfy [, ¢(f(x)) dz < co. Suppose that R is an admissible
regularisation functional (Definition 3.1) on LY(Q), and ¢ an admissible fidelity function for . Then there
exists a solution u € L*(Q) to (P), and any solution satisfies u € BV(Q).
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Figure 2: Illustration of the transformation v, . The Lipschitz graph I' is shifted along zr by an amount ph, as specified
by the possibly negative depth p € R and a function 0 < h, € WOI’OO(B(xo, r) N 2f).

3.2. Jump set containment

Our main result in this paper is the following theorem combined with the corresponding partial double-Lipschitz
comparability estimates for higher-order regularisers in Section 5.

Theorem 3.2. Let the domain Q@ C R™ be bounded with Lipschitz boundary, and ¢ : [0,00) — [0,00) be an
admissible p-increasing fidelity function (Definitions 5.5 and 3.6) for some 1 < p < co. Let f € BV(Q)NL{ (),
and suppose u € BV(Q) N L2 () solves (P). If R satisfies Assumption 5.1(ii), then

loc

H™ (T, \ Jp) = 0.

Remark 3.2. Observe that we require u to be locally bounded. This does not necessarily hold, and needs to
be proved separately. In imaging applications we are however not usually interested in unbounded data , and
nearly always || f|| 1) < M for some known dynamic range M. So one would think that it suffices to add
the constraint ||u|| ) < M to the problem (P). This would even work under the simpler double-Lipschitz
comparability (1.1) of Part 1, as the constraint is invariant under pushforwards yxu.

It is, however, not generally invariant under the partial pushforward «4[u, v], which might not satisfy the
constraint if |u(xo)] = M. If |u(z¢)] < M, and the radius r. > 0 is small enough, the constraint will still be
satisfied for otherwise well-behaved u and typical constructions of v. What this says is that if (well-behaved)
u jumps outside J¢, then it will jump to activate the constraint. Whether in practise the v prescribed by the
partial double-Lipschitz property of any particular regulariser satisfies ||v4[u, v]||z= ) < M, is as interesting
an open question as boundedness itself.

Let us recall the functions fr and gr related to a Lipschitz graph I' from Section 2.2. The proof of Theorem 3.2
is based on combining the double-Lipschitz estimate for the regulariser with a separate estimate for the fidelity,
for specific “shift” transformations v, , constructed in Part 1. Roughly, as illustrated in Figure 2, they shift on
a sub-domain U, C € the Lipschitz graph I := gr(PX B(zo,7)) C I in the direction zr by a small amount ph,
defined by a function 0 < h, € W, (B(zo,7) N 2%) and the depth p € R of the modification. This may be
negative. The following lemma summarises the essential properties. For its statement and proof, we recall from
Definition 3.2 the double-Lipschitz comparison constant 7% ., the normalised transformation distance HA,, as
well as the class of Lipschitz transformations F (2, U, zr).

Lemma 3.1 (Extension of Lemma 5.4 in Part 1). Let Q@ C R™, andT' C Q be a Lipschitz (m—1)-graph, o € T.
There exist ro > 0 and Lipschitz transformations v,, € F(Q, Uy, 2r), (-1 <p <1, 0<r <ry), with

U, :=xo + 2 N B(0,r) + (3 + lip fr)(—r,7)zr.
These transformations satisfy for a constant C' > 0 the estimate

T < Cp*

Vo Vmpyr
Proof. We only need to prove Mvm < Clpl, since the rest of the components of T, ., , are already appro-

priately bounded in Lemma 5.4 and Lemma 5.2 of Part 1. Let us denote for short 7 := v, . Lemma 5.3 in Part
1 then shows that whenever U is such that v € F(Q,U, z), we have

/U ypu()) — ule)| dz < M, |Du|(U)



for

M, = sup ||y(z) — x| = sup |7 (z) — z].
€N €N

Therefore M
M., < sup —
7 U:ineF(Q,U,z2r) diam(U)
This is why we call Mﬂ, the normalised transformation distance in comparison to M,. Lemma 5.4 in Part 1
shows that M, = |p|r. The construction of v in Part 1 (see Figure 2) shifts every point on I' in the direction zr
by some amount. Therefore any U satisfying v € F(Q, U, zr), is of diameter at least 2r. These considerations
yield the estimate

= lp|r
M < < 2. O
Tor = diam(U,) — o1/

For the following result, we recall the definition of Z,, from Lemma 2.1.

Lemma 3.2 (Part 1). Suppose ¢ is admissible and p-increasing with 1 < p < oo, and both u, f € BV(Q) N
L (Q). Let xg € Ju \ (Sf U Zy). Then there exist § € (0,1), ro > 0, independent of p, and a constant

loc

C = C(¢,u™(w), f(x0)) > 0, such that whenever 0 < r < ro and 0 < p < 1, the functions
Upr(x) = O0u(z) + (1 — )7, rpu(z), (3.6)

satisfy
/ Wiips (2) — f(2)) dz + / i (2) — f(z)) dx — 2 / d(u(x) — f(@))dz < —Cpr™.  (3.7)
Q Q Q

With these, we may without much difficulty prove Theorem 3.2.

Proof of Theorem 5.2. Since J, is rectifiable, there exists a family {I';}¢2; of Lipschitz graphs with H™~1(J, \
Ui, T;) = 0. If the conclusion of the theorem does not hold, that is H™ !(J, \ Jy) > 0, then for some
i € ZT and T := Ty, also H™ 1((I'N J,) \ Jf) > 0. We will show that this leads to a contradiction. Since
R satisfies Assumption 3.1(ii), it is partially double-Lipschitz comparable (see Definition 3.4) in the direction
zr for u at almost every zo € (I'NJ,) \ J¢. In particular, since ™ (Z,) = 0, we may choose a point
zo € (T'NJy)\ (JrUZ,), where R is also partially double-Lipschitz comparable in the direction zr for u. We
let v = vy 4, € WHH(Q) N LS, (22) be the function given by Definition 3.4, satisfying zo ¢ S,. We also recall the
partial pushforward 74[u, v] from Definition 3.3. We pick arbitrary € > 0 and 6 € (0,1). Then for some r; > 0,
every U C B(zo,7), 0 <r <71 and 7,7 € F(Q,U, zr), the estimate holds

R(Fgu,v]) + R(ygu,v]) — 2R(u) < RT5 5 [D(u — v)|(clU) + (Tﬁl/l2 +r)er™/(1—6). (3.8)

The overall idea now is to apply Lemma 3.2 on the function g := u — v with data g := f — v for v. Indeed
Upr =0u+ (1 —0)yxlu,v] = (9(u —v)+ (1= 0)yz(u— v)) +v=qpr+0,

where g, is defined by (3.6). It is important here that v € W'1(Q) N L () with zg &€ S,. These imply that

g € L2 (Q) with H™1(J, \ Jf) =0, and (u —v) T (z0) — (u —v) " (x0) = ut(x¢) — u™ (x0). Thus by Lemma 3.2

there exist 6 € (0,1), r, > 0, and a constant C' = C(¢,u™ (), f(20),v) > 0, such that whenever 0 < r < ry
and 0 < p < 1, then

[ (a0 = @) dot [ 6@ (@)~ f@)do
Q Q

2 / o(u(x) — f(z)) dz < —Cpr™,
By convexity, obviously

Rtp,r) + R(ti—pr) = 2R(u) < (1= 0) (R(Yprg[u, v]) + R(v—p.rgt [u, v]) — 2R (w)) ,

Since the transformations v,, € F(Q,U,,zr), and U, C B(z,xr) for some £ > 0, it follows from (3.8), for
0 <r <ri/k that

|D(u — v)|(clU,) + (T/? + kr)e(kr)™. (3.9)

Yo,rsV—p,r

R(@p.) + R(i_p,) — 2R(w) < (1 — 0)R°T,

p,rsY—p,r



Since zg € Jy, \ Zy, referring to Lemma 2.1, we deduce
|D(u —)|(clU,) < 2[u™ (o) — u™ (x0)|wm—1 (k7)™
for 0 < r < r3 and some r3 > 0. Lemma 3.1 gives

