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regularisation, optimisation, subregularity

Tuomo Valkonen∗

Abstract Regularisation theory in Banach spaces, and non–norm-squared regularisation even in
�nite dimensions, generally relies upon Bregman divergences to replace norm convergence. This
is comparable to the extension of �rst-order optimisation methods to Banach spaces. Bregman
divergences can, however, be somewhat suboptimal in terms of descriptiveness. Using the concept
of (strong) metric subregularity, previously used to prove the fast local convergence of optimisation
methods, we show norm convergence in Banach spaces and for non–norm-squared regularisation.
For problems such as total variation regularised image reconstruction, the metric subregularity
reduces to a geometric condition on the ground truth: �at areas in the ground truth have to
compensate for the �delity term not having second-order growth within the kernel of the forward
operator. Our approach to proving such regularisation results is based on optimisation formulations
of inverse problems. As a side result of the regularisation theory that we develop, we provide
regularisation complexity results for optimisation methods: how many steps #X of the algorithm
do we have to take for the approximate solutions to converge as the corruption level X→ 0?

1 introduction

Let � ∈ �1(- ;. ) between a Banach space - of unknowns and a Hilbert space . of measurements.
A common approach to solving the inverse problem �(G) = 1̂, having access only to corrupted
measurements 1X of the true data 1̂, is to solve for some regularisation parameter UX > 0 and a convex
regularisation functional ' the Tikhonov-style regularised problem

(1.1) min
G ∈-

�X (G) + UX'(G) where �X (G) := 1
2 ‖�(G) − 1X ‖

2
. .

We then want to know whether solutions GX to this problem converge to a solution (or ground-truth)
of the original equation as X→ 0. One typically �xes a speci�c solution

(1.2) Ĝ ∈ arg min
G

{'(G) | �(G) = 1̂}.

Conventional regularisation theory [19] treats the case '(G) = 1
2 ‖G ‖

2
-

with - also a Hilbert space.
In this case Ĝ is the minimum-norm solution. Norm convergence GX → Ĝ can be shown provided
Ĝ ∈ ran�′(Ĝ)∗ and UX→ 0 as well as X2/UX→ 0 as X→ 0.

How about Banach spaces - , and more complicated regularisation functionals ', such as non-
di�erentiable sparsity-inducing !1-norm regularisation, total variation regularisation, and its generali-
sations [9]? Let � := {G ∈ - | �(G) = 1̂}. The �rst-order optimality conditions1 or Fermat principle
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for (1.2) requires that 0 ∈ m[X� + UX m'] (Ĝ), where m denotes the convex subdi�erential, and X� the
{0,∞}-valued indicator function of � . This condition can for someF ∈ . ∗ be expanded as

0 ∈ �′(Ĝ)∗F + m'(Ĝ),

which is known in the inverse problems literature as a source condition. It encodes the existence of an
'-minimising ground-truth. If the source condition holds, then it is shown in [10] that the Bregman
divergence

(1.3) �3̄' (G, Ḡ) := 〈3̄ |Ḡ − G〉 + '(G) − '(Ḡ) (G, Ḡ ∈ - ; 3̄ ∈ m'(Ḡ))

satis�es �−�
′ (Ĝ)∗F

'
(GX , Ĝ) → 0 provided the noise and regularisation parameters X > 0 and UX > 0

convergence as in the conventional norm-squared case. We refer to [33] for the use of Bregman
divergences in Banach space regularisation theory.

Convergence of Bregman divergences is, however, a relatively weak result. It does not imply norm
convergence unless the Bregman divergence is elliptic in the words of [34], i.e., �3̄

'
(G, Ḡ) ≥ W ‖G − Ḡ ‖2

for some W > 0. This simply means that ' is strongly convex, something that is not satis�ed by !1 and
total variation regularisation. Often, however, not the regulariser itself but the entire objective of (1.1)
admits a type of local strong convexity.

Example 1.1. On ℝ2, take �(G1, G2) = G1 and '(G1, G2) = |G2 |. Then, due to the growth properties of
the absolute value function at zero, �X + UX' is locally strongly convex at (G1, 0), but not at (G1, G2)
for G2 ≠ 0.

If� is linear, then �X +UX' is convex. In this case local strong convexity is equivalent to the strong metric
subregularity of the subdi�erential m[�X (G) + UX'] [4, 3]. Strong metric subregularity, and (non-strong)
metric subregularity introduced in [25, 17], are Lipschitz-like properties of set-valued maps. We brie�y
recall their de�nitions and interpretations in Section 2, referring to [32, 24, 14] for more comprehensive
introductions. To see how such concepts can be used in optimisation, we refer to [37].

We will exploit strong metric subregularity and an intermediate concept between strong and non-
strong metric subregularity to show for general regularisers ' the norm convergence of approximate
solutions to (1.1). We do this �rst in Section 3 for linear inverse problems, and then in Section 5 for
nonlinear inverse problems. In Section 5 we also generalise the results to general data discrepancies
� in place of the squared norm. In Section 4 we verify the relevant subregularity—expressed as a
strong source condition—for ℓ 1 regularisation in �nite dimensions, and for total variation regularisation
in !2(Ω). In both cases, the lack of ellipticity of �∗� (i.e., �∗� 6≥ W Id for some W > 0) has to be
compensated for by the regularisation term. In the �rst case, we obtain this unconditionally, whereas
for total variation regularisation our results are more preliminary and require the ground-truth to
have “strictly �at areas” that perform this compensation.

We �nish in Section 6 with interpretations of the regularisation results of Section 3 as “regularisation
complexity” results for optimisation methods: forward-backward splitting and primal-dual proximal
splitting. We derive expressions for how many iterations #X of the algorithm are needed to produce
approximate solutions GX to (1.1) that converge to Ĝ as X→ 0.

Our proof approach is intrinsically based around treating inverse problems as optimisation problems.
In this sense, our work is closely related to [23], which also proves convergence in a “hybrid” topology
involving the Bregman divergence and the norm in the data space: �−�

′ (Ĝ)∗F
'

(GX , Ĝ)+‖�(GX )−�(Ĝ)‖ →
0. More general optimisation-based formulations of inverse problems are treated in [27], whereas the
weak-∗ convergence of solutions to total generalised variation regularised linear inverse problems is
treated in [8]. Norm convergence of solutions to multibang control problems is studied in [16]. There
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the metric subregularity ' is employed, however, not that of the entire Tikhonov-regularised objective
as we will do.

Iterative regularisation methods [28] also closely tie optimisation methods to regularisation, however,
this is di�erent from the “regularisation complexity” results of Section 6: iterative regularisation adapts
the parameter UX > 0 within each step of the optimisation method, whereas we simply want to
know how many steps of the method we need to take for �xed UX . Numerically e�cient iterative
regularisation is largely limited to smooth regularisers ' as nonsmooth approaches require solving a
di�cult “inner” optimisation problem in each step of the “outer” method [5].

Finally, metric regularity—a concept stronger than metric subregularity and distinct from strong
metric subregularity—has been used in [21] to study the regularisation of set-valued inclusions 0 ∈ ) (G)
via the Tikhonov-style expression 0 ∈ [) +UX Id] (GX ). The incorporation of the identity map Id requires
) to be a set-valued map form - to - , whereas subdi�erentials are set-valued maps from - to - ∗.

notation and elementary results

We denote the extended reals by ℝ := [−∞,∞]. We write � : - ⇒ . when � is a set-valued map from
the space - to . . For Fréchet di�erentiable � : - → ', we write � ′(G) ∈ - ∗ for the Fréchet derivative
at G ∈ - . Here - ∗ is the dual space to - . For a convex function � : - → ℝ, we write m� : - ⇒ - ∗

for its subdi�erential map. On a normed space - , for a point G ∈ - and a set * ⊂ - , we write
dist(G,* ) := infG′∈* ‖G −G ′‖- , where ‖ · ‖- is the norm on- . We also write dist2(G,* ) := dist(G,* )2.
We write 〈G, G ′〉 for the inner product between two elements G and G ′ of a Hilbert space - , and
〈G∗ |G〉 := G∗(G) for the dual product or dual pairing in a Banach space. We write Id : - → - for the
identity operator on - and X� : - → ℝ for the {0,∞}-valued indicator function of a set � ⊂ - .

For - a Hilbert space, we will frequently use Pythagoras’ three-point identity

(1.4) 〈G − H, G − I〉- =
1
2 ‖G − H ‖

2
- −

1
2 ‖H − I‖

2
- +

1
2 ‖G − I‖

2
- (G, H, I ∈ - )

and (inner product) Young’s inequality

(1.5) 〈G, H〉 ≤ ‖G ‖- ‖H ‖- ≤
1

2U ‖G ‖
2
- +

U

2 ‖H ‖
2
- (G, H ∈ -, U > 0).

2 metric subregularity and local subdifferentiability

We recall that a set-valued function � : - ⇒ . is metrically subregular at Ḡ for H̄ if H̄ ∈ � (Ḡ) and
there exists a constant ^ > 0 as well as neighbourhoods* 3 Ḡ and + 3 H̄ such that

dist(G, �−1(H̄)) ≤ ^ dist(H̄, � (G) ∩+ ) (G ∈ * ).

If the stronger inequality

‖G − Ḡ ‖- ≤ ^ dist(H̄, � (G) ∩+ ) (G ∈ * )

holds, then we say that� is stronglymetrically subregular at Ḡ for H̄ . The latter property can equivalently
be stated as � being metrically subregular with Ḡ an isolated point of �−1(H̄).

We recall from [3, 4] the following characterisations of the metric subregularity and strong metric
subregularity of convex subdi�erentials.
Theorem 2.1 ([3, Theorem 3.3]). Let � : - → ℝ be a convex function on a Banach space - , Ḡ ∈ - , and
Ḡ∗ ∈ m� (Ḡ). Then m� is metrically subregular at Ḡ for Ḡ∗ if and only if there exists a neighbourhood* of
Ḡ and a constant W > 0 such that

(2.1) � (G) ≥ � (Ḡ) + 〈Ḡ∗ |G − Ḡ〉 + W dist2(G, [m� ]−1(Ḡ∗)) (G ∈ * ) .
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More precisely, (2.1) implies metric subregularity with ^ = 1/W while metric subregularity implies (2.1) for
any 0 < W < 1/(4^).
Theorem 2.2 ([3, Theorem 3.5]). Let � : - → ℝ be a convex function on a Banach space - , Ḡ ∈ - , and
Ḡ∗ ∈ m� (Ḡ). Then m� is strongly metrically subregular at Ḡ for Ḡ∗ if and only if there exists a neighbourhood
* of Ḡ and a constant W > 0 such that

(2.2) � (G) ≥ � (Ḡ) + 〈Ḡ∗ |G − Ḡ〉 + W ‖G − Ḡ ‖2- (G ∈ * ).

