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PRIMAL-DUAL MULTIGRID METHODS FOR NONSMOOTH
OPTIMIZATION

. * -
Felipe Guerra Tuomo Valkonen'

Abstract  In optimization, one often encounters problems of the form min, F(x) + E(x) + G(Kx).
In this work, we combine primal-dual algorithms with multigrid techniques for their solution.
To link the the fine-grid and coarse-grid problems problems, we introduce a nonsmooth primal-
dual coherence condition, and an efficient partially linearized line search procedure. Our work is
motivated by total variation regularized inverse imaging problems, on which we demonstrate the
efficacy of the method, being able to solve problems not previously possible with forward-backward
multigrid methods.

1 INTRODUCTION

Several first-order methods have been developed to solve nonsmooth optimization problems to which
basic forward-backward splitting is not easily applicable. These include the Primal-Dual Splitting
Method (PDPS) [23] and the Alternating Direction Method of Multipliers (ADMM) [13, 25]. However,
the computational cost of these methods can be high on large scale problems. A promising way to
mitigate the cost is to use multigrid (or multilevel) techniques.

The main idea behind multigrid techniques is to reduce the dimension of the original problem —
generally considered to be set in a finite-dimensional space — by passing to a different but related
problem in a lower-dimensional space. This is commonly referred to as the coarse problem. By solving
the coarse problem, a direction of improvement is obtained for the original fine problem.

Multigrid methods were popularized in [3] for the efficient solution of large-scale linear systems
arising from the discretization of elliptic PDEs; see [4] for an introduction. Subsequently, it was extended
to smooth optimization in [19]. Recently, various extensions of the approach have been proposed for
nonsmooth optimization problems. These recent works either combine the forward-backward method
with multigrid [1, 14], or smoothen the optimization problem [22], which implies that the optimization
problem must have a prox-simple structure.

To bypass restrictions faced by forward-backward techniques, we propose a nonsmooth Primal-Dual
Multigrid with Coarse Correction method (PDMCC). It links the PDPS applied to both the coarse and fine
problems via a nonsmooth primal-dual coherence condition. This is Algorithm 1.1. We recall that the
basic PDPS is sometimes called the Chambolle—-Pock method [6], and the variant with an additional
forward step the Condat-Vi method [10, 28]. We review such algorithms in Section 2 through the
preconditioned proximal point approach of [16], subsequently employed in [26, 9].

Algorithm 1.1 applies to problems of the form

(1.1) mel)rg F(x) + E(x) + G(Kx),
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Algorithm 1.1 Primal-Dual Multigrid with Coarse Correction (PDMCC)

Require: Functions F, E, G and step length parameters 7, o > 0 satisfying Assumption 2.1. Line search
model parameters €, p > 0, (k € N). Line search parameter x € (0,1). A trigger condition.
1: Choose an initial iterate u° := (x°, 1) € X x Y.
for all k € N until a chosen stopping criterion is fulfilled do
Perform the fine-grid PDPS update u* := (x¥, y¥) as

N

3:
4 xk = prox p(xF — 7(VE(xF) + K*y¥)) and > Primal fine update
5: yk = prox, g (yF + oK (2x**! — xK)). > Dual fine update
6: if the trigger condition is satisfied then
7: Choose coarse functions Ffl Eg, (GI’fI)* subject to Assumptions 3.1 and 3.2.

8: Form the descent direction d* with Algorithm 4.1. > Coarse correction
9 Find a line search step length 6 > 0 satistying (5.2) or (5.5)

10: Perform the fine-grid update u**! := u* + 0.d*.

1 else

12: uk+1 = u_lf_.

13: end if

14: end for

where F and G are convex, possibly nonsmooth functions, E is convex and smooth with L-Lipschitz
gradient, and K € L(X;Y) on Hilbert spaces X and Y. We treat in Section 3 the nonsmooth primal-dual
coherence condition that lays out rules for designing Fy, Ey, Gy and Ky for a corresponding coarse
problem. When a trigger condition — freely chosen by the user of the method - is satisfied, m coarse
PDPS iterations are performed on these functions, starting from the restriction % := I}Il{ uk of the fine
primal-dual pre-iterate uX = (x*, y¥), to yield a a direction d* = I g(vk’m — 9%0) from the prolonged
initial coarse iterate to the prolonged final coarse iterate.

Integrating this direction into a primal-dual method presents significant challenges, because there
is no obvious objective function for which to seek decrease: the Fenchel-Rockafellar duality gap can
rarely be used in convergence proofs, while the more commonly employed Lagrangian duality gap
depends on a base point, which is not the same on the two grids. We show in Section 4 that d is a
descent direction for

(12) OF(x, y) = F(x) + E(x) + G*(y) + (¥5, Kx) — (Kx%, y),

when an ergodic or non-ergodic construction is used for the coarse algorithm. When the line search is
amended with quadratic penalization, we obtain a bound on the Lagrangian gap of the fine problem,
reminiscent of standard results for the PDPS. As a result, the PDMCC preserves the convergence
structure of the PDPS, modified only by a controllable error term.

Our method uses line search to incorporate coarse information into the fine algorithm. In contrast
to [18], where line search was first used with the PDPS - without multigrid - to adaptively adjust step
length parameters without needing to know the norm of K € L(X;Y), the line search we propose is
more classical. In particular, while in [18] the primal and dual variables are updated using proximal
steps, our method performs updates along a descent direction of ®.

The convergence of primal-dual algorithms can be studied through two key concepts: Fejér mono-
tonicity of the generated sequence with respect to the set of optimal solutions, and ergodic convergence
of the Lagrangian gap. Consequently, any fine-grid update performed through line search must be
carefully designed to ensure at least one of these properties—ideally, both. In Section 5 we show that
we can incorporate terms relevant for Fejér monotonicity into a line search procedure on ®*. This then
allows proving for the PDMCC the ergodic convergence of the Lagrangian gap at the rate O(1/N), as
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well as Fejér quasi-monotonicity. The latter establishes weak convergence via Opial’s lemma. We also
illustrate, in Remark 6.9, how our results can be extended to nonconvex E.