T

Y—p,mY—p,r

S O///pQ

for some constant C" > 0. Setting

GWN=A¢WWPJ@DM+RW)

and summing (3.7) with (3.9), we observe for some constants C’,C" > 0 and every 0 < r < min{ry/k,r2,73}
and 0 < p < 1 that
Uy r(x)) + GU—pr(x)) — u) < rT 4 er’”” — Cpr" + e(Kkr .
Gl (1)) + G (1)) — 26 () < C'p2™ ™ 4 C"per™ — Cor™ 4 e(r) ™+
To see how to make the right hand side negative, let us set p = pr™. Then we get
G (1)) + Gl (2)) = 2G(u) < (C'* + C" e — Cp+ en™ )+,

We first pick p small enough that C’p < C/4. Then we pick € > 0 small enough that C”e < C/4 and ex™*! <
pC /4. This will force r > 0 small, but will give

G(ap,r(l‘)) + G(a,p’,,(m)) — 2G(u) < —Cﬁrm+1/47

which is negative. This says that min{G (%, (z)), G(u_,,(x))} < G(u). Thus we produce a contradiction to u
minimising G. O

4. Approximation results

In this section, we study two aspects of approximation. The first is how well we can approximate functions
of bounded deformation (or variation, for the matter) by differentials Vo of functions v € WH1(Q). These
approximations form the basis of proving partial double-Lipschitz comparability. The second aspect that we
study is the approximation of a function u € BD(£2) in terms of TGV-strict convergence, or generally convergence
such that u’ — u weakly* in BV(Q) and || Du’ — wl|2 pm(arm) = ||Du — w2 pmormy for w € LH(Q).

4.1. Local approximation in BD((?)

One of our most critical concepts is stated in the following definition.

Definition 4.1. We say that w € BD(Q) is BV-differentiable at = € € if there exists W, € BV},.(£2;R™) such
that

=0.
0 B(z,r) r Y

Remark 4.1. Clearly w is BV-differentiable everywhere if actually w € BVi,.(€2; R™). On a related note, the

BVoc assumption was also required in [2] for the study of traces of another function u with respect to |D%w].

Proposition 4.1. Every u € BD(Q) is BV-differentiable at L™-a.e. x € .

Proof. We know from [1, 25] that w is approximately differentiable at L™-a.e. z € ) in the sense of existence
of L = Vu(z) € R™*™ such that

o el) e - L o))
0 B(z,r) T

y=0.

It therefore suffices to set w,(y) := w(z) + L(y — ). O



Remark 4.2. The domain of BV-differentiability is however potentially larger than approximate differentiabil-
ity. A simple piece of evidence for this is the fact that any w € BV),.(2;R™) is BV-differentiable everywhere,
but not approximately differentiable on the jump set J,.

That we can show £™-a.e. approximate differentiability is not entirely satisfying. We would prefer to have the
property H™ 1L J,-a.e. Whether this can be achieved at least for w a solution to (1.3), remains an interesting
open question.

We will need the following simple result for our main application of BV-differentiability stated after it.
Lemma 4.1. Suppose w € BD(Q) is BV-differentiable at x € J,,. Then x € J~ with w*(z) = w; () and
w(x) = w, (z).

Proof. By the definition of BV-differentiability

lw(y) — @)l ,

lim [w(y) — Wz (y)|| dy < lim y = 0.
"0 B .r) "0 B ) "
This implies that w and @, have the same one-sided limits at z. O

The next lemma provides one of the most important ingredients of our approach to proving partial double-
Lipschitz comparability for higher-order regularisation functionals. For its statement, we recall from Definition
3.2 the class of Lipschitz transformations F(, U, zr) and the constant M., for a Lipschitz transformation ~.

Lemma 4.2. Let w € BD(Q), x € Q, and T' > x be a C* (m — 1)-graph. Suppose that w has traces w* (x) from
both sides of T' at z, and P (w*(z) —w™(z)) = 0. Then there exists v € WHH(Q) N C(Q) satisfying

lim w — V|l dy = 0. 4.1
fmf -y (4.)

If w is moreover BV-differentiable at x, then

for every e > 0, U C B(z,r),
for some r. >0,  whenever 0<7r<re and
v € F(Q,U, 2r), (4.2)

holds / v (w — Vo) — (w — Vo) || dy < (M~ +7)er™.
U

If x € Q\ Sy, we may take v € F(Q,U) (without any specification of T'). In particular, at L™-a.e. © €
there exists v € WHH(Q) N C(Q) satisfying (4.1) and (4.2) for every v € F(Q,U).

Proof. We first of all note that we may assume §2 bounded. Indeed, having fixed =, we may employ the construc-
tion below on a ball B(x,rg) C Q. Let us call this vg. Then we may find a smooth function ¢ € C°(B(x, o))
With X B(e,ro/2) < © < XB(a,ro), and take v := puyg.

With € therefore bounded, we first prove the results for v € F(Q, U, zr) with T specified. We denote for short
2 := 2z, and recall that z* is the plane orthogonal to z. We let

VE = {z e R™| +(z,z) > 0},
and define the transformation ¢ : R™ — R™ by
Uy) =y + fr(Ply)z,

Here we recall that P;- is the orthogonal projection to z*, and fr : Vr D 2+ — R is the scalar map from Section
2.2 corresponding to I'. Then (V1) = gr(Vr) = T'. We observe also that

v (y) =y — fr(Ply)z. (4.3)

Therefore
Vo y) =1 — (P)*'Vir(Ply) ® 2,
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Figure 3: Illustration of v in the proof of Lemma 4.2 with z = 0. The thin lines are the level lines of v, and the thick
dashed line illustrates the assumption Pz (w'(z) — w™(z)) = 0. Observe how the magnitude of (zr,w*) affects the
density of the level lines on each side of T".

Since (z, (P1)*V fr(Ply)) = 0 we find that Vi~!(x) is invertible. Because V fr is by assumption continuous,
this implies that
U(y) := VY~ (y) Ve~ (@) = Vo (y)[Ve~ ()]

is continuous with ¥(x) = I. More precisely for any € > 0, for suitable . > 0,

() — Il <e (1P (y )] <ro). (4.4)

As illustrated in Figure 3, we then let

vi=typv with o(y) = (Vo™ (@) w @),y — 7 (@) xv+(y)
(VY @) w (@), y — ¢~ (@))xv- (v)-
Recalling (4.3), we observe that v is continuous and differentiable outside ¥(z1), v € WL1(Q) N C(Q). In
particular, z € S,. Indeed, minding the continuity and differentiability of ¢!, it suffices to show that v €
WEY(B(0,R))NC(B(0, R)) for some R > 0 with ¢y~1(Q) C B(0, R). On B(0, R) \ 2z this claim is trivial, so we
concentrate on a point y € z-. At any such point P,(y — ¢ ~!(x)) = 0. Therefore, if we take sequence 3* — v,
we have lim;_, o, Py’ = P.¢~1(x). Now, we observe that we may rewrite

V(™ @) w (@) = [I + (P) V(P (2)) @ 2] 'w*(z)
= [l +2® [Vfr(Pla)] (PS)w (2)
= Pow*(2) + (I + 2 ® [V fr(Pla)]) Prw™ (z).

The last equality is the only place where we need the assumption P} (w*(z) —w™(z)) = 0. If now each y* € V*
or, respectively, each y' € V=, (i = 1,2,3,...), we see that
Jim 5(y") = (I + 2 © [V fr(Pra)])Plw™ (@), y — o7 (@),

As this is independent of whether {y’} approaches y from V* or V~, we deduce the continuity of v on z*.

Since v is continuous and also differentiable outside the linear subspace z», it is clearly of bounded variation
on B(0, R). As, moreover, Dv = VoL", we deduce that v € W1(B(0, R)), concluding the proof of our claim
that v € WH1(Q) N C(Q).

Let us then consider (4.1). Defining

we may write
Vu(y) = ¥(y)wo(y). (4.5)

Moreover, given € > 0, by the definition of the one-sided limits w™(x), we have for some 7. > 0 that

£ -wwld<e ©0<r<n) (46)
B(z,r)



Thus with C' = 2max{w™ (z),w™ ()}, recalling (4.4) and (4.5), we obtain

][ lwo(y) — Vu(y)ll dy S][ W (y) = Il[lwo(y)lldy < Ce, (0 <7 <re). (4.7)
B(z,r) B(z,r)

Combined (4.6) and (4.7) give
]i ) Ty < (040 <<,

Since € > 0 was arbitrary, we conclude that (4.1) holds.