More precisely, (2.2) implies strong metric subregularity with ^ = 1/W while strong metric subregularity
implies (2.2) for any 0 < W < 1/(4^).

We call the expressions (2.1) and (2.2) the semi-strong and strong local subdi�erentiability of � at
Ḡ for Ḡ∗. Compared to standard strong subdi�erentiability2, both conditions localise the notion to a
neighbourhood of Ḡ . Moreover, (2.1) in a sense squeezes the set [m� ]−1(Ḡ∗) into a single point. Consider,
for example, � (G) = max{0, |G | − 1} in ℝ. Let Ḡ ∈ [−1, 1] be arbitrary and Ḡ∗ = 0. Then [m� ]−1(Ḡ∗) =
[−1, 1], so that (2.1) only requires � to grow once G leaves [−1, 1] 3 Ḡ instead of immediately as it
leaves {Ḡ} as is required by (2.2). In the context of optimisation methods, (2.1) is useful for the study
of convergence of iterates to an entire set of minimisers of � , without singling out one, while (2.2) is
useful for studying the convergence to a known speci�c minimiser. In the following Section 3, we will
likewise work both with a set of ground-truths -̂ and a speci�c ground-truth Ĝ .

Minding the locality of the de�nitions, using Clarke subdi�erentials [13], it is not di�cult to extend
Theorems 2.1 and 2.2 to locally convex functions, i.e., non-convex functions that locally satisfy a second-
order growth condition. However, to get useful regularisation results, we need to replace (non-strong)
metric subregularity with an intermediate and slightly relaxed version, motivated by the notions of
partial submonotonicity and subregularity introduced in [37]. We therefore handle non-convex �
through direct de�nitions analogous to (2.1) and (2.2).

Namely, on Banach spaces - and . , let � ∈ L(- ;. ) and let � : - → ℝ be a (possibly non-convex)
function. Also pick ` > 0. Then we say that 5 is (�, `)-strongly locally subdi�erentiable at Ḡ ∈ - for
Ḡ∗ ∈ - ∗ with respect to a set -̄ ⊂ - if there exists a neighbourhood* of Ḡ and a constant W > 0 such
that

(2.3) � (G) ≥ � (Ḡ) + 〈Ḡ∗ |G − Ḡ〉 + W ‖�(G − Ḡ)‖2. + W` dist2(G, -̄ ) (G ∈ * ) .

Typically -̄ 3 Ḡ . We do not assume Ḡ∗ to be a subdi�erential of � at Ḡ in any conventional sense. The
idea is that for � (G) = 1

2 ‖�G − 1X ‖
2
.
+ UX'(G) as in (1.1), we will in ran�∗ exploit the available growth

away from Ḡ , but otherwise only the growth away from the set -̄ .
We will in Section 4 provide examples of the di�erent forms of strong local subdi�erentiability and

strong metric subregularity. Before this, in the next section, we will use them to derive regularisation
theory.

3 linear inverse problems

We now derive subregularity-based regularisation theory for linear inverse problems. For all corruption
parameters X > 0 and measured data 1X ∈ . , we approximate solutions Ĝ ∈ - to the problem

(3.1) �Ĝ = 1̂,

with unknown data 1̂, through the regularised problems

(3.2) min
G ∈-

�X (G) + UX'(G) where �X (G) := 1
2 ‖�G − 1X ‖

2
. .

2Equivalent to strong convexity in Hilbert spaces; see, e.g., [14].
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3.1 general assumptions and concepts

We denote the set of '-minimising solutions to (3.1) by -̂ . Under the assumptions that we state next,
these are characterised exactly through the satisfaction for some F̂ ∈ . of the basic source condition

(3.3) �Ĝ = 1̂ and �∗F̂ + m'(Ĝ) 3 0.

Assumption 3.1 (Corruption level and solution accuracy). On a Banach space - and a Hilbert space . ,
the regularisation functional ' : - → ℝ is convex, proper, and lower semicontinuous, and� ∈ L(- ;. ).
The parametrisation X > 0 of the corruption level is such that the corrupted measurements 1X ∈ . of
the ground-truth 1̂ ∈ . satisfy

(3.4) ‖1X − 1̂‖. ≤ X (X > 0) .

Moreover, we assume that (3.2) is solved to a given accuracy 4X ≥ 0 in the sense that

(3.5) [�X + UX'] (GX ) − [�X + UX'] (Ĝ) ≤ 4X (X > 0)

for any given Ĝ ∈ -̂ .
It does not matter which Ĝ ∈ -̂ we use in the accuracy condition (3.5) since

�X (Ĝ) + UX'(Ĝ) =
1
2 ‖1̂ − 1X ‖

2 + UX'(Ĝ) = �X (G̃) + UX'(G̃) (Ĝ, G̃ ∈ -̂ ) .

Also, since Ĝ is not in general a solution to (3.2) for UX > 0, even with 4X = 0, the problem (3.2) may
not have to be solved to full accuracy to satisfy (3.5)

3.2 a basic optimisation-based estimate

To motivate our contributions, we start by deriving basic estimates based on Bregman divergences-
These are similar to those in [10], however allow for the inexact solution of (3.2). Speci�cally, the
following result shows that for convergence, as the corruption level X→ 0, we need UX→ 0, X2/UX→ 0,
and 4X/UX→ 0.
Theorem 3.2. Suppose Assumption 3.1 holds and that Ĝ ∈ - satis�es for some F̂ ∈ . ∗ the basic source
condition (3.3). Then

0 ≤ �−�∗F̂' (GX , Ĝ) ≤
4X

UX
+ X

2

UX
+ UX ‖F̂ ‖2. .

Proof. By Assumption 3.1 and expansion we have

4X ≥ [�X + UX'] (GX ) − [�X + UX'] (Ĝ)

=
1
2 ‖�GX − 1X ‖

2
. −

1
2 ‖�Ĝ − 1X ‖

2
. + UX ['(GX ) − '(Ĝ)] .

Continuing with Pythagoras’ three-point identity (1.4) we rearrange the squared norms to obtain

4X ≥ 〈�Ĝ − 1X , �(GX − Ĝ)〉 +
1
2 ‖�(GX − Ĝ)‖

2
. + UX ['(GX ) − '(Ĝ)] .

Since �Ĝ = 1̂, using the de�nition (1.3) of the Bregman divergence, this further rerarranges as

4X ≥ 〈1̂ − 1X − UXF̂, �(GX − Ĝ)〉 +
1
2 ‖�(GX − Ĝ)‖

2
. + UX�−�

∗F̂
' (GX , Ĝ) .
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Now using Young’s inequality (1.5) on the inner product term , we obtain

(3.6) 4X ≥ −
1
2 ‖1̂ − 1X − UXF̂ ‖

2
. + UX�−�

∗F̂
' (GX , Ĝ) .

Further estimating using Young’s inequality that

1
2UX
‖1̂ − 1X − UXF̂ ‖2. ≤

1
UX
‖1X − 1̂‖2. + UX ‖F̂ ‖2. ≤

X2

UX
+ UX ‖F̂ ‖2. ,

we therefore obtain the claim. �

Remark 3.3. In place of (3.6) we could alternatively estimate

〈1̂ − 1X − UXF̂, �(GX − Ĝ)〉 +
1
2 ‖�(GX − Ĝ)‖

2
. ≥ −

1
2(1 − UX )

‖1̂ − 1X − UXF̂ ‖2. +
UX

2 ‖�(GX − Ĝ)‖
2
. .

Akin to the approach of [23], we would then obtain

1
2UX
‖�(GX − Ĝ)‖2. + �−�

∗F̂
' (GX , Ĝ) ≤

4X

UX
+ UX

1 − UX
‖F̂ ‖2. +

X2

UX (1 − UX )
.

Thus �(GX − Ĝ) → 0 signi�cantly faster than �−�∗F̂
'
(GX , Ĝ) → 0 provided, as before, that UX → 0,

X/UX → 0, and 4X/UX → 0 as X→ 0. This motivates our next results, essentially combining, via strong
metric subregularity, the two di�erent convergences to yield norm convergence.

3.3 estimates based on a strong source condition

We start with the next lemma that we will be used to show that the approximate regularised solutions
GX are close to Ĝ for small enough noise level, regularisation parameter, and accuracy parameter.
Lemma 3.4. Suppose Assumption 3.1 holds at Ĝ ∈ -̂ . Then

‖�(GX − Ĝ)‖2. ≤ 4(4X + X + UX'(Ĝ))

and

'(GX ) ≤ '(Ĝ) +
4X + X2

UX
.

Proof. By Assumption 3.1, since �Ĝ = 1̂, �rst using Young’s inequality we have

1
2 ‖�(GX − Ĝ)‖

2
. + 2UX'(GX ) ≤ ‖�GX − 1X ‖2. + 2UX'(GX ) + ‖1X − 1̂‖2.

≤ 24X + 2‖1X − 1̂‖2. + 2UX'(Ĝ)
≤ 2(4X + X2 + UX'(Ĝ)) .

This �nishes the proof. �

We will need the following “strong source condition” based on strong metric subregularity.
Assumption 3.5 (Strong source condition). Assume that Ĝ ∈ - satis�es for some F̂ ∈ . the basic source
condition (3.3). Moreover, for all X > 0, for given UX , WX > 0, assume that �X + UX' is strongly locally
subdi�erentiable at Ĝ for � ′

X
(Ĝ) − UX�∗F̂ with respect to the norm

‖G ‖X :=
√
‖�G ‖2

.
+ WX ‖G ‖2- (G ∈ - ) .
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The factor W > 0 of strong local subdi�erentiability, as de�ned in (2.3), must be independent of X > 0
and, for some d > 0, we must have

(3.7) * ⊃ *d := {G ∈ - | ‖�(G − Ĝ)‖ ≤ d, '(G) ≤ '(Ĝ) + d}.

Then we say that Ĝ satis�es for F̂ the strong source condition.
As we recall from Theorem 2.2 due to [3, 4], the strong local subdi�erentiability required in Assump-

tion 3.5 is equivalent to the strong metric subregularity of m[�X +UX'], i.e., of G ↦→ �∗(�G−1X )+UX m'(G)
at Ĝ for �∗(�Ĝ − 1X ) − UX�∗F̂ = �∗(1̂ − 1X − UXF̂).
Theorem 3.6. Suppose Assumption 3.1 and the strong source condition of Assumption 3.5 hold at Ĝ for
some F̂ . Suppose (4X + X2)/UX→ 0 and UX→ 0 as X→ 0. Then there exists X̄ > 0 such that if X ∈ (0, X̄), we
have

(3.8) ‖GX − Ĝ ‖2- ≤
4X

WWX
+ X2

2W2WX
+

U2
X

2W2WX
‖F̂ ‖2. .

Proof. We have
� ′
X
(Ĝ) − UX�∗F̂ = �∗(�Ĝ − 1X − UXF̂) = �∗(1̂ − 1X − UXF̂) .