In Section 7 we discuss ways to construct the coarse functions Ey, Gy, and Fp. Finally, in Section 8,
we provide a series of numerical experiments on total variation-regularized inverse imaging problems
to validate the proposed method and highlight its computational advantages.

2 PRIMAL-DUAL PROXIMAL SPLITTING

We recall here the preconditioned proximal point approach [16, 26, 9] to the PDPS for (1.1). We follow
[9, Chapter 11]. To start, we recall basic notation. We write R = [—oo, +o0]. For a convex function
F: X — R, 9F(x) denotes its subdifferential at x; F* : X — R the Fenchel conjugate; and proxy the
proximal operator. If K : X — Y is linear and bounded, we write K € L(X;Y).

By the Fenchel-Rockafellar theorem, primal-dual solution pairs i = (%, §) € U := X X Y on the
Hilbert spaces X and Y, are characterized by

(2.1) —K*§ - VE(X) € 9F(*) and K# € aG*(9).

Based on this, the PDPS method with a forward step with respect to E reads

(2.2)
Y= prox_ . (Y* + oK (2x51 = xF)).

{xk“ := prox,p(x* — r[VE(x¥) + K*y¥]),

In implicit form,
0 € OF(x*1) + K*y*1 + VE(x*) — K* (9% = y%) + r71 (k1 = x¥)  and
0€ aG*(yk+1) _ ka+1 _ K(xk+1 _ xk) + O_—l(yk+1 _ yk)

These inclusions take a convenient form in the product space U = X X Y. Let

(2.3) G:U—>R, G(u):=F(x)+G*(y) and E(u):U —> R, E(u):=E(x).
We also define M, Z, A € L(U;U) by

r'1d -K* _ 0 K* LI1d o
(2.4) M’_(—K 0_1Id)’ .:.—(_K 0), and A.—(O 0),

where L > 0 is the Lipschitz constant of the gradient of E, and Id denotes the identity operator. Then,
the PDPS is characterized by the joint implicit inclusion

(2.5) 0 € aG(uF*Y) + ZuF*! + VE(WX) + M(uF*! = uF).

In other words, it is a preconditioned forward-backward method with the skew-adjoint perturbation
=, which does not arise as a differential.
To state basic results for the PDPS, we require:

Assumption 2.1. F.E : X —» Rand G : Y — R are proper, convex and lower semicontinous with
L-Lipschitz VE, and K € L(X;Y) on Hilbert spaces X and Y. The steps length parameters 7, o > 0 are
chosen such that 7L + TO'“KHE(le) <1

Assumption 2.1 implies [9, Chapter 7] that E, defined in (2.3) satisfies for any u, 4,4 € U and
A € L(U;U) from (2.4) the three-point smoothness inequality

(2.6) (VE(#),u — i) > E(u) — E(il) — %Hu — a3

Moreover, we have:

Primal-dual multigrid methods for nonsmooth optimization
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Lemma 2.2 ([9, Lemma 9.12]). Let Assumption 2.1 hold. Then M—A and M are bounded and self-adjoint; M—
A is positive definite; and||u||}2w > Cl|ul|® forallu € XXY, whereC = (1-70||K||(x.y)) min{r ™%, 07!} >
0.

As a positive (semi-)definite and self-adjoint operator, M defines the (semi)norm ||ul|ys := v/{Mu, u)
that satisfies for all u, 4, &4 € U the three-point identity

. . 1 . 1. . 1 .
@) (M=), u =) = 2w = all} = > l1a = @l + S llu—all}.

To analyze convergence, we introduce the Lagrangian gap

(2.8) Gr(u;0) := ®(u; i) — O(i; 1) for wu,u €U,
where'
(2.9) P:UXU > R, ®(u;4) := G(u) + E(u) + (Z0, u).

If F, G, and E are convex, and # solves the primal-dual optimality conditions (2.1), then the Lagrangian
gap is non-negative. It is zero if u = 4. We have & (u; u¥) = @ (u) — ®(u*; u¥) for ®* of (1.2), which
suggests why d* being a descent direction of ® can be useful. The basic PDPS admits the following
fundamental bound:

Theorem 2.3 ([9, Theorem 11.7]). Let Assumption 2.1 hold. Then {uF = (x*, y*)}ren generated by the
PDPS (2.2) satisfies for allii € U and k > 0 the bound

L1 . 1 1 .
G sa) + I =l 2 e = Ry < Sl - al
As M > A by Assumption 2.1 and Lemma 2.2, summing this bound over k = 0,..., N — 1, and letting
N 00, we get ergodic O(1/N) convergence of the gap [9].

3 COARSE PROBLEM

We now construct our overall approach to coarse approximations of (1.1). The fundamental idea of our
approach traces back to the smooth coherence condition [19], explicitly expressed as such in [22]. A
nonsmooth variant was introduced for forward-backward type methods in [14]. We recall the concept
in 3.2, and then extend it to the primal-dual setting in Section 3.3 after first defining basic notation and
multigrid transfer operators in Section 3.1.

3.1 BASIC DEFINITIONS; MULTIGRID TRANSFER OPERATORS

We write Xy and Yy for the coarse spaces corresponding to the primal space X and the dual space
Y. All the spaces are assumed to be Hilbert spaces. Usually they are finite-dimensional, and satisfy
dim Xy < dim X and dim Yy < dim Y. We write

u =(x,y) € U:=X XY for the fine (primal, dual) variables; and
v =({, &) € Uy := Xy X Yy for the coarse (primal, dual) variables.