We now have to prove (4.2), assuming that w is BV-differentiable at 2. We begin by observing that ¢ := w—wy
is then BV-differentiable with ¢, = @, — wg. Moreover

/U 1y (@x = wo)(y) = (Wa(y) — wo(y))|| dy < M, diam(U)| D (@ — wo)|(U).

< Crn Myr|D(ig — wo)|(U),

(4.8)

for some dimensional constant C,, needed to apply (3.3) to vector fields. By assumption v € F(£2, U, z). Thus
P}y~(y) = P}y, which implies
\I]O’y_l :q] (4.9)

Consequently

Y#(Vo —wo) — (Vv = wo) = v4([V — IJwo) — [¥ — T]wo
= [V — I](y4wo — wo).

Using (4.4) again,
/U Iy (V0 — wo) () — (Vo — wo)(w)]| dy

4.1
< [ Inswnty) - (o)l dy (4.10)
U
< €Cpp Myr|Dwo|(U) < M, C'er™, (0 <71 <7e),

for suitable 7. > 0 and some constant C’ = C"(I',w*(z¢)). Choosing r. > 0 small enough, we may now for
0 < r < re finally approximate

/U |(r(y) — 72 Vo)) — (w(y) - Vo))l dy

< / | (raw0(y) — 7 Vo (u)) — (woly) — Vo)) dy
U

+/ (v @ (y) = ywo(y)) — (Wa(y) — wo(y))ll dy (4.11)
U

+ /U o () — ()| dy + /U @2 (y) — w(w)l| dy
< Mr|D(@W, — wo)|(U) + M,C'er™ + er™ ™.

For the final inequality, we have used (4.8) and (4.10) for the two first terms of the middle step, and the definition
of BV-differentiability with the area formula for the last two terms. Referring to Lemma 4.1 and (2.5), we now
observe for suitable r. > 0 that

|D(@W, — wo)|(U) < er™ 1, (0<r < 7). (4.12)

The arbitrariness of € > 0 allows us to get rid of the constant factors in (4.11), and thus conclude the proof of
(4.2) in the case that v € F(Q, U, zr).

If v € Q\ Sy, and v € F(Q,U) (without any specification of T'), we set

Then



Also

so we get
v(Vv —w) — (Vv —wp) =0,

and do not need the property (4.9), which is the only place where we used the fact that v € F(Q, U, zr). Indeed,
instead of (4.4), we have the stronger property

/U (Vo — w0) () — (Vo — wo)(w) | dy = 0.

The rest follows as before. In particular, since by Proposition 4.1, w is BV-differentiable £™-a.e., and also the
approximate limit w exist £™-a.e., we deduce at L™-a.e. x € Q the existence of v € WH(Q) satisfying (4.1)
and (4.2) for v € F(Q,U). O

Remark 4.3. Our main reason for introducing the notion of BV-differentiability in Definition 4.1 is to be able
to perform the pushforward approximation in (4.2). For this it would also suffice to require the existence of
Wy, € BViee(§2; 27F) satisfying

1Pz w(y) — @5 . (y)|

lim i dy = 0. (4.13)

N0 B(z,r) T
Here z := zp. This holds because the slice u; () := (z,w(y + tz)) € BV(Q}) for QF := {t € R | y +tz € Q}, and
H™ Lae. y € PO [1]. Unfortunately, we do not know much about the slices t +— (e, w(y +tz)) for e L z, and
therefore need to assume BV-differentiability. Combined with (4.13), the assumption P (w™(z) —w™(z)) =0
that we required reduces into x ¢ S~, . In other words, we approximate P}w by a BV function for which x is

a Lebesgue point. What all this means is that we need to assume extra regularity from w in directions parallel
to the plane zfa but do not need to assume anything beyond w € BD(f2) along zp.

If w € BV(Q; R™) with m = 2 is the gradient of some function, we may do away with many of the assumptions
of Lemma 4.2. We will use this lemma on conjunction with ICTV.

Lemma 4.3. With m € {1,2}, suppose Q C R™ is an open domain, I' a Lipschitz (m — 1)-graph, and w =
Vv € BV(Q;R™) for some va € WH(Q). Then for H™ L-a.e. x € T there exists v € WH1(Q) N L>(Q) with
x & S, satisfying (4.1) and (4.2).

Proof. As in the proof of Lemma 4.2, we may assume that Q = B(z, ) for some 79 > 0. As Q then has a C?
boundary, by Lemma 2.2, vo € L°°(2). We may therefore simply choose vy = v, which trivially satisfies (4.1)
and (4.2). O

4.2. TGV-strict smooth approximation

We now study alternative forms of strict convergence in BV((2).

Theorem 4.1. Suppose Q& C R™ is open and let (u,w) € BV(Q) x BD(Q2). Then there exists a sequence
{(ut, wh)}22, € C°°(Q) x C°°(R™) with

u' = win L), [1Du* — w2 pmiurmy = [|1Du = wll2 pmamm),

w' = w in L' (G R™), | Ew' || pamssyme@my) = [1EW] pa(@isym? @m)) -

If only w € L*(;R™), then we get the three first convergences, but not the fourth one.

Proof. The proof follows the outlines of the approximation of u € BV(Q) in terms of strict convergence in
BV(Q), see [3, Theorem 3.9]. We just have to add a few extra steps to deal with w, which is approximated
similarly.

To start with the proof, given a positive integer m, we set Q¢ = @) and

Q= B0,k +m)N{w €| inf [lz—y]>1/(m+k)}
Y



We pick m large enough that
|Du—w|(Q\ Q) <1/i and |Ew|(2\ Q) < 1/i. (4.14)
With
Vi = Qo1 \ el 1,
each x €  belongs to at most four sets V. We may then find a partition of unity {{}72, with ¢ € C(Vy),
0<(¢:<land ) ,°;¢=1onQ.
With {pc}eso a family of mollifiers, and e > 0, we let

Uk 1= Pe,, * (ulr), and wy := Pey, * (wCk).

We select €, > 0 small enough that supp u,suppwy C Vi (doable because (; € C°(Vy)), and such that the
estimates

lur = uGell < 1/(2%),  and  |lpe, * (uVG) — uVGel| < 1/(2%), (4.15)

hold, as do
. — wCl < 1/(2%), and  |pe, * (w @ V) —w @ V|| < 1/(2%). (4.16)

We then let - -
u'(z) = Zuk(x), and w'(z) = Zwk(x)
k=1

k=1

By the construction of the partition of unity, for every x € Q there exists a neighbourhood of x such the these
sums have only finitely many non-zero terms. Hence u’ € C*°(£2). Moreover, as u = Y _po; Cku, (4.15) gives

o0
lu— || <Y llug — ug]| < 1/i.
k=1
Thus u* — u in L'(Q) as i — oo. Completely analogously w! — w in L'(Q;R™) as i — oo.
By lower semicontinuity of the total variation, we have

| Du — wl|2, mearmy < liminf | Du’ — w'||2 pmorm), and
1—> 00

[ Ewl

FM(Q;8ym2(Rm)) < lim inf I Ew* || pp(08ym? @) -

It therefore only remains to prove the opposite inequalities. Let ¢ € CL(;R™) with sup,cq |¢(z)] < 1. We
have

[ divelaune) = [ dive@)pn, * )@ de
Q Q
= [ div(pu, * @) (wule) da
= [ AvlG oo+ o @ule)dz — [ (VG@). (po * 2)a)ule) do
Q Q
— [ vl oo+ o) @)u(e) de
Q
- [ 900 (. * (0TG)) = (@VG) @) o
- [ (pla). (VG @) o

Since Y, | V(= 0, we have
Z/Q<<P($)» (uV¢k)(z)) dz = 0.

k=1



Thus using (4.15), we get

In the final step, we have set
Pk 1= Cr(Per * )

By the definition of w?, we also have
Jtetnwt@nas =32 [ (olo) oo (wii]a)

= kz_l/ﬂ@k(x)vw(x))dx.