By the assumption that (4X + X2)/UX→ 0 and UX→ 0 as X→ 0, Lemma 3.4, and (3.7) in Assumption 3.5,
for suitably small X > 0, we have GX ∈ * . Hence by Assumptions 3.1 and 3.5 followed by Young’s
inequality (1.5),

(3.9) 4X ≥ [�X + UX'] (GX ) − [�X + UX'] (Ĝ)
≥ 〈� ′

X
(Ĝ) − UX�∗F̂ |GX − Ĝ〉 + W ‖GX − Ĝ ‖2X

= 〈1̂ − 1X − UXF̂, �(GX − Ĝ)〉 + W ‖�(GX − Ĝ)‖2. + WWX ‖GX − Ĝ ‖2-
≥ − 1

4W ‖1̂ − 1X − UXF̂ ‖
2
. + WWX ‖GX − Ĝ ‖2- .

Thus, again using Young’s inequality and ‖1̂ − 1X ‖ ≤ X from Assumption 3.1, we obtain

(3.10) ‖GX − Ĝ ‖2- ≤
4X

WWX
+ 1

4W2WX
‖1̂ − 1X − UXF̂ ‖2. ≤

4X

WWX
+ X2

2W2WX
+

U2
X

2W2WX
‖F̂ ‖2. .

This is the claim. �

If WX ∝ UX , the following corollary shows norm convergence under similar parameter choices as in
Theorem 3.2.
Corollary 3.7. Suppose Assumption 3.1 and the strong source condition of Assumption 3.5 hold at Ĝ . If

(3.11) lim
X→ 0

1
min{UX , WX }

(U2
X
, X2, 4X ) = 0,

then
lim
X→ 0
‖GX − Ĝ ‖- = 0.

3.4 estimates based on a semi-strong source condition

We now replace the assumption of strong metric subregularity, i.e., strong local subdi�erentiability,
with mere (�,WX )-strong local subdi�erentiability.

T. Valkonen Regularisation, optimisation, subregularity
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Assumption 3.8 (Semi-strong source condition). We assume that Ĝ ∈ - satis�es for some F̂ ∈ . the
basic source condition (3.3). Moreover, for all X > 0, for given UX , WX > 0, assume that �X + UX' is
(�,WX )-strongly locally subdi�erentiable at Ĝ for � ′

X
(Ĝ) − UX�∗F̂ with respect to -̂ . The factor W > 0

and neighbourhood* = * Ĝ of (�,WX )-strong local subdi�erentiability must be independent of X > 0.
Then we say that Ĝ satis�es for F̂ the semi-strong source condition.

It is not that easy to very the semi-strong source condition with* Ĝ ⊃ *d as in Theorem 3.6 without
assumptions that would verify strong source condition of Assumption 3.5. We therefore drop this
assumption for the next lemma at the cost of weaker results in the ensuing theorem.
Lemma 3.9. Suppose Assumption 3.1 and the semi-strong source condition of Assumption 3.8 hold at some
Ĝ ∈ - for some F̂ . If GX ∈ * Ĝ , then

dist2(GX , -̂ ) ≤
4X

WWX
+ X2

2W2WX
+

U2
X

2W2WX
‖F̂ ‖2. .

Proof. As in (3.9), using the assumed (�,WX )-strong local subdi�erentiability of �X + UX', we estimate

4X ≥ [�X + UX'] (GX ) − [�X + UX'] (Ĝ)
≥ 〈� ′

X
(Ĝ) − UX�∗F̂ |GX − Ĝ〉 + W ‖�(GX − Ĝ)‖2. + WWX dist2(GX , -̂ )

= 〈1̂ − 1X − UXF̂, �(GX − Ĝ)〉 + W ‖�(GX − Ĝ)‖2. + WWX dist2(GX , -̂ )

≥ − 1
4W ‖1̂ − 1X − UXF̂ ‖

2
. + W dist2(GX , -̂ ) .

Now estimating as in (3.10) yields the claim. �

Theorem 3.10. Suppose Assumption 3.1 holds and that there exists a collection -̃ ⊂ -̂ of points satisfying
the semi-strong source condition of Assumption 3.8 with

⋃
Ĝ ∈-̃ *

Ĝ ⊃ -̂ . Also suppose that*d de�ned in
(3.7) is weakly or weakly-∗ compact for some d > 0, and each* Ĝ for all Ĝ ∈ -̃ correspondingly weakly or
weakly-∗ open. If

(3.12) lim
X→ 0

1
min{UX , WX }

(U2
X
, X2, 4X ) = 0,

then
lim
X→ 0

dist(GX , -̂ ) = 0.

Proof. Suppose, to reach a contradiction, for a sequence X:→ 0 that inf: dist(GX: , -̂ ) > 0. By Lemma 3.4
and (3.12), we have GX: ∈ *d for large enough : . Since *d is weakly(-∗) compact, we can extract a
subsequence, unrelabelled, such that also GX: ⇀ G̃ weakly(-∗). Since �G̃ = 1̂ for Ĝ ∈ -̂ , we have using
Assumption 3.1 and (3.12) that

lim
:→∞
‖�GX: − 1X: ‖2 ≤ lim

:→∞

(
‖�GX: − 1X: ‖2 + U:'(GX: )

)
≤ lim
:→∞

(
‖�Ĝ − 1X: ‖2 + U:'(Ĝ) + 4X:

)
= lim
:→∞
‖1̂ − 1X: ‖2 = lim

:→∞
X2
:
= 0 (Ĝ ∈ -̂ ).

Using (3.4) and (3.12) yields �GX: → 1̂. Moreover, (3.4) and (3.5) in Assumption 3.1 give

'(GX: ) ≤
X2
:

UX:
+ '(Ĝ).
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Since ' is assumed convex and lower semicontinuous, it is weakly(-∗) lower semicontinuous; see, e.g.,
[18, Corollary 2.2] or [14, Lemma 1.10]. Hence, using (3.12), we obtain '(G̃) ≤ '(Ĝ) and consequently
G̃ ∈ -̂ . By assumption, G̃ ∈ * Ĝ for some Ĝ ∈ -̃ satisfying the semi-strong source condition of
Assumption 3.8. By the weak(-∗) openness of* Ĝ , it follows that GX: ∈ * Ĝ for : large enough. Following
the proof of Lemma 3.9 and using (3.12), we deduce that dist(GX: , -̂ ) → 0. �

The following will be useful for verifying the strong metric subregularity or (�,WX )-strong local
subdi�erentiability required in Assumptions 3.5 and 3.8. The proof of the �rst lemma follows from that
of the second by taking -̂ = {Ĝ} and expanding ‖ · ‖X .
Lemma 3.11. Suppose � and ' are as in Assumption 3.1. Then �X + UX' is strongly locally subdi�erentiable
at Ĝ for � ′

X
(Ĝ) − UX3̂ with respect to the norm ‖ · ‖X if, for corresponding neighbourhood* 3 Ĝ and W > 0,

UX ['(G) − '(Ĝ) − 〈3̂ |G − Ĝ〉] +
(

1
2 − W

)
‖�(G − Ĝ)‖22 ≥ WWX ‖G − Ĝ ‖2 (G ∈ * ).

Lemma 3.12. Suppose � and ' are as in Assumption 3.1. Then �X + UX' is (�,WX )-strongly locally sub-
di�erentiable at Ĝ for � ′

X
(Ĝ) − UX3̂ with respect to -̂ if, for corresponding neighbourhood * 3 Ĝ and

W > 0,

(3.13) UX ['(G) − '(Ĝ) − 〈3̂ |G − Ĝ〉] +
(

1
2 − W

)
‖�(G − Ĝ)‖22 ≥ WWX dist2(G, -̂ ) (G ∈ * ).

Proof. Expanding (2.3), we need to prove

1
2 ‖�G − 1X ‖

2
2 + UX'(G) −

1
2 ‖�Ĝ − 1X ‖

2
2 − UX'(Ĝ)

≥ 〈�∗(�Ĝ − 1X ) + UX3̂ |G − Ĝ〉 + W ‖�(G − Ĝ)‖2 + WWX dist2(G, -̂ ) (G ∈ * ) .

Using the properties of the Hilbert space norm (Pythagoras’ identity), this rearranges as (3.13). �

4 examples

We now look at a few examples that demonstrate Theorem 3.6 and Corollary 3.7.

4.1 basic examples

Taking '(G) = 1
2 ‖G ‖

2
-

and 4X = 0, we recover from Corollary 3.7 classical results on Tikhonov
regularisation [19]:
Theorem 4.1 (Norm-squared regularisation). Let- and. be Hilbert spaces,� ∈ L(- ;. ). Suppose�Ĝ = 1̂

and Ĝ ∈ ran�∗, i.e. Ĝ = −�∗F̂ for some F̂ . For all X > 0, let GX ∈ - solve

(�∗� + UX )GX +�∗1X = 0.

Then ‖GX−Ĝ ‖2- ≤
X2

2UX +
UX
2 ‖F̂ ‖

2
.
. In particular ‖GX−Ĝ ‖→ 0 as X→ 0 provided we choose the regularisation

parameter UX→ 0 such that X2/UX→ 0.

Proof. Since m'(G) = {G}, the basic source condition (3.3) holds due to Ĝ ∈ ran�∗. Since ' is strongly
convex with parameter W = 1, the strong strong local subdi�erentiability required by Assumption 3.5
holds with WX = UX , W = 1, and* = - . Consequently, taking accuracy 4X ≡ 0, Theorem 3.6 and Corol-
lary 3.7 yield the claims. �
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We can also add constraints. Denoting by # [0,∞)Ω (Ĝ) the normal cone to [0,∞)Ω in !2(Ω), in the
next result we take '(G) = 1

2 ‖G ‖
2
-
+ X [0,∞)Ω (G) in - = !2(Ω).

Theorem 4.2 (Norm-squared regularisation with non-negativity constraints). Let - = !2(Ω) for some
Ω ⊂ ℝ3 , and let . be a Hilbert space, � ∈ L(- ;. ). Suppose �Ĝ = 1̂ and Ĝ satis�es the source condition
Ĝ ∈ ran�∗ − # [0,∞)Ω (Ĝ), i.e. Ĝ ∈ −�∗F̂ − # [0,∞)Ω (Ĝ) for some F̂ . For all X > 0, let

GX ∈ arg min
0≤G ∈!2 (Ω)

1
2 ‖�G − 1X ‖

2
. +

UX

2 ‖G ‖
2
- .

Then ‖GX − Ĝ ‖2- ≤
X2

2UX +
UX
2 ‖F̂ ‖

2
.
In particular ‖GX − Ĝ ‖→ 0 as X→ 0 provided we choose the regularisation

parameter UX→ 0 such that X2/UX→ 0.