Transfer operators are the fundamental tool of multigrid methods: restriction from a fine grid to
a coarse grid, and interpolation (or prolongation) from the coarse grid to the fine grid [4]. Typically
one is the adjoint of the other. Since the PDMCC involves primal and dual variables, it is necessary to

'® is not the Lagrangian & (x, y) = [F + E](x) + (Kx, y) — G*(y) that has & (u; 1) = L (x, ) — L(x, y).
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distinguish transfer operators associated with each of these spaces: P}Il{ € L(X;Xy) and DhH eL(Y;Yy)
are the primal and dual restriction operators, respectively. We define the combined restriction operator
I}? € L(U;Uy) by I}? (x,y) = (P}If X, DhH ¥). Then the primal and dual prolongation operators are P;‘I =
(Pf)* € L(Xg;X) and DI}ZI = (DH)* € L(Yy; H). The combined prolongation operator II’}I € L(Uyg; H)
is It .= (I1)* ie, I8(L, ) = (PR{, DRLE).

3.2 MOTIVATION FOR THE COHERENCE CONDITION

Consider the simple smooth problem min, E(x). Suppose that on iteration k, at the point x*, we
want to pass to the coarse grid. To do so, we have to construct a coarse objective E’;I. In [19, 22], this
construction has to satisfy the coherence condition

(3.1) PfVE(xk) = VEZ(("’O) where {k’o = P}Il{xk.

Then, any descent direction dg for E’;I at §k’0, ie., (Eﬁ({k’o), dpr) < 0, can easily be translated into a
descent direction for E. Indeed,

(VE(x"), Plydn) = (P VE(x"), i) = (B} (%), dn) < 0.

One way to construct E’;I satisfying the smooth coherence condition (3.1), is to take any differentiable
Ey : Xy — R, and set

(3.2) EN(0) =Eg(0) + (ri, () for rfy == PEVE(x¥) — VEu(PEXF).

Intuitively, Eg should be a “coarse version” of E, whereas Eg corrects it for the restriction error.
Consider then the problem min, J(x) := F(x) + E(x), where E is differentiable but F is not. We can
then extend (3.1) into the nonsmooth coherence condition

(3.3) PHa](x*) c aJf({F0),

This can be achieved as ]]fl = E’;I +F§, where E’;I isasin (3.2), and Ffl satisfies the nonsmooth coherence
condition with respect to F. The function F I]j[ can be constructed as an indicator function of a cone [14].
Again, a descent direction for ]fl, will be a descent direction for J [14].

3.3 NONSMOOTH PRIMAL-DUAL COHERENCE CONDITION

A challenge with extending the coherence condition to primal-dual methods is that they are not
necessarily monotone with respect to the Lagrangian, or the Fenchel-Rockafellar gap: they may not
yield descent directions. It is, also, difficult to transfers of coarse gap to the fine gap, due to the bilinear
terms in the gap, in other words, the skew-symmetric term = in the generalized forward-backward
formulation (2.5).

Nevertheless, motivated by the descent estimate of Theorem 2.3, we construct the coarse problem
such that we decrease the function (recall (1.2) and (2.9))

(3-4) O (u) = O(u;uf) = G(u) + E(u) + (Suf, u).

In the ﬁrst “ergodic” variant of our coarse method, detailed in Section 4, we pick a primal-dual tilt
vector w = (rk, H) € Uy, associated with the smooth part E + (Zuk, ) of ®*. We then consider the
coarse problem

(69 minmax B+ En(0) + (& Kl = (GF) (D) + (o, Doy = ol v
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In the second “non-ergodic” variant of the method, the tilt vectors depend on the coarse iteration index
j,ie., wI]fI’j = (rk’j , ollyj ). In this case, the interpretation of minimizing (3.5) cannot be directly given,
although the algorithm will be analogous.

The coarse functions FI’_‘I and (GIIfI)* will need to satisfy the following assumptions.

Assumption 3.1 (Basic coarse structure). Ep, FI]_CI : Xg — Rand G’IfI : Yy — R are proper, convex, and
lower semicontinuous with Ly-Lipschitz VEy, and Ky € L(Xy; Yy) on Hilbert spaces Xy and Y. The
steps length parameters 7y, o > 0 are chosen such that gLy + THGH”KHHE(XH‘YH) <1

As in Section 2, we introduce the extended coarse functions G’;I : Uy — R and Eg(v) : Ug — R on
the product space Uy, defined by

(3.6) Gl (v) == FR(O) + (GK)* (&) and  Egn(v) := Ex(0).
The operators My, ZEgy, Ay € L(Uy; Uy) are defined by
-1 * *
I (< N B R _(LyTd 0
(3.7) My '_(—KH oita) 5k o and Ap={"" ).

where Ly > 0 is the Lipschitz constant of the gradient of Ey.
We can now state our primal-dual coherence condition as a variant of (3.3):

Assumption 3.2 (Nonsmooth Primal-Dual Coherence Condition). For a given k € N, the fine-grid
pre-iterate uX € U, and the corresponding initial coarse iterate v** € Uy (typically I}? uk) satisfy

oG (k) c G (o).
This condition can be decomposed into its primal and dual components

PHOF(xX) c aFK(Z*%) and DMaG*(yk) c a(GK)* (#).

4 COARSE ALGORITHM

In Sections 4.1 and 4.2, we present two coarse-grid primal-dual algorithms. The first variant produces
an ergodic descent direction, i.e., one that takes the average over the iterations. The second avoids
this averaging, and potentially expensive operator evaluations. In Section 4.3, we derive coarse-grid
descent estimates for both variants. Then, in Section 4.4, we transfer these estimates to the fine grid.

4.1 ERGODIC VARIANT

k
Ty

k

. € Yg of the coarse

In the ergodic variant of the coarse-grid method, we take the r;;, € Xy and o

problem (3.5) as
ri = P (VE(x}) + K*y%) = (VEg({*°) + K5£5°)  and ol == —DFKxX + K™,
that is,
wffl = (rIIfI, oII;) = I;?(VE(ulf_) + Eu_’i) — (VEg (oF0) + 25ok0).

On each outer iteration k € N, denoting the coarse iteration number by j, and the coarse iterates
by 0%/ = ({%J, E&7), the PDPS (2.2) for the general coarse problem (3.5) expands as Lines 4 and 5 of
Algorithm 4.1 with & = 1. This is valid for any w’IfI. Using the definitions (3.6) and (3.7), we write the
method in the implicit form

(4.1) 0¢€ 8G§(vk’j+l) + VEy (v57) + B/ + w’;I + My (057 = k7).