Observing that —1 < ¢, < 1, and using the fact that 220:1 Xxv, <4, we further get

[ payaip —wiw) = = [ div @ @) + (olo),w' (@) da

Q

<— / div oy (2)u() + (1 (2), w(x)) d

> [ divgula)ute) + (ouo). wie) do -+ 1/i

k=

< |Du—w|(Q)+ > [Du—w|(Vi)+1/i
k=2

< |Du — w|(Q) +4|Du — w|(Q\ Q1) + 1/i

< |Du — w|(2) + 5/1.

In the final step we have used (4.14). This shows that || Du’ — w'||s pmirm) = [Du — w|l2 po;rm)-

Next we recall that

|Ew|(Q2) = sup /Q<div o(z),w(z)) dx

PECZ (Sym™ X ™):||l@(x) [ oo <1

with the divergence taken columnwise. Therefore, arguments analogous to the ones above show that
|Ew || 7 pm(isym2 @) = [Ew] g aq(oisym2@my) if w € BD(Q). If only w € L'(€;R™), then we do not get
this converges, but the proof of the other converges did not depend on w € BD(2) at all. This concludes the
proof. O

For our present needs, the most important corollary of the above theorem is the following. We note that after
the first version of this manuscript was submitted, a similar result has been published in the tensor space setting
in [8]. This is, however, proved directly without being based on the more general result of Theorem 4.1.

Corollary 4.1. Suppose Q@ C R™ is open and let (u,w) € BV(Q) x L1(Q;R™). Then there exists a sequence
{ui}se, € C(Q) with

' —uin LNQ) and ||Du’ — wllg pmrm) — [|Du— wlla pmiairm), (4.17)

as well as Du® = Du weakly* in M(Q;R™).



Proof. Let {(u*,w®)}%2, € C®(Q) x C>°(Q;R™) be given by Theorem 4.1. Then
Jim (| D’ — wly sz < Jim ([ Du’ = w'fla paeamen) + 0" = wllz, 21 (@)
= ||DU — wHQ,M(Q;R’")'

Analogously we deduce ‘
lim [[Du® —wlls, meamem) 2 [[Du = wllz, mcamm)-

This gives (4.17). Clearly, by moving to a subsequence of the original bounded sequence, we may further force
Du® = Du weakly* in M(Q;R™). O

The following corollary shows the approximability of © € BV(Q) in terms of TGV?-strict convergence. It is
of course easy to extend to TGV* for k > 2.

Corollary 4.2. Suppose Q C R™ is open and let u € BV(S2). Then there exists a sequence {u'}3°; € C*(Q)
with u* — u in LY(Q), Du’ = Du weakly* in M(£;R™), and TGV?B’Q)(M) — TGV%&&) (u) for any o, B > 0.

Proof. Let w achieve the minimum in the differentiation cascade of definition (1.3) of TGV?, the minimiser
existing by [10]. Let then the sequence {(u’,w’)}2, € C=(Q) x C*(;R™) be given by Theorem 4.1. As in
the proof of Corollary 4.1, we may assume that Du* = Du weakly* in M(Q;R™).

To see the convergence of TGV?&Q) (u?) to TGV?B’Q) (u), we observe that by definition

TGV%ﬁ,a) (Ui) < 0‘||Dui - wi||2,M(Q;Rm) + BHEwi||F,M(Q;Sym2(Rm))

Moreover _ _ _
115& al[Du’ — w'|lo, mearm) + BIEW || pa(0i8ym2 ) = TGV%B,Q) (u).

Since the TGV? functional is lower semicontinuous with respect to weak* convergence in BV(Q) ([9], see also
Lemma 5.5 below), the claim follows. O

5. Higher-order regularisers

We now study partial double-Lipschitz comparability of second- and higher-order regularisers. We start in
Section 5.1 with general results for a specific form of higher-order regularisers. We then apply these to TGV?
in Section 5.2. As the results for TGV? are not completely satisfying, afterwards in Section 5.3 we consider
variants of TGV? for which we have gradually stronger results. We finish in Section 5.4 with infimal convolution
TV (ICTV).

5.1. A general double-Lipschitz comparability result

The basic idea of the proof of double-Lipschitz comparability of TGV?, ICTV, and other higher-order regularisers
is similar to the proof for TV in Part 1. We however need to deal with the second-order variable w as well.
This adds significant extra complications. One of them is the use of the symmetrised gradient Ew in TGV?.
This has the consequence that we cannot use estimates of the type of Lemma 5.3 in Part 1. We need the
BV-differentiability of Section 4.1 here. Also, the variable w alone is problematic in the expression Dygu — w
for the use of the area formula. In order to deal with it, we have to take something, Vv, out of w, and shift this
into u. This is done by the partial push-forward, see Figure 1. Finally, we need to be careful with the jump set
of w, also removing it from some estimates.

Here we consider general regularisers formed by fixing & = (8, «) > 0, a proper weak* lower semicontinuous
functional ¥ : BD(Q2) — R, and defining

Fy(u) := inf  af/Du—w|

rm) + BT BV(Q)). 1
weLi(BRm) Fomerm) + 0¥ (w),  (ueBV(Q) (5.1)

We cannot in general prove Assumption 3.1(ii) for Fy quite exactly, only for ™ !-a.e. x € I'N D, NOL, where

w?

D, :={z € Q| w is BV-differentiable at z}, and (5.2a)
O, :={z €T | P:(w"(z) —w (z)) = 0}. (5.2b)

In specific cases, the sets however turn out to be large enough that Assumption 3.1(ii) holds. Note that in the
following lemma, we do not prove or require Fy to be admissible by Definition 3.1.



Lemma 5.1. Let Q C R™ be a bounded domain with Lipschitz boundary. Suppose for any u € BV(Q) there
exists a minimiser w € BD(Q) to (5.1) for u. Then Fy satisfies Assumption 3.1(i). Moreover, given u € BV(Q),
a corresponding minimiser w € BD(Q) to (5.1), and any Lipschitz (m — 1)-graph T’ C Q, we verify

(it*) Fy is partially double-Lipschitz comparable (Definition 3./) for u in the direction zr at H™ -a.e. v €
I'n D, NUL, where for each w and T we set

vt lacq exists v € WHL(Q) N L2 (Q) with x € S,, satisfying (5.3),
w =T and for 7,v,U, €, and r as in Definition 3.4, (5.4) ’
Here the conditions are
lim w— Vol dy =0, 5.3
i f el (53)
and
> / Iy (w — Vo) = (w — Vo) || dy < (1272 + r)er™. (5.4)
— U -
=7y

Using Lemma 4.2 we immediately deduce the following lemma as a corollary.

Lemma 5.2. Let Q@ C R™ be a bounded domain with Lipschitz boundary. Suppose for any u € BV(Q) there
exists a minimiser w € BD(R2) to (5.1) for u. Then Fy satisfies Assumption 3.1(i). Moreover, given u € BV(Q),
a corresponding minimiser w € BD(Q) to (5.1), and any Lipschitz (m — 1)-graph T C Q, we verify

(ii’) Fy is partially double-Lipschitz comparable for u in the direction zr at H™ '-a.e. x € N D, NOL.

Proof. The satisfaction of Assumption 3.1(i) follows directly from Lemma 5.1. Regarding (ii’), in order to apply
Lemma 4.2, we need a C! (m—1)-graph. Indeed, as a consequence of the Whitney extension theorem [24, 3.1.14]
and Lusin’s theorem applied to fr, we may cover I' by C! (m — 1)-graphs {A;}$2, satisfying zp, = zr, and
H™ T\ U2, A;) = 0. Since by Lemma 4.2 now U2 D OA¢, for every i € Z*, the claim follows from Lemma
5.1. O

If there exists for every u a minimising w to (5.17), actually in W1(€; R™), we verify Assumption 3.1(ii).

Lemma 5.3. Let Q@ C R™ be a bounded domain with Lipschitz boundary. Suppose for any u € BV(Q) there
exists a minimiser w € WH1(Q;R™) to (5.1) for u. Then Fy satisfies Assumption 5.1.