Proof. Since m'(G) = G+# [0,∞)Ω (Ĝ), the basic source condition (3.3) holds due to Ĝ ∈ −�∗F̂−# [0,∞)Ω (Ĝ).
Since ' is strongly convex with parameter W = 1, the strong strong local subdi�erentiability required
by Assumption 3.5 holds with WX = UX , W = 1, and * = - . Consequently, taking accuracy 4X ≡ 0,
Theorem 3.6 and Corollary 3.7 yield the claims. �

We next look at nonsmooth regularisation, �rst in �nite dimensions and then in in�nite dimensions.

4.2 ℓ1-regularised regression

We now take '(G) = ‖G ‖1 in ℝ= with � ∈ ℝ<×= . The basic source condition (3.3) then holds if there
exist Ĝ, 3̂ ∈ ℝ= such that

(4.1) �Ĝ = 1̂ and 3̂ ∈ ran�∗ ∩ Sign Ĝ,

where we recall for G ∈ ℝ= , with Π denoting a cartesian product of sets, that

m‖ · ‖1(G) = SignG :=
=∏
:=1


{−1}, G: < 0,
{1}, G: > 0,
[−1, 1], G: = 0.

We also write signG for the (scalar) sign of G ≠ 0. As we recall, (4.1) just means that Ĝ solves
min

�G=1̂
‖G ‖1. Then -̂ is the set of these minimisers. Otherwise said, (4.1) holds if Ĝ is an admissible

ground-truth (�Ĝ = 1̂) and ran�∗ ∩ Sign Ĝ ≠ ∅.
With 3̂ ∈ Sign Ĝ , we write

/ (Ĝ, 3̂) := {: ∈ {1, . . . , =} | Ĝ: = 0, |3̂: | < 1}

and call (Ĝ, 3̂) strictly complementary if / (Ĝ, 3̂) = {: ∈ {1, . . . , =} | Ĝ: = 0}. That is, (Ĝ, 3̂) are strictly
complementary if Ĝ: = 0 implies that 3̂: is not on the boundary of [−1, 1].

The next result is extracted from [40, proof of Theorem 2].
Lemma 4.3. Suppose Ĝ and 3̂ satisfy the source condition (4.1). Then there exists 3̄ ∈ ℝ= such that (Ḡ, 3̄) is
strictly complementary and satis�es (4.1).

Proof. Let A ∈ ℝ= be de�ned by

A: :=


−1, Ĝ: = 0, 3̂: = 1,
1, Ĝ: = 0, 3̂: = −1,
0, otherwise.
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We try to replace (Ĝ, 3̂) by a strictly complementary solution by considering for U > 0, C := ‖Ĝ ‖1 and
�1 ⊂ ℝ= the 1-norm unit ball the problem

min
G ∈ℝ=

� (G) =
(
U 〈A, G〉 + XC�1 (G)

)
+ X {1̂ } (�G).

Clearly G = Ĝ is a solution to this problem and � (Ĝ) = 0. Moreover �Ĝ = 1̂ ∈ ri{1̂} = {1̂}, where ri
denotes the relative interior. Therefore, the Fenchel–Rockafellar dual problem (see, e.g., [18, 14]) is

min
F∈ℝ<

& (F) := C ‖�∗F + UA ‖∞ + 〈1̂,F〉,

and a minimiser F̄ satis�es & (F̄) = −� (Ĝ) = 0. In other words C ‖�∗F̄ + UA ‖∞ = −〈1̂, F̄〉.
If �∗F̄ = −UA , then for small enough U > 0 we have

3̄ := 3̂ −�∗F̄ = 3̂ + UA ∈ Sign Ĝ ∩ ran�∗

and (Ĝ, 3̄) is strictly complementary. Thus it ful�lls our claims.
If �∗F̄ ≠ −UA , let F̃ := −F̄/B for B := ‖�∗F̄ + UA ‖∞ = −〈1̂, F̄〉/C . Then

(4.2) 〈Ĝ, �∗F̃〉 = 〈�Ĝ, F̃〉 = 〈1̂, F̃〉 = −B−1〈1̂, F̄〉 = C = ‖Ĝ ‖1

and

(4.3) ‖�∗F̃ − U
B
A ‖∞ ≤ 1.

Let : ∈ {1, . . . , =}. If Ĝ: ≠ 0 or : ∈ / (Ĝ, 3̂), (4.3) implies by the de�nition of A: that [�∗F̂]: ∈ [−1, 1].
Due to (4.2), we must therefore have that [�∗F̂]: = 3̂: = sign Ĝ: when Ĝ: ≠ 0. If, on the other hand
Ĝ: = 0 and : ∉ / (Ĝ, 3̂), then (4.3) shows that

−1 − U
B

sign 3̂: ≤ �∗F̃ ≤ 1 − U
B

sign 3̂: .

If 3̂: > 0, this guarantees −2 < [�∗F̃]: < 1. If 3̂: < 0, this guarantess −1 < [�∗F̃]: < 2. Consequently,
for small enough U > 0,

3̄ := 1
2 (3̂ +�

∗F̃) ∈ Sign Ĝ ∩ ran�∗,

and (Ĝ, 3̄) is strictly complementary. Indeed, if 3̂: ∈ (−1, 1), then still 3̄: ∈ (−1, 1) due to [�∗F̃]: ∈ [−1, 1].
On the other hand, if 3̂: ∈ {−1, 1} and Ĝ ≠ 0, we have just proved that 3̂: + [�∗F̃]: ∈ (−1, 1). Finally, if
Ĝ: ≠ 0, we have proved above that [�∗F̂]: = 3̂: ∈ sign Ĝ: . Thus (Ĝ, 3̄) it ful�lls our claims. �

The next lemma shows that local subdi�erentiability is requisite for the basic source condition (4.1)
to hold at a ground-truth Ĝ admitting a strictly complementary dual variable 3̂ ..
Lemma 4.4. Suppose (Ĝ, 3̂) is strictly complementary and satis�es the basic source condition (4.1). Let
�X (G) := 1

2 ‖�G − 1X ‖
2
2 + UX ‖G ‖1 on ℝ= for some UX ∈ (0, 1/2) and 1X ∈ ℝ< . Then m�X is (�, UX )-strongly

locally subdi�erentiable at Ĝ for Ĝ∗ := �∗(�Ĝ − 1X ) + UX3̂ ∈ m�X (Ĝ) in some open neighbourhood* = * Ĝ

of Ĝ . The factor W of (�, UX )-strong local subdi�erentiability is independent of X , as is* .

Proof. By Lemma 3.12 we need to prove

(4.4) UX [‖G ‖1 − ‖Ĝ ‖1 − 〈3̂, G − Ĝ〉] +
(

1
2 − W

)
‖�(G − Ĝ)‖22 ≥ WWX dist2(G, -̂ ) (G ∈ * ) .
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Let

(4.5) " := �∗� +
∑

:∈/ (Ĝ,3̂)

1:1
>
:
,

where 1 := (1, . . . , 1). Suppose I ∈ ker" . Then I ∈ ker� and I: = 0 for all : ∈ / (Ĝ, 3̂). We will show
that also

∑
:∉/ (Ĝ,3̂) I: = 0 and Ĝ +I ∈ -̂ if ‖I‖ is small enough. Indeed, suppose, to reach a contradiction,

that this does not hold. Let Y > 0. We may assume that ‖I‖ ≤ Y. We have �(Ĝ + I) = �Ĝ = 1̂ and, for
small enough Y > 0,

‖Ĝ + I‖1 =
∑

:∉/ (Ĝ,3̂)

|Ĝ: + I: | =
∑
: :Ĝ:≠0

|Ĝ: + I: | =
∑
: :Ĝ:≠0

( |Ĝ: | + I: ) = ‖Ĝ ‖1 +
∑

:∉/ (Ĝ,3̂)

I: .

If now
∑
:∉/ (Ĝ,3̂) I: < 0, this contradicts Ĝ being an ‖ · ‖1-minimising solution to �Ĝ = 1̂. Since also

−I ∈ ker�, we must therefore have
∑
:∉/ (Ĝ,3̂) I: = 0. Moreover, Ĝ + I ∈ -̂ .

For now, let * = * Ĝ be an arbitrary bounded neighbourhood of Ĝ and d = supG ∈* ‖G: ‖∞. Then
with V0 := d−1 inf

:∈/ (Ĝ,3̂) (1 − |3̂: |) > 0 we have
(4.6)
‖G ‖1 − ‖Ĝ ‖1 − 〈3̂, G − Ĝ〉 ≥

∑
:∈/ (Ĝ,3̂)

( |G | − |Ĝ | − 3̂: (G: − Ĝ: )) =
∑

:∈/ (Ĝ,3̂)

( |G | − 3̂: (G: ))

≥
∑

:∈/ (Ĝ,3̂)

(1 − |3̂ |) |G: | ≥ dV0
∑

:∈/ (Ĝ,3̂)

|G: | ≥ V0
∑

:∈/ (Ĝ,3̂)

|G: |2 (G ∈ * ) .

Since UX ∈ (0, 1/2), we may �nd W ∈ (0, 1/2) with UX ≤ 1
2 − W . By (4.6), for some V := min{1, V0} we

have

(4.7) UX [‖G ‖1 − ‖Ĝ ‖1 − 〈3̂, G − Ĝ〉] +
(

1
2 − W

)
‖�(G − Ĝ)‖22

≥ UXV
∑

:∈/ (Ĝ,3̂)

|G: |2 +
(

1
2 − W

)
‖�(G − Ĝ)‖22 ≥ UXV 〈" (G − Ĝ), G − Ĝ〉.

With G ∈ * , write G − Ĝ = I +F where I ∈ ker" andF ⊥ ker" . That is, G − Ḡ = F for Ḡ = Ĝ + I. By
the previous paragraph, Ḡ ∈ -̂ if ‖I‖ is small enough, i.e., the neighbourhood* of Ĝ is small enough
and G ∈ * . Thus, for _min > 0 the minimal non-zero eigenvalue of " ,

UXV 〈" (G − Ĝ), G − Ĝ〉 = UXV 〈"F,F〉 ≥ UXV_min‖F ‖2- = UXV_min‖G − Ḡ ‖2- .

This with (4.7) proves (4.4), hence the claim for WX = UX and any 0 < W < min{1/2, V_min}. �

Finally, we may show that asymptotically accurate and su�ciently regularised solutions to ℓ 1-
regularised regression otherwise unconditionally converge to the set of 1-norm-minimising ground-
truths. Based on the practical implementation of the procedure, ℓ 1-regularised regression is also known
in the literature as “Lasso” for “least absolute shrinkage and selection operator”.
Theorem 4.5 (Lasso). Let '(G) = ‖G ‖1 and and � ∈ ℝ<×= with - = ℝ= and . = ℝ< . Suppose Assump-
tion 3.1 holds and that the accuracy 4X and regularisation parameter UX > 0, moreover, satisfy

lim
X→ 0

(
UX ,

X2

UX
,
4X

UX

)
= 0.