Primal-dual multigrid methods for nonsmooth optimization
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Algorithm 4.1 Coarse primal-dual method

Require: Coarse functions FX, G];I, and Ep satisfying Assumptions 3.1 and 3.2. Step length parameters
Ty, og > 0. Iteration count m € N*. Transfer operators P;:I and DhH . Choice of & € {0,1}
(non-ergodic vs. ergodic variant).

i okl = (Pfxlj,Dth’j) € Un.
2 af .= PH(VE(x}) + K*y§) — VE4({*°) and bf, := —DHKxk.

32 forallj=0,1,...,m—1do
4 AR proxTHFI;;(gk’j -1y [VEH(gvk’j) + SK;I(gk’j — &0 4+ aﬁ]) > Primal update
5: goi+ .= proxaH(GZ)*(fk’j + o [ 2Ky (K9 = 8Ty + 9Ky (& = R0 — bR 1) = Dual update

6: end for
7. return d = 5571 — 950 where 5™ is defined by (4.6) and v/ = ({*/, &), Descent direction

4.2 NON-ERGODIC VARIANT

The solution of (4.1), i.e., Algorithm 4.1 with ¢ = 1, requires the evaluation of Ky € L(Xp; Yy) as well
as its adjoint on each iteration j. This can be computationally expensive and even lead to numerical
instabilities. To ameliorate these issues, we now make the tilt vectors dependent on the coarse iteration
Jj» using in place of rIk{ and oIk{ the vectors

ri) = PH(VE(xY) + K" yF) = (VER({*0) + KjpE®)  and o} := ~DIKxk + K ®,

that is, in place of wﬁ, the vector

k.j - —_ o —_ j
(3.2) wy? = [(VE(uY) + Eub) — (VER(0°) + Ego™).
We correspondingly modify the implicit algorithm (4.1) into

(4.3) 0e aG’;,(o"’f“) +VER (5 +  Epotit 4+ wﬁj + My (o571 = o)),

(Eg+Mp) (Uk’j“—vk’j)+I,I;I(VE(u’j)+Euf)—VE(vk’°)

Using the rearrangement under the brace, which follows (4.2) and the definition of the operators My
and Zg in (3.7), in explicit form, we see that (4.3) reads as Lines 4 and 5 of Algorithm 4.1 with & = 0.

4.3 DESCENT

We can write both (4.1) and (4.3) as

(4.42) 0 € IGK (v™*) + B (v™IH! - 0{9) + VE@R) + sk + My (o871 — ok,
where vé = (1— 9ok + 90%0, 9 € {0,1} indicates the variant, and

(4.4b) sk = (ak, b%) = IF(VE@WF) + 2uk) - VER(0*°) € Up.

With this, we obtain a tilted descent estimate in the coarse grid:

Theorem 4.1. Let Assumption 3.1 hold. Then, for any initial coarse point ok0 € Uy, and o*, ... okm

generated through (4.4), we have

(4.5) [GE + ] (85™) + (sk, 0™ — %) + Q0 ..., oF™ m) < [GE + Ey] (0*°).

Primal-dual multigrid methods for nonsmooth optimization
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where
-1
1 % . .
k0 k, ,_ k, k02 k, k.jp2
Q@r°, ... k™ m) .—%[Hv m_y ||MH+Z||U L ad P Y
j=0
and
em # Z;":T)l okI*1 for the ergodic variant (4.1),
(46) ={m T
o™, for the non-ergodic variant (4.3).

Proof. We write v/ := v*J and J := G¥, + Ey for brevity. By the convexity of G, and the three-point
smoothness inequality on E, we know that

P o o a1 .
(9 (0"*) + VEu(o/), 0/ = 0}) 2 J(™*) = J(v}) - Sl = Il
Applying (-, 0/*! — vé) on both sides of (4.4a) and using this inequality, yields

— i+1 j i+1 i k ; i . . . .
Eu@ = 0v)), 0" —ol) + (sg, 0/ — o) + (My (07" = 07), 07" —0))
o 1 . -
< J@)) = J@*) + Sl = o3,
Using the skew-adjointness of Zg and the three-point identity (2.7), this becomes

- 1, i ki ; 1. . _ 1. . .
(a7) J@™) + S0 =gl + (s o™ = 0g) + Sllo™ = oIy, L, < T(0)) + Slle’ ~ 03,

J

Ergodic case: When J = 1, we have vy = 00, Summing (4.7) over j = 0,...,m — 1, thus, yields

m-—1
. . 1. . 1 _
k
E [](U]H) + (s, 0/ - ) + §||v]+1 - z;f||]2v[H_AH + Ellv’" - UO”/Z\/IH <mJ(®°).

Jj=

According to Assumpti_on 3.1, My is positive definite, so || - ”12\/IH is a convex function. Thus, applying
Jensen’s inequality to J, we obtain (4.5) for ﬁk’".’ = % Z;-":Bl ok,
Non-ergodic case: When ¢ = 0, we have 0{9 = v/. Summing (4.7) over j =0,...,m — 1 now yields

(4.5) in the form

-1 m—1
_ 1% . . 1 , : i}
k 0 1 2 1 2 0
J@™) + (s o™ — o) + § llo’* — 0l + 5 E o/ = 0715 —ny < J(@°).
j=0 Jj=0

To prove descent instead of mere non-increase, we use the next lemma.