Proof. If w € WH1(Q;R™), it is BV-differentiable everywhere (cf. Remark 4.1). Thus D* = ). Moreover, given
a Lipschitz (m — 1)-graph T', we observe that H™~1(I' N S,,) = 0. This follows from the BV trace theorem [3,
Theorem 3.77], which guarantees the existence of w* almost everywhere on I, the property H™ (S, \ J,) = 0
in BV, and the fact that H™1(J,,) = 0 for w € W(Q; R™). Thus in particular H™~}(T'\ OL) = 0. Lemma
5.2 now implies Assumption 3.1 in full. O

Proof of Lemma 5.1. We pick arbitrary w € BD(2) achieving the minimum in (5.1). To show Assumption 3.1(i),
we use Lemma 4.2 to show at L™-a.e. x € € the existence of v € W11(Q) N C() satisfying (4.1) and (4.2) for
every v € F(,U). For (ii*) we fix x € ' N D,, N UL, and use v € WH1(Q) N L2 (Q) with = ¢ S, as provided
by the definition of UL. Observe that in both cases v € Wh1(Q) N L2 (Q) with = € S, and (5.3) and (5.4) are
satisfied.

We recall the partial pushforward v4[u, v] from Definition 3.3, and define

Uy = ’Y#[[U,UH :7#(U_v)+uv (7:77')/)'
If we also set
H(u7 U)) = OLHDU - w||2,M(Q;]Rm) + ﬂ\Ij(w)v (55)

then Fy(u') < H(u',w') for all (u',w’) € BV(Q) x L'(Q;R™). To prove the partial double-Lipschitz compara-
bility property (3.4) for w at z, it therefore suffices to prove

open set U C B(xo,T),
0<r<re, and

7,7 € F(Q,U) (resp. F(,U, 2r))
with T5 , < 1,

for any € > 0,
the existence of r. > 0, such that any



satisfy
H(ug,w) + H(uy, w) — 2H (u,w) < Ty, |D(w = 0) (1 U) + (T30 + r)er™, (5.6)

for w achieving the minimum in (5.18) for u. Here we recall the family F(Q, U, zr)) of Lipschitz transformations,
and the double-Lipschitz comparison constant 1% . from Definition 3.2. For the following, we also recall A,

G=

77> D j,y from the very same Definition.

We suppose first that u € W1 (Q). With v =75,v, we have 74 Vu = Vy 'y, Vu [38, Section 4.1]. Thus we
may expand

Vuy —w=Vyg(u—v)+Vv—w
= V(T — Vo) + 74T — w)
~ (Vo — w) — (Vo —w)]
=V e (Vu —w) + (I = V™ )y (Vo — w)
~ (Vo —w) — (Vo — w)].

It follows
/ IVus — wl|dy < / 1 A44(Vu — w)]| dy
U U
+ /U 1T =V () (Vo — w)| Fony dy (5.7)
4 /U (V0 — w) — (Vo — w)]| dy.

With v = 7,7, using (5.3) we get

/U I = V4 () (Vo — w)[| Ty dy < D, /U V0 — w]| Ty dy

<D, (1, +1) [ V0= wlldy (5:8)
U
< D, (Jy + 1)er™.
Using (5.8) and (5.4) in (5.7), we see that
> [1ve-ulars 5 ([ 1a7u-wldy 0,07+ nam)
Y=V v Y=Y v
+ (122 + r)er™
Subtracting 2 [, [[Vu — w|| dy and using the defining equation (3.2) of Gy, we obtain
[ 19us=wlldy+ [ 190, ~wldy—2 [ 190wy
U U U
_ 12 (5.9)
< Gm/ IVu—wlldy+ > Dy(Jy + Der™ + (T2 + r)er™.
v Y=,y B
We deduce from (5.3) that
/ IVu —wl| dy < / IVu — Vol dy + er™.
U U
Using this in (5.9) we finally have
[ 19us = wlldy+ [ 190~ wldy—2 [ [Tu-wildy
v v v (5.10)

<Gssy /U 19 (u - o)l dy + (Cs. + r)er™,

where B B
sy = Gy + D(J5+ 1) + Dy (Jy +1) + T2/,



Under the assumption 7%, < 1 contained in Definition 3.4, this can be made less than a constant times Til/y 2

Since € > 0 was arbitrary, we can get rid of any extra constant factors, proving (5.6) if u € WH1(Q).

For general u € BV(£2) we use Corollary 4.1, to form a sequence {u’}$; € C°°(Q) with
u' —win LY(Q) and [|[D(u’ — )|z m@rm) = D — 0|2, miarm), (5.11)

as well as Du’ = Du. Here we keep both w and v fixed, as constructed above for u, observing that the steps
leading to (5.10) depended on the relationship of w to v but of neither to u. Also neither € > 0 nor 79 > 0 in
(5.10) depends on u itself. Therefore (5.10) holds in a uniform sense for the sequence {u’}3°;. In particular

H(u%, w) + H(uzl, w) — 2H (u', w) < G7,1|D(ui —)|(U)+c (i€eZ") (5.12)

for the small nuisance variable ¢ := (T%/f + r)er™, independent of i.

The sequences {U%}f; and {u!}5°, are bounded in BV(£2). This follows from [3, Theorem 3.16] describing
the behaviour of Lipschitz push-forwards in BV, and the boundedness of {u‘}$°; contained in (5.11). We may

therefore extract a subsequence, unrelabelled, such that both {ul7 2, and {ul}°, are convergent weakly* to

some 7 € BV(Q) and u € BV(Q), respectively. Moreover, by (5.11), (5.12), and the lower semicontinuity of the
Radon norm with respect to weak® convergence, we find that

H (@, w) + H(u,w) — 2H (u,w) < liminf G - |D(u’ — v)|(U) + c.
i—00 -

Let us pick an open set U’ D U such that |Du|(AU’) = 0. Then |D(u® — v)|(U") — |D(u — v)|(U’) because
D(u® —v) = D(u — v) strictly in M(2; R™); see [3, Proposition 1.62]. It follows

H (@, w) + H (, ) — 2H (u, w) < G oD —0)|(U7) +c.
By taking the intersection over all admissible U’ D U, we deduce
H(w,w) + H(u,w) — 2H (u,w) < G54|D(u—v)|(clU) +c. (5.13)

This is almost (5.6) just have to show that @ = Jx[u,v] and u = y4[u, v]. Indeed

/Q () — T [, o] dr < /Q () - Fulut, o] de + /Q T, o] — T 0]

| | (5.14)
S/Qm(x)—ﬁ#[[ul7v]]|dx+0/ﬂ|u(x)—u(x)\dw

for

Q—G?ZM@>§®WW<W~

The integrals on the right hand side of (5.14) moreover tend to zero by the strict convergence of u’ to u and
the weak* convergence of Jxu' to . It follows that & = ¥4 u. Analogously we show that u = v#u. The bound
(5.6) is now immediate from (5.13). O

Before studying specific higher-order regularisation functionals, we provide another general result that will
be useful for regularisers with convex ¥ that forces w € BV(€;R™) C BD(Q).

Lemma 5.4. Let Q C R™ be a bounded domain with Lipschitz boundary. Suppose ¥ : BV(Q;R™) — R
is conver and lower semicontinuous with respect to weak* convergence in BV(Q;R™), and satisfies for some
constant C' > 0 the inequality

For any d = (B,a) > 0, define

Fy(u) = weL}I(lffl‘;]Rm) al[Du — wl| g amoirmy + B¥(w),  (u € BV(Q)). (5.16)

Then Fy is an admissible regularisation functional on L'(SY), i.e., satisfies Definition 3.1.



Proof. Minding (5.15), it is not difficult to see that a minimising sequence {w?}3°; for the expression of Fy (u)
in (5.16) is bounded in BV(2). The existence of a minimising w € BV(£2; R™) for Fy(u) therefore follows from
the lower semicontinuity of W. If now u’ — u weakly* in BV(Q), with corresponding minimisers w’ to the
expression of Fy(u?) in (5.16), then we may again deduce that {w?}3°; is bounded in BV(£;R™). Therefore,
we may extract a subsequence, unrelabelled, such that also {w?}$2, converge weakly* to some u € BV(£2). But
the functional

H(u,w) := «||Du — w|

FM@rm) + BY(w), (5.17)
is clearly lower semicontinuous with respect to weak* convergence of both variables. Since Fy(u) < H(u,w),
and Fy(u') = H(u®,w'), we deduce that Fy is weak* lower semicontinuous.