Then dist(GX , -̂ ) → 0 as X→ 0.
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Proof. We verify the conditions Theorem 3.10. The function � (G) := X {G |�G=1̂ } (G) + ‖G ‖1 is coercive,
lower semicontinuous, and bounded from below. Therefore the problem min � has a solution Ĝ ∈ -̂ .
As we have already discussed, these solutions are characterised by the source condition (4.1) for some
3̂ . Thus by Lemma 4.3, for every Ĝ ∈ -̂ there exists 3̂ such that (Ĝ, 3̂) is strictly complementary and
satis�es (4.1). Lemma 4.4 shows for all Ĝ ∈ -̂ and all X > 0 such that UX ∈ (0, 1/2) that m[�X + UX'] is
(�, UX )-strongly locally subdi�erentiable at Ĝ for Ĝ∗

X
:= �∗(�Ĝ − 1X ) + UX3̂ with the parameter W > 0

independent of X > 0. Consequently the semi-strong source condition of Assumption 3.8 holds for all
Ĝ ∈ -̂ in some neighbourhood* Ĝ 3 Ĝ . Clearly

⋃
Ĝ ∈-̂ *

Ĝ ⊃ -̂ . Moreover,*d is compact by the lower
semicontinuity and coercivity of ' and the continuity of�, and* Ĝ is open. By the �nite-dimensionality
of - the respective weak compactness and weak openness assumptions of Theorem 3.10 hold. The rest
follows from Theorem 3.10 and WX = UX . �

Remark 4.6. If" de�ned in (4.5) is positive de�nite, then the strong source condition of Assumption 3.5
holds at Ĝ . In that case we may apply Theorem 3.6 to obtain ‖GX − Ĝ ‖ → 0 and the estimates (3.8).

4.3 total variation regularised image reconstruction

Suppose, as before, that Ω ⊂ ℝ= . On the space - = !2(Ω), de�ne the total variation regulariser

'(G) =
{
‖�G ‖M(Ω) , BV(Ω) ∩ !2(Ω),
∞, otherwise.

Here � ∈ L(BV(Ω);M(Ω)) is the distributional di�erential, mapping functions of bounded variation
on a domain Ω ⊂ ℝ< to Radon measures. The Radon norm ‖�G ‖M(Ω) :=

∫
Ω
3 |�G |, where |�G | is the

total variation measure of �G . For details on functions of bounded variation we refer to [1]. For brevity
we write ‖ · ‖2 = ‖ · ‖!2 (Ω) and ‖ · ‖M = ‖ · ‖M(Ω;ℝ<) .

Any 3̂ ∈ !2(Ω) ∩ m‖� · ‖M(Ω;ℝ<) (Ĝ) satis�es by [2] or [30, Proposition 5 & Lemma 3 & De�nition
11] for some î ∈ !∞(Ω;ℝ<) that

(4.8a) 3̂ = − div î, ‖î ‖∞ ≤ 1, î�Ĝ = |�Ĝ |.

Hence the basic source condition (3.3) reduces to (4.8a) with

(4.8b) �Ĝ = 1̂ and 3̂ ∈ ran�∗.

The set -̂ is given by Ĝ satisfying (4.8) for some 3̂ .
Remark 4.7. It may often seem from the literature that all G∗ ∈ m‖� · ‖M (G) would have the form
G∗ = − divi from some i ∈ !∞(Ω;ℝ<). This is not the case. Consider, for example, the step function
Ĝ = j [0,∞) on ℝ. Then �Ĝ = X {0}. Take Ĝ∗ ∈ BV(ℝ)∗ given by Ĝ∗(G) = � 9G (ℝ) for all G ∈ BV(ℝ), i.e.,
the measure of the jump part of the di�erential of G . Then Ĝ∗(Ĝ) = ‖�Ĝ ‖M and ‖�G ‖M ≥ Ĝ∗(G) for
all G ∈ BV(ℝ). Thus

‖�G ‖M − ‖�Ĝ ‖M ≥ Ĝ∗(G − Ĝ)
meaning that Ĝ∗ ∈ m‖� · ‖M (Ĝ). However, if we had Ĝ∗ = − divi , then we would have Ĝ∗(G) = �G (i)
contradicting the de�nition of Ĝ∗ for suitable G ∈ BV(ℝ). It is thus important in our overall example that
we are actually working in !2(Ω): ran�∗ ⊂ !2(Ω). This allows us to limit our attention to subderivatives
G∗ ∈ !2(Ω).

Let L denote the Lebesgue measure on ℝ< . For a collection O of disjoint measurable Θ ⊂ Ω with
L(Θ) > 0, we de�ne the centring operator  O : !2(Ω) → !2(⋃Θ∈O Θ) by

( OG) |Θ := G |Θ − 1
L(Θ)

∫
Θ
G 3L (Θ ∈ O).
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Here G |Θ denotes the restriction of G on the subdomain Θ. For brevity, we call the possibly empty
collection O of disjoint subsets Θ ⊂ Ω a collection of �at areas for G” if each Θ ∈ O has a Lipschitz
boundary and is such that |�G | (Θ) = 0 (i.e., G is a.e. constant in Θ). If, moreover, (4.8a) holds, and
supb ∈Θ |î (b) | < 1 for all Θ ∈ O,

we call O a collection of strictly �at areas for Ĝ at î .

Note that  OG = 0 if O is a collection of �at areas for G .
Remark 4.8 (Stair-casing). Image reconstructions based on Tikhonov-style total variation regularisation
commonly exhibit large �at areas or “stair-casing” [31, 7]. The strictness of the collection of �at areas
O can be related to strict complementarity conditions in optimisation.

We start with a technical lemma.
Lemma 4.9. Let Ĝ, 3̂ ∈ !2(Ω) and î ∈ !∞(Ω;ℝ<) satisfy (4.8a). Let O be a �nite collection of strictly
�at areas for Ĝ at î and suppose the neighbourhood* 3 Ĝ satis�es for some � > 0 that

(4.9) * ⊂ {G ∈ !2(Ω) | ‖�G ‖M ≤ �}.

Then, for some constant Y = Y (O, 3̂) > 0,

‖�G ‖M − ‖�Ĝ ‖M − 〈3̂ |G − Ĝ〉 ≥
Y

�
‖ O (G − Ĝ)‖2!2 (⋃Θ∈O Θ)

(G ∈ * ) .

Proof. Observing (4.8a), we have

(4.10) ‖�G ‖M − ‖�Ĝ ‖M − 〈3̂ |G − Ĝ〉 =
∫
Ω
3 |�G | −

∫
Ω
3 |�Ĝ | −

∫
Ω
î3 (�G − �Ĝ)

≥
∫
Ω

1 − |î | 3 |�G |.

We recall that Poincaré’s inequality [1, Remark 3.50] establishes for some constants �Θ > 0 that

‖ {Θ}G ‖!2 (Θ) ≤ �Θ‖�G ‖M(Θ) (Θ ∈ O, G ∈ !2(Ω)) .

Since, by assumption, |�Ĝ | (Θ) = 0 and 1 − |î | ≥ YΘ,î > 0 for some YΘ,î > 0 for every Θ ∈ O, we
therefore obtain

(4.11)
∫
Ω

1 − |î | 3 |�G | ≥
∑
Θ∈O

YΘ,î

∫
Θ
3 |�G | ≥

∑
Θ∈O

�−1
Θ YΘ,î ‖ {Θ}G ‖!2 (Θ) .

(In particular, if< = 2 and Θ = �(b, d), we have �Θ = � independent of b and d .) On the other hand,
due to (4.9), Poincaré’s inequality, and  {Θ}Ĝ = 0, we also have

� ≥ ‖�G ‖M(Ω;ℝ<) ≥ ‖�G ‖M(Θ) ;ℝ<) ≥ �−1
Θ ‖ {Θ}G ‖!2 (Θ) = �

−1
Θ ‖ {Θ} (G − Ĝ)‖!2 (Θ) .

Combining this estimate with (4.10) and (4.11) yields the claimed estimate with Y = infΘ∈O YΘ,î/�2
Θ.

Since we assumed O to be �nite, we have Y > 0. �

Remark 4.10. If the constant �Θ from Poincaré’s inequality is bounded over all Θ ∈ O, and we have
supΘ∈O b ∈Θ |î (b) | < 1, then the �niteness assumption on O can be dropped.

A discretised version of the next lemma on total variation can be found in [26, Appendix A]. It says
that with regard to strong metric subregularity, the lack of positivity of �∗� can be compensated for
by the strictly �at areas.
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Lemma 4.11. Let �X (G) := 1
2 ‖�G − 1X ‖

2
2 + UX ‖�G ‖M on - = !2(Ω) with Ω ⊂ ℝ= and UX ∈ (0, 1/2).

Suppose:

(i) Ĝ ∈ !2(Ω) ∩ BV(Ω), and 3̂ ∈ !2(Ω), and î ∈ !∞(Ω;ℝ<) satisfy (4.8a).

(ii) There exists a a �nite collection O of strictly �at areas for Ĝ such that

(4.12)  ∗O O +�
∗� ≥ Ỹ Id for some Ỹ > 0.

(iii) * ⊂ !2(Ω) satis�es (4.9) for some � > 0.

Then � is strongly locally subdi�erentiable in * at Ĝ for Ĝ∗ := �∗(�Ĝ − 1X ) + UX3̂ ∈ m�X (Ĝ) with respect
to the norm ‖ · ‖X with WX = UX . The factor ^ (or W ) of strong metric subregularity is independent of X .

Proof. By Lemma 3.11 we need to prove

(4.13) ! := UX
(
‖�G ‖M − ‖�Ĝ ‖M − 〈3̂ |G − Ĝ〉

)
+

(
1
2 − W

)
‖�(G − Ĝ)‖22 ≥ WWX ‖G − Ĝ ‖2- (G ∈ * ) .

Lemma 4.9 provides for some Y = Y (Θ, 3̂) the estimate

‖�G ‖M − ‖�Ĝ ‖M − 〈3̂ |G − Ĝ〉 ≥
Y

�
‖ O (G − Ĝ)‖2!2 (Θ) .

This and (4.12) yield

! ≥ min
{
YUX

�
,

1
2 − W

}
Ỹ‖G − Ĝ ‖22.

Since we assume that UX ∈ (0, 1/2), taking WX = UX and UX ≤ 1
2 −W with W ∈ (0, 1

2 ), we now prove (4.13)
for small enough W > 0 independent of X > 0. �

Provided the strictly �at areas in the ground-truth compensate for the kernel of the forward operator,
we can now show the convergence of total variation regularised approximate solutions:
Theorem 4.12 (Total variation regularised image reconstruction). Let '(G) = ‖�G ‖M(Ω;ℝ<) in - =

!2(Ω) and suppose Assumption 3.1 holds. Also suppose Ĝ, 3̂ ∈ !2(Ω) satisfy (4.8) and that there exists
a corresponding collection O of strictly �at areas satisfying (4.12). Also suppose that the accuracy and
regularisation parameters satisfy

lim
X→ 0

(
UX ,

X2

UX
,
4X

UX

)
= 0.