Lemma 4.2. Let Assumption 3.1 hold, m > 1, and define

. 2(1 - Vwou (1 — tyly) Ky ) min{(1 - tyLy) 75", oF!
Q= m(m +1)2

5

Ifv*° € Uy does not solve (3.5), then, for ™ defined by (4.6), we have

Q™. 0™ m) 2 col|d™ — o502,

Primal-dual multigrid methods for nonsmooth optimization
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Proof. Non-ergodic case: By Assumption 3.1 and Lemma 2.2, My — Ay is self-adjoint and positive

definite; consequently, || - is convex and non-negative. We have glm = pkm and ﬁ > 2

2
[y Z mman?>

hence (m + 1) > 4 for all m > 1. Therefore,

-1
1 < ; ;
k,0 k, _ k, k,012 k,j+1 k,j12
Q(™",...,0 m,m)——zm o™ = 0™" |3y, + E 0" — 0™ 130,
7=0
Lok k0,2
> — ok = O,
(1_ VTHO.H”KHH)mln{TITIlaO-ITII}||~k)m_ k’0||2
> - 0 v
> col|5*™ — 002,

Ergodic case: Recall that, now, ghm = % Z;”:BI okI*1 We first prove that

m—1

N m-—1 . .
glm — k0 = Z —J[vk’fr1 —o®] forall m>1
: m
Jj=0
We use induction. The base m = 1is clear. Assuming the expression for m = n, to prove it form =n+1,
we use the telescoping sum 0%+ — %0 = Yo [0%/+1 — v%7] to rearrange

[N

5 1 . . 1 S n+l—j .
Z)k,n+1 _ z)k,O — [Uk,]+1 _ Z)k,O] + [Uk,n+1 _ Uk,O] - Z J [Uk’]+1 _ Uk,j].
n+14% n+1 n+1

~
I
o

j=0
This completes the induction.
Defining A = Z}":f)l(m —j)and A; = (m — j)/A, we now obtain

2

22 m-—1 ) '
~k, k012 _ kj+l K,
o E Al = 0™]
j=0 My—-An

Now, since Z;-":Bl A; =1with A; € (0,1] for all j, Jensen’s inequality gives

/12 m-—1 ) ) A_Z m—1 . .
~k, k,0)12 k,j+1 k.j2 k,j+1 k.j2
lo"™ — v ”MH—AH < 2 § Ajllo -0 J”MH_AH < 2 } [[0™* — o JHMH_AH‘
j=0 Jj=0

Finally, by the last inequality, the definition of Q(0*?,...,0*
that M > 0, we obtain

. m), and Assumption 3.1, which ensures

Q(vk’o, ok m)

1 m-—1
k, k012 k,j k,j2
o 157 =00, + D I oG,
Jj=0

k,0 |2

\2

chlﬁk’m -0

4.4 DESCENT IN THE FINE GRID
We now transfer the descent estimate of Theorem 4.1 to the fine grid.

Corollary 4.3. Let Assumptions 3.1 and 3.2 hold. Then for any initial coarse iterate v*° € Uy, which does
not solve the coarse problem (3.5), the descent direction d* := Ig(z?k’m —o%%) € U generated through (4.4),
satisfies
ld*l| <éo inf |lg" + VE(u}) + Eulll and [®F](uf;d¥) <,
g*eatG (uf)

where 5°™ is defined by (4.6) and Co = ||I£I||/CQ.

Primal-dual multigrid methods for nonsmooth optimization
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Proof. Let sz € Uy be given by (4.4b). By its definition and the convexity of Ey,
(4.8) (g 8™ = 0*0) = (BH(VE(u}) + Euf), 6™ — 0*0) + (VER (o), 0" — 5°™)
> (IH(VEuk) + 2ub), 8™ — oF0) + Er(o*°) - En(55™).
We now recall the coarse descent estimate (4.5) obtained in Theorem 4.1,
GE(G5™) + Egr(55™) + (s, 5™ — o0y + 000, ..., 0F™, m) < GR (0F0) + B (v*0).
Combining (4.8) with the last inequality, yields

(4.9) (BN(VE®uE) + Buk), 58m — oF0) + GF (55™) = G (o) + Q(0*°, ..., 0™ m) < 0.

Using the nonsmooth primal-dual coherence condition of Assumption 3.2, we obtain
(I}Il{(gk + VE@WX) + 2ub), 55m — 050 + 00F0, ..., o"™ m) <0 forall ¢ e aG(ub).

Since v* does not solve the coarse problem, we have 0*! # 0. It follows that Q (v, ..., 0*™ m) > 0.
Hence, using the definition of d¥, and taking the supremum over g* € aG(u¥), yields [®¥]" (uX;d¥) < o.
Moreover, by Lemma 4.2, it follows

(I (g + VE@F) + 5uk), 65™ — 050 + collgF™ —o*0)2 <0 forall ¢* € aG(uF).

Since Iﬁr € L(Uy; U), also using the Cauchy-Schwarz inequality we get

||I_hQ|_|z||dk||2 < |4 lllg" + VE(S) + Su]| forall g € 9G(ul).
H

Taking the infimum over ¢*, we get the claim. O

Remark 4.4 (Necessity and rejection of coarse corrections). Corollary 4.3 requires the initial coarse
iterate to not solve (3.5). If this condition is not satisfied, we have can take d* = 0 and § = 0 in
Algorithm 1.1, rejecting the coarse correction. In fact, the nonsmooth primal-dual coherence condition
ensures that if u¥ € U is an optimal solution to the fine problem (1.1), then 0*° € Uy is an optimal
solution to the coarse problem; consequently, the coarse correction is unnecessary.

5 LINE SEARCH FOR THE COARSE CORRECTION

In this section, we describe the second stage of coarse correction: an inexpensive line search that
provides sufficient descent in a form that we can use in our main convergence proof in Section 6. We
already know from these results that d* is a descent direction for ®* defined in (3.4). In Section 5.1, we
use this result to construct a line search procedure for the Lagrangian gap, compatible with the PDPS
convergence estimate, Theorem 2.3. Then, in Section 5.2, we explain how to reduce the computational
cost of the line search by reusing the information used in the construction of the coarse problem.

5.1 BASIC PROCEDURE

We first prove the existence of an interval of line search parameters 6 such that
@ (05 + 04 i) + L1k + 0d* — 412 < 2k — allZ. + gk — a2
L+ 055 + [k + 00 =l < Il =l + k-l + e

for chosen penalty parameters ¢, px > 0, Choosing these parameters small, we can thus bound the
Lagrangian gap arbitrarily well by the the squared distance of u* to a minimiser . The additive penalty
pk > 0 prevents the line search step length 0 from becoming arbitrarily small.