To see the coercivity property (3.1), we use the fact that

||Du||F,M(Q;]Rm) < C(HDU — U}HF’M(Q;an) + ||Dw||F,M(S2;Sym2(Rm)) + ||u||L1(Q)).
This follows from the Poincaré inequality and an argument by contradiction; for details see [11, 10]. Plugging

in (5.15) immediately proves (3.1).

Finally, Fy is clearly convex, so the above considerations show that it is admissible. O
5.2. Second-order total generalised variation

Total generalised variation was introduced in [9] as a higher-order extension of TV that avoids the stair-casing
effect. Following the differentiation cascade formulation of [11, 10], it may be defined for v € BV(Q) and
a=(f,a) as

TGVZ(u) == L al|Du — wllz,pmerm) + Bl EW] pat(0;8ym2@m)), (5.18)

with a minimising w € BD(2) existing. Clearly
TGVZ(u) < aTV(u).

Moreover, TGVZ is a seminorm. In fact, it turns out that the norms |ju||z1 + TV (u) and ||Jul|z1 + TGVZ(u)
are equivalent, as shown in [11, 10]. In other words TGV% induces the same topology in BV(Q) as TV does,
but different geometry, as can be witnessed from often much improved behaviour in practical image processing
tasks.

Lemma 5.5. Let 2 C R™ be a bounded domain with Lipschitz boundary. Then there exist constants ¢,C > 0,
dependent on ), such that for all u € L'(Q) it holds

c(lullpre) + 1Dullpmeoirmy) < lullLi@) + TGV%B,Q)(“) < C(Jlull L) + 1Dul m@rm))- (5.19)

Moreover, the functional TGV is lower semicontinuous with respect to weak* convergence in BV(Q).

Proof. Lower semicontinuity is proved in [9] for the original dual ball formulation. Equivalence to the differen-
tiation cascade formulation presented here is proved in [11, 10], where the norm equivalence is also proved. O

The following proposition states what we can say about partial double-Lipschitz comparability of standard
TGV

Proposition 5.1. Let Q C R™ be a bounded domain with Lipschitz boundary. Then TGVi is an admissible
regqularisation functional on L'(Q), i.e., satisfies Definition 3.1, and also satisfies Assumption 5.1(i) and (ii’).

Proof. We know from Lemma 5.5 that TGV3 is lower semi-continuous with respect to weak* convergence in
BV(€), and that (3.1) holds. For the verification of Assumption 3.1(i) and (ii’) we apply Lemma 5.2 with
U(w) := || Ew| F,M(£;Sym?2(R™))" O

Corollary 5.1. Let the domain Q@ C R™ be bounded with Lipschitz boundary, and ¢ : [0,00) — [0,00) be an
admissible p-increasing fidelity function (Definitions 5.5 and 3.6) for some 1 < p < co. Let f € BV(Q)NLS. (),
and suppose u € BV(Q) solves (P) for R = TGVZ. Let w € BD(Q) achieve the minimum in (5.18) for u, and
let T C Q be any Lipschitz (m — 1)-graph. If u € L2, (), then for D,, and O defined in (5.2), we have

loc

H™ T, NT N D, NOL\ Jp) = 0.



Proof. By Proposition 5.1, R = TGV% is partially double-Lipschitz comparable for u in the direction zr at
H™ lae. x € T'N D, NOL. The proof of Theorem 3.2 now goes through for H™ !-a.e. point 29 € J, N T N
D, NOL\ Jg. O

Remark 5.1. As Lemma 5.2 does not significantly depend on the structure of ¥, Proposition 5.1 trivially
extends to the differentiation cascade formulation of TGV”, (k > 3), defined for the parameter vector & =
(1,...,05) >0 as

k

TGVE(u) = inf Zak,gHEw,l — ug||.
ue €L (;Sym* (R™)); =
l=1,..., k—1;up=u, ur=0"

The extension of the proof of this formulation in [11] for £ = 2 to k¥ > 2 may be found in [8].

5.3. Variants of TGV?

As we have seen, we are unable to prove jump set containment for TGV? unless we assume that the minimising
w € BD(Q) in (5.18) actually satisfies w € BVi,c(Q2) and P (w'(z) —w™(x)) = 0 for any Lipschitz graph T'.
Of course, we also have to assume that v € LS, (Q2). Whether we can prove any of these properties, we leave as
a fascinating question for future studies. Here we consider a couple of variants of TGV? for which we get step

by step closer to the satisfaction of the assumptions of Theorem 3.2.

The first modification, already considered in [9], is the non-symmetric variant, which may be defined as

TGVZ(u) == i Du — R D T2 (Rm))- 5.20
nsTGVg(u) weBgl(lg;Rm)aH u = wl|pmerm) + BllDw] p ;2 mm)) (5.20)

It is not difficult to extend Lemma 5.5 to this this functional, and then use Lemma 5.2 to obtain the following.

Proposition 5.2. Let Q C R™ be a bounded domain with Lipschitz boundary. Then nsTGVé is an admissible
reqularisation functional on BV(Q), i.e., satisfies Definition 3.1), and also satisfies Assumption 3.1(i) and

(#”) nsTGV% is partially double-Lipschitz comparable for u in the direction zr at H™ ‘-a.e. x € OL.

Here we have used the fact that H™1(Q \ D,) = 0 resulting from the everywhere BV-differentiability
of w € BV(Q). We have therefore reduced the assumptions of Theorem 3.2 holding to v € L2 (), and
Pz (wt(z) —w™(x)) = 0 H™ *-a.e. on any Lipschitz graph T'.

Similarly to Corollary 5.1, we have:

Corollary 5.2. Let the domain Q@ C R™ be bounded with Lipschitz boundary, and ¢ : [0,00) — [0,00) be an
admissible p-increasing fidelity function (Definitions 5.5 and 3.6) for some 1 < p < oo. Let f € BV(Q)NL.(Q),
and suppose u € BV(Q) solves (P) for R = nsTGVZ. Let w € BD(Q) achieve the minimum in (5.18) for u, and
let T C Q be any Lipschitz (m — 1)-graph. If u € L.(Q), then for OL defined in (5.2), we have

loc

H™ N (J,NTNOL\ Jp) =0.

Modifying TGV? a little further, we can do a little bit more. As we recall from Korn’s inequality, functions
with bounded symmetrised gradient in L? for ¢ > 1 are much better behaved than for ¢ = 1. We exploit this to
define variants of TGV? with stronger double-Lipschitz comparability properties.

Corollary 5.3. Suppose Q C R™ is an open bounded set with Lipschitz boundary, and 1 < ¢ < co. Then

TGVZ? (u) := min o||Du —w rmy + B||Ew 4(€Q:Sym?2 (R™
ERICD) wew g [ 2, m(rm) + BIIEW| 7, La(0:8ym? @)

is an admissible reqularisation functional on L*(Y) (Definition 3.1), and satisfies Assumption 5.1.

In other words, the only bit missing from the satisfaction of the assumptions of Theorem 3.2 is that the

solution u € L{? (€2). Similarly to Corollary 5.1, we then obtain:



Corollary 5.4. Let the domain Q@ C R™ be bounded with Lipschitz boundary, and ¢ : [0,00) — [0,00) be an
admissible p-increasing fidelity function (Definitions 3.5 and 3.6) for some 1 < p < co. Let f € BV(Q)NL (),
and suppose u € BV(Q) solves (P) for R = TGV;%W) with 1 < q < co. If u € L.(Q), then

loc

H™ (T, \ ) = 0.

Proof of Corollary 5.3. We may write TGVi{,%(u) = Fy with

U(w) = [€wllp,ze(@isym2®m)), w € Wyl (; R™),
. 0, otherwise.

Condition (5.15) of Lemma (5.4) is now an immediate consequence of Korn’s inequality (2.6). For weak* lower
semicontinuity, we have to establish that any BV-weak* limit point w of a sequence {w'}2; C WO1 1(Q; R™)
with
sup [|wllz, L1 (irm) + |EW]| 7, La(@s8ym2 @my) < C < 00, (5.21)
1

also satisfies w € Wol’q(Q;]Rm). The lower semicontinuity of [|€ - || Le(isym2(rmy) itself is standard. By the
Gagliardo-Nirenberg-Sobolev inequality, Korn’s inequality (2.6), and approximation in C2°(£2; R™), we also
discover

[w']l2,La(@rm) + VW' || £ raim2@m)) < ClIEW' || F La(@isym2@m)) < C'C.