Then ‖GX − Ĝ ‖2→ 0. Moreover, (3.8) holds for small enough X > 0.

Proof. For some d > 0, let

* := *d = {G ∈ !2(Ω) | ‖�(G − Ĝ)‖ ≤ d, ‖�G ‖M ≤ ‖�Ĝ ‖M + d}

Then (3.7) holds as does (4.9) with � := ‖�Ĝ ‖M + d . Lemma 4.11 now shows that �X + UX' is strongly
locally subdi�erentiable at Ĝ for Ĝ∗

X
:= �∗(�Ĝ − 1X ) + UX3̂ with respect to the norm ‖ · ‖X with WX = UX

and with the parameter W > 0 independent of X > 0. Since (4.8) veri�es the basic source condition
(3.3), this veri�es the strong source condition of Assumption 3.5. Hence we may apply Theorem 3.6
and Corollary 3.7 to deduce the claim. �
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5 nonlinear inverse problems and general discrepancies

We now consider the nonlinear inverse problem �(Ĝ) = 1̂, which for corrupted data 1X we solve via

min
G ∈-

�X (G) + UX'(G) where �X (G) := � (�(G) − 1X )

for some convex, proper, lower semicontinuous regularisation functional ' : - → ℝ and a data �delity
� : - → ℝ. We assume the forward operator � ∈ �1(- ;. ) on the Banach spaces - and . . We will
shortly impose assumptions on �.

5.1 a basic source condition and general assumptions

We again take as our starting point for admissible ground-truths Ĝ those that minimise ', i.e., solve
the problem

(5.1) min
�(G)=1̂

'(G) .

We use the theory of Clarke subdi�erentials on extended real-valued functions [13, Section 2.9] to
write the necessary optimality conditions for Ĝ to solve this problem. Indeed, by the Fermat principle,
0 ∈ � (Ĝ) for � (G) := '(G) +X {G :�(G)=1̂ }. Since� ∈ �1(- ;. ) is regular in the sense of Clarke’s theory, as
is ' as a convex function, the sum and composition rules [13, Theorems 2.9.8 & 2.9.9] hold as equalities
for � . Thus the Fermat principle writes out as Ĝ having to satisfy for some F̂ ∈ . ∗ the basic source
condition

(5.2) �′(Ĝ) = 1̂ and �′(Ĝ)∗F̂ + m'(Ĝ) 3 0.

We write -̂ for the set of Ĝ satisfying (5.2). This set may be larger than the set of minimisers of (5.1).
We now state our main assumption regarding accuracy and how � relates to the noise parameter

X > 0. Essentially, the magnitude of � ′ has to be compatible with the parameterisation X of the
corruption level, and the convergence below zero of � has to be Hölderian as the corruption in the
data vanishes.
Assumption 5.1 (Corruption level and solution accuracy). On Banach spaces - and . , � ∈ �1(- ;. ),
and ' : - → ℝ is convex, proper, and lower semicontinuous, and � : . → ℝ is convex and Fréchet
di�erentiable. For given accuracy parameters 4X ≥ 0 and all Ĝ ∈ -̂ we have

(5.3) [�X + UX'] (GX ) − [�X + UX'] (Ĝ) ≤ 4X (X > 0) .

Moreover, the parametrisation X > 0 of the noise or corruption level is such that

‖� ′(1X − 1̂)‖. ∗ ≤ X.

and, for some � ′, @ > 0,
� (1̂ − 1X ) ≤ � ′X@

Finally, for some �, ? > 0 the function � satis�es the pseudo-Hölder estimate

(5.4) �−1� (I) ≤ � (F) + ‖� ′(I −F)‖?
.
(I,F ∈ . ) .

Example 5.2. Let � (I) := 1
2 ‖I‖

2
.

on a Hilbert space . . Then � ′(I −F) = I −F so by Assumption 5.1
the noise level has to satisfy

‖1X − 1̂‖. ≤ X
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and with this we can take @ = 2 and � ′ = 1/2. Also (5.4) holds with � = 3 and ? = 2. Indeed

1
2� ‖I‖

2
. =

1
2� ‖F − (I −F)‖

2
.

≤
(

1
2� +

� − 1
2�

)
‖I‖2. +

(
1

2� +
�

2(� − 1)

)
‖I −F ‖2. ≤

1
2 ‖F ‖

2
. + ‖I −F ‖2. .

5.2 an estimate based on a strong source condition

We modify the strong source condition of Assumption 3.5 for nonlinear �.
Assumption 5.3 (Strong source condition; nonlinear case). Assume that Ĝ ∈ - satis�es for some F̂ ∈ .
the basic source condition (5.2). Moreover, for all X > 0, for given UX , WX > 0, assume that �X + UX' is
strongly locally subdi�erentiable at Ĝ for � ′

X
(Ĝ) − UX�′(Ĝ)∗F̂ with respect to the norm

‖G ‖X :=
√
‖�′(Ĝ)G ‖2

.
+ WX ‖G ‖2- (G ∈ - ) .

The factor W > 0 of strong local subdi�erentiability must be independent of X > 0 and, for some d > 0,
we must have

(5.5) * ⊃ *d := {G ∈ - | ‖�(G) −�(Ĝ)‖ ≤ d, '(G) ≤ '(Ĝ) + d}.

Then we say that Ĝ satis�es for F̂ the strong source condition.
We again start with a simple bound:

Lemma 5.4. Suppose Assumption 5.1 holds. Then

� (�(GX ) −�(Ĝ)) ≤ � (4X +� ′X@ + X? + UX'(Ĝ))

and
'(GX ) ≤ '(Ĝ) +

4X +� ′X@ + X?
UX

.

Proof. By Assumption 5.1 and (5.3), since �(Ĝ) = 1̂, we have

�−1� (�(GX ) −�(Ĝ)) + UX'(GX ) ≤ � (�(GX ) − 1X ) + UX'(GX ) + ‖� ′(1X − 1̂)‖?.
≤ � (1̂ − 1X ) + UX'(Ĝ) + 4X + ‖� ′(1X − 1̂)‖?.
≤ 4X +� ′X@ + X? + UX'(Ĝ).

This �nishes the proof. �

The next result generalises Theorem 3.6 to approximately linear operators �. The claim only di�ers
by the factor [, which becomes the unit if � is linear.
Theorem 5.5. Suppose Assumption 5.1 holds along with the strong source condition of Assumption 5.3 at
some Ĝ for F̂ . Suppose (4X + X@ + X?)/UX→ 0 and UX→ 0 as X→ 0. Then there exists X > 0 such that if
X ∈ (0, X̄), we have

(5.6) 1
2 ‖GX − Ĝ ‖

2
- ≤

4X

WWX
+ X2

2W2WX
+

U2
X

2W2WX
‖F̂ ‖2. .

Proof. Since �(Ĝ) = 1̂, we have

� ′
X
(Ĝ) − UX�′(Ĝ)∗F̂ = �′(Ĝ)∗� ′(�(Ĝ) − 1X ) − UX�′(Ĝ)∗F̂ = �′(Ĝ)∗(� ′(1̂ − 1X ) − UXF̂).
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Let d > 0 be as in Assumption 5.1. By the assumption that (4X + X@ + X?)/UX→ 0 and UX→ 0 as X→ 0,
Lemma 5.4, and (5.5), for suitably small X > 0, we have GX ∈ *d ⊂ * . Hence by the accuracy estimate
in Assumption 5.1 and the strong local subdi�erentiability included in Assumption 5.3,

(5.7) 4X ≥ [�X + UX'] (GX ) − [�X + UX'] (Ĝ)
≥ 〈� ′

X
(Ĝ) − UX�′(Ĝ)∗F̂ |GX − Ĝ〉 + W ‖GX − Ĝ ‖2X

= 〈� ′(1̂ − 1X ) − UXF̂, �′(Ĝ) (GX − Ĝ)〉 + W ‖�′(Ĝ) (GX − Ĝ)‖2. + WWX ‖GX − Ĝ ‖2- .

Now, for any W ′ ∈ (0, W), using Young’s inequality twice, we obtain

(5.8) 4X ≥ −
1

4W ′ ‖�
′(1̂ − 1X )‖2. −

U2
X

4(W − W ′) ‖F̂ ‖
2 + WWX ‖GX − Ĝ ‖2- .

Thus

‖GX − Ĝ ‖2- ≤
4X

WWX
+ X2

4W ′WWX
+

U2
X

4(W − W ′)WWX
‖F̂ ‖2. .

Taking W ′ = 1
2W , this yields the claim. �

Corollary 5.6. Suppose Assumption 5.1 holds along with the strong source condition of Assumption 5.3 at Ĝ .
If

lim
X→ 0

1
min{UX , WX }

(U2
X
, Xmin{2,@,? }, 4X ) = 0

then
lim
X→ 0
‖GX − Ĝ ‖- = 0.

5.3 an estimate based on a semi-strong source condition

The following assumption and theorem adapt Assumption 3.8 and Lemma 3.9 to non-linear �.
Assumption 5.7 (Semi-strong source condition; nonlinear case). Assume that Ĝ ∈ - satis�es for some
F̂ ∈ . the basic source condition of (5.2). Moreover, for all X > 0, for given UX , WX > 0, assume that
�X + UX' is (�′(Ĝ), WX )-strongly locally subdi�erentiable at Ĝ for � ′

X
(Ĝ) − UX�′(Ĝ)∗F̂ with respect to

the set -̂ . The factor W > 0 and neighbourhood* = * Ĝ of (�′(Ĝ), WX )-strong local subdi�erentiability
must be independent of X > 0. Then we say that Ĝ satis�es for F̂ the semi-strong source condition.
Lemma 5.8. Suppose Assumption 5.1 and the semi-strong source condition of Assumption 5.7 hold at some
Ĝ ∈ - for some F̂ with the neighbourhood of strong local subdi�erentiability * Ĝ ⊃ *d for some d > 0.
Suppose (4X + X@ + X?)/UX→ 0 and UX→ 0 as X→ 0. Then there exists X̄ > 0 and W = W (^) such that if
X ∈ (0, X̄) and GX ∈ * , we have

dist2(GX , -̂ ) ≤
4X

WWX
+ X2

4W ′WWX
+

[2U2
X

4(W − W ′)WWX
‖F̂ ‖2. .