To start, we recall the basic Armijo line search result for ®* [21]:

Primal-dual multigrid methods for nonsmooth optimization
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Lemma 5.1. On the given fine iteration k € N, suppose Assumptions 3.1 and 3.2 hold for the initial coarse
iterate v = I,Ifuﬂ‘r, which does not solve (3.5). Let d* be defined by Corollary 4.3. Then, for any k € (0,1),
there exist 6, > 0 such that

(5.1) OF(uf + 0d*) < OF(uF) + kO[D*] (u;d¥)  forall 0 <6 <6,

Proof. By Corollary 4.3, we know that d* is a descent direction for ®* at u¥, that is, [®¥]" (uX; d¥) < 0.
The rest follows from the definition of the directional derivative. O

The next lemma provides the basis for our basic line search procedure. There, using the constant
C > 0 be the from Lemma 2.2, we define W, Z € L(U;U) as

r11d —-2K*
Z'_( 0 o 11d

1
) and W==-ZZ".
C

Lemma 5.2. On the given fine iteration k € N, suppose Assumptions 3.1 and 3.2 hold for the initial coarse

iterate v*° = I,Ifuﬁ, which does not solve (3.5). Let ek, pr > 0 and k € (0,1). Then there exists 8y > 0 such
that

1 1 Pk
(5.2) oF (uk + d¥) + Enedkn,zw + Elled"lliv < OF (uk) + kO[OF] (uF; d¥) + 5

forall0 < 0 < 6y and d* defined in Corollary 4.3.

Proof. We have [ék]’(u’j) = [®F]" (u¥) < 0 for
~ 1 1
F (u) := DF(u) + Sl = uk |12, + o llu- uk |12,
ek

Corollary 4.3 shows that d* = I}’I(ﬁk’m — 0%0) is a descent direction for ®F at u¥, hence also for ok,
Lemma 5.1 applied to @, thus, shows the existence of §, > 0 such that ® (1% + 0d%) < d*(uk) +
k[ DK]’ (uk, d*) for all 0 < 6 < 6. Now, applying the definition of ® and pi/2 > 0 then yields (5.2). O

The next result transforms some terms in the line search criterion.

Lemma 5.3. Let & > 0. Suppose that Assumption 2.1 holds. Then, for any u, 4,1 € U, we have

- NPT N L a2 Ek 112 RIP T TIIE
Su—u),u)+—=|lu—u > —|lu+u—1u - —llu—u - —|u — —||ul|l5s.
(-, @)+ 5 llu -l > | I3y = lu =l = 5Nl = Sl
Proof. The operator M of (2.4) can be split as M = Z + E. With this, we obtain
- N 112 S| L2 -

(5:3) (EQu—a).a) + Zllu—ally = Mu =), ) + “llu —ally - (Z(u—a),a).
By the Pythagorean identity, we have

M(u—3). 0 Lo e 1 S a2 (a2

M(u = a),u) + S llu—dally = 2[||u+u ally = el

and since ||ul|?, = [|C™Y2Z*u]|?, we have

—(Z(u—-1),4) = —(u—14,602*d")

1 . _ « N 1.
= 5 (1€ =) = (Cer) 02| = Cecllu—all* = Yl |
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Replacing the last two identities in (5.3) yields

- a1 L2 1 N a2 a2 Lo
EQ-m).a) + Jflu—ally = 5 |llu+a - dlly - Cecllu —a] —allullw

— [l + 1(Cex) > (u = @) = (Cex)™2027d"|I? .

Finally, we discard undesired non-negative terms and use C|u||* < ”““12\4 O
Finally, we have our desired result.

Theorem 5.4. On the given fine iteration k € N, suppose Assumptions 2.1 to 3.z hold for the initial coarse
iterate v*° = I}Il{u’j, which does not solve (3.5). Moreover, let e, pr. > 0, and let @ > 0 (which exists, by
Lemma 5.2) satisfy (5.2). Then, for alli € U and dk defined in Corollary 4.3, we have

1 1 1 £ p
k k.~ k k ~ k k k ~ k k ~ k
?L(u++9d ;u)+5||u++9d —u||12\4+5||u+—u ||12v1—~ < §||u —u||i4+?||u+—u||12w+?.

Proof. By Theorem 2.3 and Line 3 of Algorithm 1.1, the fine-grid pre-iterate u* satisfies
SN TIPS T S Lok a2
G s i) + s =l + 2k = bl < St =l
Using (2.8), (5.2) rewrites as

G (uk +0d%;a) + (E(F - 1), 0a%) + %[ued"u,@ + inedkn%v] < G (uk;a) + %.
Combining the last last two inequalities yields
Gy (uk + 0d%; @) +(E(uk — ), 04 + %Hui —al,
gl = Ry + S0+ 100 < 5 — il + 2.

Applying Lemma 5.3 for u = u¥ and i = 0d¥, establishes the claim. O

5.2 EFFICIENT LINEARISED LINE SEARCH

In many applications, including the examples of Section 8, the evaluation of the smooth function E in
the line search criterion (5.2) can be computationally highly expensive. To avoid the full evaluation of
E, we will now perform line search on the E-linearisation of (a quadratically penalized version of) ®*

of (3.4), i.e.,
YR () := G(u) + E(u) + (VE@WX), u — u*) + Bk, u).

To prove that this works, we exploit the descent inequality
L
(5-4) E(x +h) < E(x) + (VE(x),h) + Ellhllz,

which holds when E has L-Lipschitz gradient, even without convexity [9, Chapter 7].