We may therefore assume {w’}$2; convergent weakly in W14(Q;R™), necessarily to w. It follows that w €
Wha(Q; R™). But w? € Wy (2 R™) and W, ?(92; R™) is strongly closed within the reflexive space W14(Q; R™),
hence weakly closed as a convex set [12]. Therefore w € Wy '?(€;R™) ¢ Wh1(Q; R™). This establishes BV-weak*
lower semicontinuity of ¥. Lemma 5.4 now shows the admissibility of TGV?XJ%. Finally, we employ Lemma 5.3
to verify Assumption 3.1. ’ O

In Figure 4, we have a simple comparison of the effect of the exponent ¢ with fidelity ¢(t) = ¢2/. For ¢ = 1,
we have chosen the base parameters o = 25 and 3 = 250 on the image domain € := [1,256]2. For other values of
¢, namely ¢ = 1.5 and ¢ = 2, we have scaled 3 by the factor 2562(¢=1)/¢, This is what the the Cauchy-Schwarz
inequality gives as the factor for the g-norm to dominate the 1-norm on an image with 2562 pixels. We also
include the TV result for comparison. The PSNR for variants of TGV? with different ¢ values is always the
same, 29.2, while TV has PSNR 28.0. There is also visually no discernible difference between the different
g-values, whereas TV clearly exhibits the staircasing effect in the background sky. It therefore seems reasonable
to also employ in practise this kind of variants of TGV?, for which we have stronger theoretical results now,
only lacking a proof of the local boundedness of u to complete the proof of the property H™ =1 (J, \ J¢).

5.4. Infimal convolution TV

Let v € BV?(Q) for the space is defined in (2.7). We then define the second-order total variation by
TVZ(v) = || DVl 7 (72 zmy) -
Then second-order infimal convolution TV of u € BV(), first introduced in [15], is written

ICTVg(u) := (aTVOBTV?)(u) := inf (aTV(v1)+ BTV?(v2)), (5.22)

u=v1+vo
where necessarily vy € BV?(Q), and v; € BV(Q). Clearly we have
TGVZ(u) < nsTGVZ(u) < ICTVg(u) < aTV(u). (5.23)

It has been observed that while ICTV is better at avoiding the stair-casing effect than TV, it fares worse than
TGV? [4].

We did not find a proof of the weak* lower semi-continuity of ICTV in the literature, so we provide one
below. Then we show that ICTVs is admissible and partially double-Lipschitz comparable as required by
Assumption 3.1. As already observed in the Introduction, we remark, however, that the the jump set containment
H™ 1 (J, \ J§) = 0 can be proved for ICTV using the result for TV, if we assume that vy € L2 ().

Lemma 5.6. Let 2 C R™ be a bounded domain with Lipschitz boundary. Then ICTV s is lower semi-continuous
with respect to weak* convergence in BV(Q).



(a) Original (b) Noisy image (¢) TV, d=25

(d) ¢ =1, &= (250, 25) (e) ¢ = 1.5, @ = (10079, 25) (f) ¢ = 2.0, @ = (64000, 25)

Figure 4: Effect of the of exponent ¢ in the norm ||Ew||p,La(0;sym2@®m)) in variants of TGV? together with fidelity
#(t) = t/2. The B factor has been scaled from the case ¢ = 1 with the help of the Cauchy-Schwarz inequality. There is
no discernible difference between the results for different g, all having PSNR 29.2, while the TV comparison has PSNR
28.0 and exhibits the stair-casing effect in the sky that TGV? variants do not.

Proof. Let u® = u weakly* in BV(Q), (i = 0,1,2,...). We may then without loss of generality assume that
{lluf]l L2 () + DU | pamosrm) 520 is bounded. Let v € BV(Q) and vi € WH(Q) with Vv € BV(Q;R™) be
such that

Ck||DU11||F7M(Q;Rm) + BHDVUEHF,M(Q;TZ(R"’)) < ICTV&(UZ) + 1/i, (Z =0,1,2,.. )

Observe that we may take each vi such that
vl = / vi(z)de =0, (5.24)
Q

since the infimum in (5.22) is independent of the mean of v! and v2.

If lim sup, ICTV4(u?) = oo, there is nothing to prove, so we may assume that sup; I[CTV g(u?) < oo. It follows
that both the sequence {||Dvi|r ramrm)}ticy and the sequence {||DVvd|lpar(asym2®m)) fico are bounded.
Minding (5.24) and the assumption that € has Lipschitz boundary, the Poincaré inequality now shows the
existence of a constant C' > 0 such that

03]l L1 (@) = llvi — 0illL1@) < ClIDVi I ppm@mmy,  (i=0,1,2,...),

Consequently {v?}%° admits a subsequence, unrelabelled, weakly* convergent in BV(Q) to some v € BV(Q). By
the boundedness of the sequence {|v{||L1(q) + ||D'U1||FM(Q Ry } 1520 and of {|juf|| 11 @) + | Dut|| g (o) } 1520
it follows from u’ = v} 4 v4, moreover, that {|[v}| L1« @ + | D3|l (0 Rm)}} o is bounded. Consequently,
moving to a further subsequence, we may assume that v — vy strongly in WHH(Q) and Vs = Vo, weakly*

in M(Q; Sym?(R™)), for some v, € WH(Q) with Vuy € M(Q; Sym?(R™)). We clearly have u = limu’ =
lim(vi +v3) = vy +vq. Hence, by the lower semicontinuity of the Radon norm with respect to weak* convergence



of measures, we obtain
ICTVa(u) < a||Dvi||pa@zrm) + BIIDVvs|
< lim inf of| Dvi || s + BIIDV3 || a2

< liminf (ICTV4(u) + 1/i)
71— 00

FM(T2(R™))

= liminf ICTV(u?).
71— 00
Thus ICTV4 is weak* lower semi-continuous, as claimed. O]

Proposition 5.3. With m € {1,2}, let Q@ C R™ be a bounded domain with Lipschitz boundary. Then ICTVz is
an admissible regularisation functional (i.e., satisfies Definition 5.1) on LY(Q), and satisfies Assumption 5.1.

Proof. We have already proved that TGV% satisfies the coercivity criterion (3.1). It immediately follows from
(5.23) that ICTV4 also satisfies this. By Lemma 5.6, ICTV is weak™* lower semicontinuous on BV(£2). The rest
of the conditions of Definition 3.1 are obvious. Thus ICTVy is admissible.

Let u = v1 + vz be the optimal decomposition in (5.22) for u. Let us set ¥(w) = Bl Dw| rrms2@®m) +
Xrngv(w). Then ICTVg = Fy. Since in this formulation w = Vv, € BV(Q;R™), we observe that D* = Q.
Lemma 4.3 further shows that H™~1(I'\ UL) = 0. Thus Assumption 3.1 can be proved using Lemma 5.1. [

In fact, we have the following strong result for ICTV in these dimensions with a further regularity assumption
on the boundary (Definition 2.1). This assumption is satisfied by the typical case of a rectangular 2 (Example
2.1).

Theorem 5.1. With m € {1,2}, let @ C R™ be a bounded domain with C2N boundary. Suppose ¢ [0,00) —
[0,00) is an admissible p-increasing (Definitions 3.5 and 3.6) fidelity function for some 1 < p < oo, and
f € BV(Q)NL>(Q). Then any solution u to (P) with R = ICTVg satisfies H™ *(J, \ J¢) =0 and u € L>=().

Proof. Minding Proposition 5.3, the only assumption of Theorem 3.2 that remains to be satisfied is that u €
L2 (). We prove that u € L*°(Q) using a barrier argument. We let u = v1 + vo be the optimal decomposition

loc
in (5.22). As a minimiser u satisfies

/Q(/)(|f(x) —u(z)])de + ICTVz(u) <ICTVgz(f) < aTV(f). (5.25)

This gives in particular

[Dv2l2, pm(0rm) < [|Dulle, mearm) + | Dvill2, m0rm)
< [[Dullz, m(eirm) + TV(f).