Proof. By Lemma 3.4 and the assumptions that (4X + X@ + X?)/UX→ 0 and UX→ 0 as X→ 0 and * Ĝ ⊃
*d , for suitably small X > 0, we have GX ∈ * Ĝ . As in (3.9), using the assumed (�,WX )-strong local
subdi�erentiability of �X + UX', analogously to (5.7) we have

4X ≥ 〈� ′(1̂ − 1X ) − UXF̂, �′(Ĝ) (GX − Ĝ)〉 + W ‖�′(Ĝ) (GX − Ĝ)‖2. + WWX dist2(GX , -̂ ) .

From here we proceed as in the proof of Theorem 5.5. �

The next result is proved exactly as Theorem 3.10 using Lemma 5.8 in place of Lemma 3.9.
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Theorem 5.9. Suppose Assumption 5.1 that there exists a collection -̃ ⊂ -̂ of points satisfying the semi-
strong source condition of Assumption 5.7 such that

⋃
Ĝ ∈-̃ *

Ĝ ⊃ -̂ . Also suppose that *d , as de�ned in
(5.5), is weakly or weakly-∗ compact for some d > 0, and each* Ĝ for all Ĝ ∈ -̃ correspondingly weakly
or weakly-∗ open. If

lim
X→ 0

1
min{UX , WX }

(U2
X
, Xmin{2,@,? }, 4X ) = 0

then
lim
X→ 0

dist(GX , -̂ ) = 0.

5.4 examples

The following Lemmas 5.10 and 5.11 are the counterparts of Lemmas 3.11 and 3.12 for nonlinear �. We
concentrate for simplicity on � = 1

2 ‖ · ‖
2
.

. We need the approximate linearity condition

(5.9) 1
2 ‖�(G) −�(Ĝ)‖

2 + 〈�(Ĝ) − 1X , �(G) −�(Ĝ) −�′(Ĝ) (G − Ĝ)〉 ≥ [‖�′(Ĝ) (G − Ĝ)‖2 (G ∈ *�)

for some [ > 0 and a neighbourhood*� of Ĝ ∈ -̂ . By Pythagoras’ three-point identity, this holds with
[ = 1

2 and *� = - if � is linear. Given that Example 5.2 establishes ‖�(Ĝ) − 1X ‖ = ‖1̂ − 1X ‖ ≤ X for
� = 1

2 ‖ · ‖
2
.

, (5.9) follows from

1
2 ‖�(G) −�(Ĝ)‖

2 ≥ X ‖�(G) −�(Ĝ) −�′(Ĝ) (G − Ĝ)‖ + [‖�′(Ĝ) (G − Ĝ)‖2 (G ∈ *�).

Lemma 5.10. Let � = 1
2 ‖ · ‖

2
.
on a Hilbert space . and suppose � and ' are as in Assumption 5.1. Suppose

(5.9) holds at Ĝ for a given X > 0. Then �X + UX' is strongly locally subdi�erentiable at Ĝ for � ′
X
(Ĝ) − UX3̂

with respect to the norm ‖ · ‖X if, for corresponding neighbourhood* 3 Ĝ ,* ⊂ *� and factor W > 0,

(5.10) UX ['(G) − '(Ĝ) − 〈3̂ |G − Ĝ〉] + ([ − W) ‖�′(Ĝ) (G − Ĝ)‖22 ≥ WWX ‖G − Ĝ ‖2 (G ∈ * ) .

The proof follows from the proof of the next lemma after expanding ‖ · ‖X and taking -̂ = {Ĝ}.
Lemma 5.11. Let � = 1

2 ‖ · ‖
2
.
on a Hilbert space . and suppose � and ' are as in Assumption 5.1. Suppose

(5.9) holds at Ĝ for a given X > 0. Then �X + UX' is (�,WX )-strongly locally subdi�erentiable at Ĝ for
� ′
X
(Ĝ) − UX3̂ with respect to -̂ if, for corresponding neighbourhood* 3 Ĝ ,* ⊂ *� and factor W > 0,

(5.11) UX ['(G) − '(Ĝ) − 〈3̂ |G − Ĝ〉] + ([ − W) ‖�′(Ĝ) (G − Ĝ)‖22 ≥ WWX dist2(G, -̂ ) (G ∈ * ) .

Proof. Minding the de�nition of �X , we need to show that

(5.12) � (�(G) − 1X ) − � (�(Ĝ) − 1X ) − 〈� ′(�(Ĝ) − 1X ), �′(Ĝ) (G − Ĝ)〉
+ UX ['(G) − '(Ĝ) − 〈�′(Ĝ)∗F̂ |G − Ĝ〉] ≥ W ‖�′(Ĝ) (G − Ĝ)‖2. + WWX dist(G, -̂ )2 (G ∈ * ) .

For � = 1
2 ‖ · ‖

2
.

, using Pythagoras’ identity (1.4) and the approximate linearity condition (5.9), we have

� (�(G) − 1X ) − � (�(Ĝ) − 1X ) − 〈� ′(�(Ĝ) − 1X ), �′(Ĝ) (G − Ĝ)〉

=
1
2 ‖�(G) − 1X ‖

2 − 1
2 ‖�(Ĝ) − 1X ‖

2 − 〈�(Ĝ) − 1X , �′(Ĝ) (G − Ĝ)〉

=
1
2 ‖�(G) −�(Ĝ)‖

2
. + 〈�(Ĝ) − 1X , �(G) −�(Ĝ) −�′(Ĝ) (G − Ĝ)〉

≥ [‖�′(Ĝ) (G − Ĝ)‖2.

Applying this in (5.11) proves (5.12). �
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Corollary 5.12 (Nonlinear total variation regularised image reconstruction). Let � = 1
2 ‖ · ‖

2
.
, '(G) =

‖�G ‖M(Ω;ℝ<) , and� ∈ �1(- ;. ) in - = !2(Ω) and a Hilbert space . . Suppose for some X̄, d > 0 that the
approximate linearity condition (5.9) holds at Ĝ for all X ∈ (0, X̄) with*� ⊃ *d . Also suppose (5.3) holds,
Ĝ, 3̂ ∈ !2(Ω) satisfy (4.8), and there exists a corresponding collection O of strictly �at areas satisfying

(5.13)  ∗O O +�
′(Ĝ)∗�′(Ĝ) ≥ Y Id for some Y > 0.

If the accuracy and regularisation parameters satisfy

(5.14) lim
X→ 0

(
UX ,

Xmin{2,?,@ }

UX
,
4X

UX

)
= 0,

then ‖GX − Ĝ ‖2→ 0. Moreover, (5.6) holds for small enough X > 0.

Proof. Due to Example 5.2 and (5.3), Assumption 5.1 holds. By the assumption*� ⊃ *d , the approximate
linearity condition (5.9) is valid for X > 0 small enough that GX ∈ *d due to Lemma 5.4 and (5.14).
Therefore, in the proofs of Theorem 4.12 and Lemma 4.11, whereWX = UX , we simply replace Theorem 3.6
by Theorem 5.5, and Lemma 3.11 by Lemma 5.10. �

The unconditional Lasso example of Theorem 4.5 does not extend as readily to nonlinear�. However,
if we assume that �′(Ĝ)∗�′(Ĝ) +∑

:∈/ (Ĝ,3̂) 1:1
>
:
≥ Y Id (compare (4.5) and (5.13)), then it is possible to

produce convergence to speci�c Ĝ as in Corollary 5.12.

6 regularisation complexity of optimisation methods in hilbert spaces

We now brie�y discuss how we can use some popular nonsmooth optimisation methods to construct
GX satisfying the accuracy estimate (3.5) and the parameter convergence conditions (3.11). We start
with forward-backward splitting, mainly applicable to the ℓ 1-regularised regression of Theorem 4.5, in
which case it is also known as iterative soft-thresholding [11, 15, 39]. We then look at the more widely
applicable primal-dual proximal splitting (PDPS), also known as the Chambolle–Pock method. Besides
the original references below, the methods and their convergence properties are discussed, for example,
in [14, 35]. Due to the necessities of e�ective �rst-order methods, we need to restrict our attention to
Hilbert spaces.

6.1 forward-backward splitting

The forward-backward splitting method of [29] applies to problems of the form

min
G ∈-

� (G) +� (G),

on Hilbert spaces - where � : - → ℝ and � : - → ℝ are convex, proper, and lower semicontinuous,
and � has an !-Lipschitz gradient. Take a step length parameter g > 0 such that g! < 1 and an initial
iterate G0 ∈ - . If � has a simple closed-form proximal operator proxg� (G) := minG̃ 1

2 ‖G − G̃ ‖ + g� (G̃),
the method iterates

G:+1 := proxg� (G: − g∇� (G: )) .
Taking � = �X and � = UX', we now apply the method to (3.2).
Theorem 6.1. Suppose that Assumption 3.1 and the strong source condition of Assumption 3.5 hold. For
each X > 0, take #X iterations of forward-backward splitting, starting from the same initial iterate G0 ∈ -
with the same step length parameter g > 0 satisfying g! < 1. Denote the iterates by {G:

X
}:∈ℕ. If

(6.1) lim
X→ 0

1
min{UX , WX }

(U2
X
, X2, # −1

X
) = 0,
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then
lim
X→ 0
‖G#X

X
− Ĝ ‖- = 0.

Proof. The iterates of the forward-backward splitting method are monotone ([� +�] (G:+1) ≤ [� +
�] (G: )) and satisfy for any Ḡ ∈ - the estimate (see, e.g., [6, 14])

[� +�] (G# ) − [� +�] (Ḡ) ≤ 1
2g# ‖G

0 − Ḡ ‖2 (# ∈ ℕ) .

Therefore, with � (G) = 1
2 ‖�G − 1X ‖

2
.

and � (G) := UX'(G), the accuracy estimate (3.5) is satis�ed for

4X =
1

2g#X
‖G0 − Ĝ ‖2

after taking #X iterations from the �xed initial iterate G0. Thus the condition (3.11) of Corollary 3.7 is
satis�ed by choosing UX > 0 and #X such that (6.1) holds. �

In particular, if UX = WX as in the Lasso of Theorem 4.5, it su�ces to take UX→ 0 and #X→∞ such
that X2/UX→ 0, and UX#X→∞ as X→ 0.

6.2 primal-dual proximal splitting

Primal-dual methods, for example the primal-dual proximal splitting (PDPS) of Chambolle and Pock
[12], do not directly provide an accuracy estimate of the type (3.5). They provide estimates on a gap
functional. To be more speci�c, consider the general problem

(6.2) min
G ∈-

� (G) +� ( G),

for convex, proper, lower semicontinuous � : - → ℝ and � : . → ℝ, and  ∈ L(- ;. ) on Hilbert
spaces - and . . Writing �∗ for Fenchel conjugate of � , taking step length parameters g, f > 0 with
gf ‖ ‖2 < 1 and an initial iterate (G0, H0) ∈ -×, the PDPS then iterates

(6.3)
{
G:+1 := proxg� (G: − g ∗H: ),
H:+1 := proxf�∗ (H: + f (2G:+1 − G: )) .