Lemma 5.5. Assume that the conditions of Lemma 5.1 hold. Let e, pi > 0, and € (0,1). With d* defined
by Corollary 4.3, there then exists 6y > 0 such that for all 6 € [0, 8y], we have

1 1 )
65 W00 + 100 Iy + 508Ny < W) + RO1¥H) s d) +
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Proof. Corollary 4.3 shows that d = I;’I(ﬁk’m — 0k0) is a descent direction for ®F. Let
ik k 1 k2 1 k2
YE(u) =97 () + Sllu —ugllyn + 5 llu—uilly.
2 2¢&k

Then [‘i’k]’(uﬂ‘r;d") = [PK) (uk; d*) = [@F]" (uX; d¥). Therefore, (5.5) rewrites as

T+ 0d%) < P @h) + kO8] (s ) + 2.

Now we simply use Lemma 5.1 on k. O

This result allows us to formulate an efficient line search procedure.

Theorem 5.6. Assume that VE is L-Lipschitz. Then (5.5) implies the sufficient descent condition (5.2) of
Lemma 5.2.

Proof. Since ¥*(uX) = ®* (uX) as well as [¥¥]" (uX; d¥) = [@F]’ (uk; d¥), it suffices to show that & (uk +
0d*) < vk (uf + 0d*) + %||9dk||i But this is immediate from to the descent inequality (5.4), that is

E(uk + 0d) < E(uk) + (VE(uk), 0d%) + 11|6d¥2. O

Corollary 5.7. We can replace (5.2) by (5.5) in Theorem 5.4.

6 CONVERGENCE ANALYSIS

We finally prove the convergence of Algorithm 1.1. We start in Section 6.1 by presenting a bound on the
ergodic gap of the fine problem. This bound still depends on a uniform bound on {||u*||}xcn, which
we derive in Section 6.2. With that in hand, we can can then, in Section 6.3, establish the ergodic
convergence of the Lagrangian gap, and, via Féjer quasi-monotonicity and Opial’s lemma, the weak
convergence of the iterates. We also illustrate in Remark 6.9, how our results can be extended to
nonconvex E.

6.1 A PRELIMINARY ESTIMATE

The next lemma almost shows ergodic gap convergence, however, the right hand side will still need to
be bounded. There, we set

J :={k € N | the trigger condition of Algorithm 1.1 holds on iteration k}.
Lemma 6.1. Let {¢x}res and {pi}res be two sequences such that ¢, pr > 0 for all k € 7. Suppose

that Assumptions 2.1 to 3.2 hold. Then, for any initial iterate u® = (x°, y°) € U, the sequence {u*}1en
generated by Algorithm 1.1 satisfies

N-1 1 1 N-1 1 1 N-1
k+1, » N _ ~12 k k2 0 _ ~12
61 DG + Sl = al 2 D I =R < Sl =l D v
k=0 k=0 k=0

forallti € U and

(6 ) 0, k¢ 7,
2 =
T ek - all2, + pre ke
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Proof. Algorithm 1.1 alternates between fine PDPS iterations and coarse corrections. By Theorems 2.3
and 5.4 and Corollary 5.7

1 1
(6.3) Gu () + [kl + ’“”“2“ < St~ + % forall keN

and

a1 = st = uf iy, k€S,
+ =
l|luk — uk||12w_A, ke s.

However, by Line 12, we have ji,; = |luf — ”k||12v[—A for any k ¢ .7, and hence for all k > 0. Summing
(6.3) over k =0,..., N — 1 establishes the claim. m]

6.2 UNIFORM BOUNDEDNESS

For (6.1) to establish convergence of the Lagrangian gaps, we now need to bound ¥ ;.c 7 e ||uf — 13+ Pk
This follows when {u* } cc 5 is uniformly bounded, which is what we now prove. We start with technical
results on real sequences.

Lemma 6.2. Let {ex}ren C (0, 00) satisfy Dren €k < 00. Then [Jren(1+ &) < oo.

Proof. Since the exponential function is convex, we have 1 + x < exp(x) for all x € R. In addition,
given that 1+ ¢ > 0 for all k > 0, we obtain [T}_,(1+ &) < exp ( X7, &) < exp ( Zyen &k)- Therefore,
the sequence of partial products is uniformly bounded, and consequently, the desired result holds. O

Lemma 6.3. Let {&;}ien, {pi}tien C (0, 00) satisfy > ;en & < 00 and Y ;en pi < 0. Let {wg tren C (0, 00)
be such that

k
(6.4) Wi+1 S O 3= o + Z[fiwi + pil

i=0

forallk > 0 and a wg > 0. Then, v < (wo + Xjen Pi) [ [ Lien(1+ &)] < co forallk > 0.

Proof. Since };cn & < o0 and ) ;e pi < 00, Lemma 6.2 guarantees that Hf:0(1+£,-) < [lien(1+€) < 00
and also X ) p; < 3;cn pi < 0. Thus, our claim follows if we prove that @ < f, where we define
and estimate

1_[(1 + &) .

ieN

k k k
Be=oo| [a+e)+ D pi [ | (1+ep) < (o+ D po)
i=0

i=0 p=i+l ieN

The proof is by induction. For k = 0, the definition of @, yields
@y = wo + EWwo + Po S(x)0+€0wo+p0 =w0(1+£0) + Po :,B().

Now suppose it holds for k — 1. Firstly, based on the definition of Sk, we have

k-1 k-1 k-1
Be=oo| [a+ed+ D o [ [ (1+ep)| (1+e0) + pr = Ber L+ &) + i
i=0 i=0  p=i+l
for all k > 1. Now, by (6.4), we have wi < @g—1 < Pi-1. Then,
k
Ok = wo + Z[Eiwi +pil = @1 + epop + pr < P (1 + &) + pr = Pr. |
i=0
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The next result establishes the required uniform bound, subject to the following control on the line
search model parameters.