Here || Dul|2, p1(;rm) may be bounded in terms of [|ul| 11 (o) +ICTVg(u) by Lemma 5.5 and (5.23). Using (3.5) and
(5.25) we can therefore bound || Dvs || am(rm) < C1TV(f) for some constant Cy = C1(d, m). We may without
loss of generality assume that f;, v1 dy = 0. Then the Poincaré inequality and (5.25) bound [|v1 || 11 () < CoTV(f)
for some constant Cy = Co(2, ). Using (3.5) and (5.25), we then bound |[va||z1(q). As (5.25) already bounds
| DVa| pm(0i72(RmY), We therefore deduce

[vallBvz() < C3
for some constant C5 = Ci(@, f,®,Q). Using the continuous embedding of Lemma 2.2, we then deduce the
existence of a constant Cy = Cy(&, f, ¢,, m) such that

lv2]| oo () < Cla.
Let M := Cy + || f||z=(q), and suppose ||[v1||z(q) > M. If we set

01(y) := max{—M, min{v (y), M}},

then || Dv1 |2, pmrm) < [[Dvill2, pm(0irmy by a simple application of the co-area formula in BV. Moreover

A P(I(f(2) = va(2)) — V1 (2)]) do < A ¢(I(f(x) = va(2)) — vi(2)]) dz

by the construction of ¥;. This provides a contradiction to u solving (P). Therefore [vi|lp=(q) < M, and
consequently |[u|ze(q) < Cy+ M.



6. Limiting behaviour of LP-TGV?

Having studied qualitatively the behaviour of the jump set .J,,, and obtained good results for variants of TGV?
although not TGV? itself, we now want to study it quantitatively. We recall the definition from (5.18). We let
the second regularisation parameter 3 of TGV? go to zero, and see what happens to D®u for u solution to the
LP-TGV? regularisation problem, namely

: _ P 2. 1
Lohim If = ull}pq) + TGVa(u) (6.1)

The next proposition states our findings.

Proposition 6.1. Let a« >0, 1 < p < oo, and f € LP(Q). Then for every e > 0 there exists By > 0 such that
any solution u to (6.1) satisfies
| D*ull paammy <€ for B€ (0, Bo). (6.2)
Proof. Let {p-}r>0 be the standard family of mollifiers on R™, and use the notation
Ur = prxu, and w;i=prxw
for mollified functions, where w minimises (5.18) for . Then
1f = urllr) < 1fr = urllo) + I1f = frlle)
< |\f —uller) +1f = frllze)-
Let § > 0 be arbitrary. Since ||f — fq—”Lp(Q) — 0, we deduce the existence of 75 > 0 such that
”f - UTH]ZP(Q) S Hf - uHiP(Q) + 57 for 7 € (077—5]'
It can easily be shown by application of Green’s identities that the symmetric differential operator E satisfies
Ew, = p; x Fw = Ep; *w,
similarly to corresponding well known results on the operator D. With
w := Vu,
we thus obtain for some constant C' > 0 the estimate
IEw]| a2 @m)) < BW = Bwe|lpm@ir2@m) + 1Bz || p a2 @my)
< ng.,— * (Du - w)||F7M(Q;T2(Rvn)) + ||EwHF,M(Q;T2(]R7”))
< Cr 7Y Du — w| pmeairm) + | Bwll pag@sr2@m))-
As
[Dur — Wl pm(0rm) =0,
it follows that
1 = ur gy + TGVE(r) < 1 = sl ) + @l Dt — @l paacousi) + Bl B
< = ullfpgy 9+ CBr | Du — wl| g a0 72 mm)
+ Bl Ew| pm05m2 )
2
<|f- U||§p(g) +TGV3(u)
+(CBT7! — )||Du — w|

FM(QRm) T 0.
Consequently u, provides a contradiction to u being a solution to (6.1) if
§ < (a—CBr™ )| Du — w|| ppmarm)-

Since
[ D*ull pmammy < |1Du — wll pag(oirm),

it follows that for an optimal solution wu, it must hold
||DSU||F,M(Q;RM) S (5/(a _ CBT(;I)

Thus (6.2) holds if
o+ CBT(S_le < ea.

Choosing 0 < e, we find Sy > 0 such that this is satisfied for 8 € (0, 8o). O



(a) L' TGV(() 1,10) (b) L' TGV(Q 10) (c) L' TGV(O 10) (d) L'- TGV(zo 10)

(e) L' TGV“O 10) (f) L' TGV(40 10) () L'- TGV(Q() 10) (h) L'- TGV(()O 10)

Figure 5: Illustration of varying 8 parameter for TGV? regularisation with L' fidelity on f = X(—32,32)2- For 8 =0.1
in (a) it appears that we have recovered f. The apparent full recovery in (a) for 5 = 0.1 is an effect of the discretisation.
For 8 = 50 in (h) due to numerical difficulties we have not fully recovered the corners (of curvature 1/a = 0.2) that
should start to become sharp.

(a) L?- TGV(O 01,10) (b) L?- TGV(O 1,10) (c) L?- TGV(l 10) (d) L? TGV(Q 10)

(e) L*- TGV25 10) (f) L?- TGV220 10) (g) L?- TGV(so 10) (h) L2-TGV? (10000,10)

Figure 6: Illustration for a = 10 of varying § parameter for TGV? regularisation with squared L? fidelity on f =
X(-32,32)2, to compare with Figure 5 for L' fidelity.

We illustrate numerically in Figure 5 to Figure 6 the implications of Proposition 6.1 and Theorem 3.2 on a
very simple test image with a square in the middle. We did the experiments for fixed a = 10 or a = 5 and
varying (3, with fidelity ¢(t) = t? for p = 1 and p = 2. In all cases, as 8 goes down from a large value with good
reconstruction, the image first starts to smooth out. This happens until the smallest 3, for which we appear to
have recovered f! This may seem a little counterintuitive, as Proposition 6.1 forbids big jumps for small 5. But
we should indeed have very steep gradients near the boundary. These are lost in the discretisation.

Besides this, the numerical experiments verify H™~1(.J, \ J;) for p = 2, and demonstrate the fact that it does
not hold for p = 1. However, the set J, \ J; has specific curvature dependent on the parameter a. For p = 2,
we of course observe the well-known phenomenon of contrast loss. In the corners where p = 1 starts to produce
new jumps, p = 2 starts to smooth out the solution, also not reconstructing the jumps of the corners.

7. Conclusion

In this pair of papers, we have provided a new technique for studying the jump sets of a general class of
regularisation functionals, not dependent on the co-area formula as existing results for TV are. In the case that
the fidelity ¢ is p-increasing for p > 1, besides TV, we proved in Part 1 the property H™ *(J, \ Jf) = 0 for u a
solution to (P) for Huber-regularised total variation. We also demonstrated in Part 1 that the technique would
apply to non-convex TV models and the Perona-Malik anisotropic diffusion, if these models were well-posed,



(@) L'-TGV(y 5  (b) L'-TGV{ ;)  (c) L'-TGV(;  (d) L-TGV{ 5

(e) LI‘TGV%12,5) €3] LI‘TGV(212.45,5) (g) LI‘TGV%12.55,5) (h) Ll‘TGV?w,E/))

Figure 7: Illustration for a = 5 of varying 8 parameter for TGV? regularisation with L' fidelity on f = X (—32,32)2-

(a) LQ_TGV%OOLS) (b) L2_TGV%0.1,5) (c) LZ‘TGV%l,s) (d) L2‘TGV%5,5)

(e) LQ‘TGV?%,:)) (f) LQ‘TGV(Q35,5) (g) LQ‘TGV<250,5) (h) LQ_TGV(2100,5)

Figure 8: Illustration for o = 5 of varying 8 parameter for TGV? regularisation with squared L? fidelity on f =

X (—-32,32)2-



and had solutions in BV(€). For variants of TGV? using L, (¢ > 1), energies for the second-order component,
we proved that the jump set containment property holds if the solution w is locally bounded. For TGV? itself,
we obtained much weaker results, depending additionally on the differentiability assumptions of Lemma 4.2 on
the minimising second-order variable w. The two most important further questions that these studies pose are
whether the assumptions of Lemma 4.2 on w can be proved for TGV?, and whether the local boundedness of
the solution u can be proved for higher-order regularisers in general. In the first-order cases this was no work
at all. On the more positive side, we have verified the jump set containment for ICTV in dimension m = 2.
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