De�ne the Lagrangian gap functional

G(G, H ; Ḡ, H̄) := (� (G) + 〈 G, H̄〉 −�∗(H̄)) − (� (Ḡ) + 〈 Ḡ, H〉 −�∗(H)) .

The iterates of the PDPS satisfy for all comparison points (G̃, H̃) ∈ - ×. , for some constant� > 0 that
[35, 14, 22]

(6.4) 1
2 ‖(G

# , H# ) − (Ḡ, H̄)‖2" +
#−1∑
:=0
G(G: , H: ; G̃, H̃) ≤ 1

2 ‖(G
0, H0) − (G̃, H̃)‖2" (# ∈ ℕ),

where
‖D‖" :=

√
〈"D,D〉 and " :=

(
g−1 Id − ∗
− f−1 Id

)
.

We want to develop (6.4) into a function value estimate to use the regularisation theory of Section 3.
For the next lemma, we need to know that by the Fenchel–Rockafellar theorem, minimisers Ḡ ∈ - of
(6.2) are characterised by the existence of a primal-dual solution pair (Ḡ, H̄) ∈ - × . such that

− ∗H̄ ∈ m� (Ḡ) and  ∗Ḡ ∈ m�∗(H̄).
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Lemma 6.2. Let {(G: , H: )}∞
:=1 be generated by the PDPS for the problem (6.2) and initial iterates (G0, H0).

Suppose the step length parameters satisfy gf ‖ ‖2 < 1. Let (Ḡ, H̄) be a primal-dual solution pair. De�ne

(6.5) � := ‖Ḡ ‖- +
√
g ‖(G0, H0) − (Ḡ, H̄)‖"√

1 − gf ‖ ‖2
.

For all # ∈ ℕ, de�ne the ergodic variables G̃# := 1
#

∑#−1
:=0 G

# and H̃# := 1
#

∑#−1
:=0 H

# . Suppose there exists
a bounded set �. ⊂ . such that

(6.6) sup
H̃∈�.
(〈 G, H̃〉 −�∗(H̃)) = � ( G) (‖G ‖ ≤ �).

Then, for any G̃ ∈ - ,

� (G̃# ) +� ( G̃# ) ≤ � (G̃) +� ( G̃) + sup
H̃∈�.

‖(G0, H0) − (G̃, H̃)‖2
"

2# .

Proof. Since (Ḡ, H̄) is a primal-dual solution pair, we have G( · ; Ḡ, H̄) ≥ 0 as a consequence of the
Fenchel–Rockafellar theorem. Since gf ‖ ‖ < 1, Young’s inequality shows that 〈"D,D〉 ≥ g−1(1 −
gf ‖ ‖2)‖G ‖2. By (6.4) we therefore have for all : ≥ ℕ that

g−1(1 − gf ‖ ‖2)‖G: − Ḡ ‖2- ≤ ‖(G0, H0) − (Ḡ, H̄)‖2" .

In other words ‖G: ‖ ≤ � , consequently ‖G̃# ‖ ≤ � for all # ∈ ℕ.
As in [38], we marginalise the gap with respect to the dual variable:

inf
H∈.
G(G, H ; G̃, H̃) = (� (G) + 〈 G, H̃〉 −�∗(H̃)) − (� (G̃) +� ( G̃)) (G, G̃ ∈ -, H̃ ∈ . ) .

Using (6.6), it follows that

sup
H̃∈�.

inf
H∈.
G(G, H ; G̃, H̃) ≥ (� (G) +� ( G)) − (� (G̃) +� ( G̃)) (‖G ‖ ≤ �).

Jensen’s inequality and (6.4) give the ergodic gap estimate

G(G̃# , H̃# ; G̃, H̃) ≤ 1
2# ‖(G

0, H0) − (G̃, H̃)‖2" (# ∈ ℕ).

Using that ‖G̃# ‖ ≤ � and combining these two inequalities, we obtain the claim. �

We now return to the problem (3.2) with ' = '0 ◦& for convex, proper and lower semicontinuous
� : / → ℝ and & ∈ L(- ;. ). We assume that all - , . , and / are Hilbert spaces. For each X > 0, we
de�ne

(6.7) �X (G) := 0, �X (H, I) := 1
2 ‖H − 1X ‖

2 + UX'0(I), and  G := (�G,&G) .

Then
�X + UX' = �X +�X ◦  .

Theorem 6.3. Suppose that (3.4) and the strong source condition of Assumption 3.5 hold at Ĝ with' = '0◦&
for convex, proper and lower semicontinuous '0 : / → ℝ and & ∈ L(- ;. ). For each X > 0, take
#X iterations of the PDPS for the problem minG �X (G) + �X ( G), starting for each X > 0 from the
same initial iterate (G0, H0

∗ , I
0
∗) ∈ - × . × / with the same step length parameters g, f > 0 satisfying

gf (‖�‖2 + ‖& ‖2) < 1. Suppose ran m'0 :=
⋃
I∈/ m'0(I) is bounded and that �X ◦  is coercive for all

T. Valkonen Regularisation, optimisation, subregularity

https://arxiv.org/abs/2011.07575


arxiv: 2011.07575, 2020-10-30 (revised 2021-01-17) page 23 of 27

X > 0. Denote the primal iterates by {G:
X
}:∈ℕ, and the corresponding ergodic iterates by G̃#X := 1

#

∑#−1
:=0 G

:
X
.

If

(6.8) lim
X→ 0

1
min{UX , WX }

(U2
X
, X2, # −1

X
) = 0,

then

lim
X→ 0
‖G̃#X

X
− Ĝ ‖- = 0.

Proof. We use Corollary 3.7, for which we need to verify (3.11) for some 4X satisfying (3.5). Assumption 3.5
and (3.4) of Assumption 3.1 we have assumed. We do this via Lemma 6.2 applied to � = �X ,� = �X , and
 , but need � = �X de�ned in (6.5) to be bounded over X > 0. We also need to construct �. satisfying
(6.6) for � = �X for all small enough X > 0.

We have

(6.9) m�X (H, I) ⊂ {H − 1X } × UX m'0(I) .

Since (3.4) implies that 1X → 1 as X→ 0, (6.9) and the assumption that ran m'0 is bounded prove the
exists of a bounded set �. such that

(6.10) ‖G ‖ ≤ � =⇒ m�X ( G) ⊂ �. .

By the Fenchel–Young theorem (see, e.g., [18, 14]) we have

�X (H, I) +�∗X (H∗, H∗) = 〈H, H∗〉 + 〈I, H∗〉 when (H∗, I∗) ∈ m�X (H, I) .

Thus (6.10) proves (6.6).
For all X > 0, let ḠX be a minimiser of �X +�X ◦  . Such a point exists because we assume �X ◦  to

be proper, coercive, and lower semicontinuous. By the Fenchel–Rockafellar theorem (see, e.g., [18, 14]),
there also exists a dual solution (H̄∗

X
, Ī∗
X
), i.e., minimiser of � ∗

X
(− ∗ · ) +�∗

X
. now GX = ḠX satis�es (3.5)

with 4X = 0. On the other hand, (6.8) veri�es (3.11) for 4X = 0. Theorem 3.6 consequently shows for
given Y > 0 and X ∈ (0, X̄) for small enough X̄ > 0 that ‖ḠX ‖- ≤ ‖Ĝ ‖- + Y. By the Fenchel–Rockafellar
theorem, we have (H̄∗

X
, Ī∗
X
) ∈ m�X ( ḠX ). Thus (6.10) bounds ‖H̄∗

X
‖ and ‖Ī∗

X
‖ uniformly over X ∈ (0, X̄)0.

Consequently � = �X de�ned in (6.5) is bounded over X ∈ (0, X̄).
Now Lemma 6.2 proves (3.5) for all X ∈ (0, X̄) for GX = G̃

#X

X
and

4X := sup
H̄∈�.

‖(G0, H0) − (Ĝ, H̄)‖2
"

2#X
.

Thus (6.8) implies (3.11). It remains to apply Corollary 3.7. �

In particular, if UX = WX , it su�ces to take UX→ 0 and #X→∞ such that X2/UX→ 0, and UX#X→∞ as
X→ 0. However, we cannot directly apply Theorem 6.3 to the total variation Theorem 4.12 as it would
require Banach spaces that the proximal steps in the PDPS cannot handle3. Nevertheless, Theorem 6.3
can be applied to discretised problems, as we next numerically demonstrate.

3It is, however, possible, to develop versions based on Bregman divergences; see, e.g., [34].
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Figure 1: Illustration of regularisation complexity of PDPS (Theorem 6.3) for total variation deblurring.
In (a) we display the reconstruction quality in terms of the normalised distance to the ground
truth after # iterations for �xed # and a choice #

X̆
satisfying the conditions of the theorem.

We also display the quality of the corrupted data 1
X̆
. In (b) we plot the chosen iteration count

#
X̆

against the pixelwise noise level X̆ .

6.3 numerical illustration

We �nish by numerically illustrating Theorem 6.3 for total variation deblurring. We take the 768 × 512
pixel “lighthouse” test image from the free Kodak image suite [20], converted to greyscale values in
the range [0, 1]. This is the ground-truth Ĝ = 1̂. Instead of the overall noise level X = X (X̆), we use the
pixelwise noise level X̆ as our main parameter.

To generate the data 1
X̆
, we apply pixelwise Gaussian noise of varying standard deviation X̆ to 1̂

and apply to the result our forward operator �, a convolution with a Gaussian kernel of standard
deviation 2 in a window of 7×7 pixels. To employ isotropic total variation regularisation, we take as& a
forward-di�erences discretisation of the image gradient operator (cell width ℎ = 1), and '0 = ‖ · ‖2,1 as
the sum of two-norms of the gradient vectors over each image pixel. For each X̆ we take U

X̆
= X̆/2 based

on rough visual inspection. To ensure that #
X̆
U
X̆→∞ as X̆→ 0 with #

X̆→∞ not too fast for numerical
computation to become infeasible, and to always take at least 100 iterations, somewhat arbitrarily we
choose #

X̆
= 100 + U−1

X̆
(C ↦→ log(1 + C))1000(X̆−1) (1000-fold composition of the logarithmic map). We

plot this in Figure 1b.
We apply the PDPS (6.3) to the functions (6.7) for X̆ ∈ {5 · 10−? | 5 ∈ {1, 0.5}, ? ∈ {0, . . . , 8}}. We use

zero initialisation and take as the step length parameters g = 5/! and f = 0.99/(5!) for ! a numerically
computed estimate on the norm of  . We report in Figure 1a the normalised distances to the ground
truth for # = #

X̆
and �xed # = 100 and # = 1000 iterations. The �gure illustrates within numerical

limits the convergence of the iterate G#
X̆

for # = #
X̆

to the ground-truth as X̆→ 0, whereas with a
�xed iteration count no convergence is observed. For further details, our Julia implementation of the
experiments and algorithm is available on Zenodo [36].
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