Assumption 6.4. {ex}tres C (0,00) and {pi}re.sr C (0, c0) satisfy

Zsk::£<oo, Zpk::p<oo, and l_[(1+£)::1<€<oo.

kes ke s kes

Corollary 6.5. Let Assumptions 2.1to 3.2 and 6.4 hold. Then for any initial u’ € Q and any primal-dual
solution it € U := [0G + VE + E]71(0) of the fine problem (1.1), we have

k Al12 0 A2
(6.5) sup [luy —dlly < ke(llu” —dlly + p).
kes
Furthermore,
N-1
k A~ N
(6.6) Viwr < ) elluk = allf, + pic < e (J[u® = all}, + p)e + p < oo.
k=0 kes

Proof. We order the trigger iteration indices k,, € .7 as ky < k; < k; < .. .. Since Line 3 of Algorithm 1.1
performs a standard PDPS pre-step performed each coarse correction, Theorem 2.3 yields

(6.7) lukn —a)%, < |lu* —a|)?, forall nxo0.

Moreover, after updating the fine variable with the coarse correction Line 10, PDPS steps are performed
until reaching the next coarse correction. Thus, (6.3) from Lemma 6.1 holds with y4; = 0 for all the

non-trigger iterations k = k,_1+1,...,k, —1for every n > 0, where we set k_; := —1. By Assumption 2.1

and Lemma 2.2, we have €, (u**1;41) > 0 and M > A, which implies that p41 > 0. Consequently,

(6.8) ko —a)?, < ||u® —al3, and |u* - a3, < | - a3, forall n>1

On each trigger iteration k,—; € .7, (n > 1), it follows from the definition of yx, 4 in (6.3), from
Lemma 6.1, that

(6.9) l[uknt — )2, < |kt = a2, + e, llukn =), + pr,_, forall n>1.
Combining the second inequality of (6.8) with (6.9) yields
kn _ A112 Kot _ 5112 knoi _ 2112
[lu™ — a5, < llu™ —dally, + ek, Nuy™™" —ally, + pk,, forall n>1

Summing this over n = 1,..., N and using (6.7) and the first inequality of (6.8), we obtain

Z

-1
kn _ 2 kn _ . ki »
lluz = allyy < 1™ —allfy, < lu® = allf, + ) lew il = ally, + pr,]-

i

Il
o

This reads as oy < wo + Zfigl[ekiwi + pk,] for w; == ||ufi - ﬂlljzw and wg := |Ju® - ﬁlljzw. Assumption 6.4
and Lemma 6.3 show the uniform boundedness of the sequence {uX — ii}xc.s, i.e., (6.5). Since {u*}rc s
is uniformly bounded, it follows that

N-1
Diven =D allul —al, + pr < sup [k —all}, > le+ pil,
k=0 kegn kes keIn

where fy :={0,..., N — 1} N 7. Consequently, (6.5) implies (6.6). O
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6.3 CONVERGENCE

We can now prove the Fejér quasi-monotonicity of the sequence generated by Algorithm 1.1, and
establish the ergodic convergence of the Lagrangian gap, as well as the weak convergence of the
iterates.

Corollary 6.6. Assume that Assumptions 2.1to 3.2 and 6.4 hold. Then for any initial u® € U the iterates
generated by Algorithm 1.1 satisfy for any 0 €:= [0G + VE + Z]71(0) the ergodic gap estimate

1 N-1
le = N uk+1.
k=0

ke +1

(6.10) @ (aN;0) < N

[||u0 - 12||12\,1 + p] where

In particular Gr (i U) — 0 at the rate O(1/N).

Proof. Combining Corollary 6.5 and Lemma 6.1 and using M > A from Lemma 2.2, we get

N-1
R 1 R . Ky + 1 R
D G ia) < o[~ allyy + el = allyy + ple+ p] = = [llu” ~ally, + p] < oo,
k=0
An application of Jensen’s inequality now establishes (6.10). O

Theorem 6.7. Assume that Assumptions 2.1 to 3.2 and 6.4 hold. Suppose [dG + VE + Z]71(0) # 0, i.e., the
fine problem (1.1) has a minimizer. Then for any initial u® € U the sequence generated by Algorithm 1.1 is
quasi-Fejér monotone, and converges weakly to a root it € [dG + VE + Z]71(0).

Proof. We note U := [9G + VE + Z]71(0). Let 4 € U be an optimal solution to the problem (1.1). Let
Yk+1 be given by (6.2). Since & (u; ) > 0 for all u € U and M > A, the inequality (6.3) reduces to

1" = 2y, < llu® = a3 + yen forall k2o.

We already know from Corollary 6.5 that sup; » [luk - ﬁ||%4 < o0, hence

0 ke 7,

Yiea1 < Vi1 = .
{Ks(lluo R, +plex+ o kg S
Since Assumption 6.4 holds, it follows that Yoy 7k+1 < 0. Thus the sequence {u*}ien exhibits
quasi-Fejér monotonicity respect to U.
By (6.3) from Lemma 6.1, we have, for all k e Nand 4 € U,

1 1 1
k+1, » k+1 _ ~p2 k k2 kK ~2 Yk+1
Gr(u +;u)+§”u+ _u||M+§”u+_u HM_ASEHu —dlly + .

Since ?L(uk; #) > 0 and summing over k = 0,..., N — 1, we obtain
N-1 N-1
k_ kp2 N _ a2 0 ~p2
ek = w3, + NN =l < (1w = alld + > i
k=0 k=0

Using (6.6) from Corollary 6.5, we have

N-1
k. kp2 EKe+1. o Lo
Dok =y < =5l ~ allyy + p] < eo.
k=1
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This proves that ||uX —u*||»;_n — 0. By Assumption 2.1 and Lemma 2.2, we conclude that u¥ —u¥ — 0.
Let @ be a limit point of {ufi}keN, i.e., there exists a subsequence {k;};en such that u]f — 4. To prove
that @ € U, we consider the implicit equation, related to Line 3 of Algorithm 1.1,

0 € aG(uf) + Zu + VEWX) + M(ub - uF).

Since G + VE + = is weak-to-strong outer semicontinous, M is self-adjoint, bounded and positive

definite, and uf —uk — 0, we conclude that 4 € [7', (cf. [9, Chapter 9]). However, since u’j —uk S o0it

follows that u*i = (uki — u'f) + uf" — i, i.e., both sequences, {u*}rcn and {uf }rcn, share the same
set of limit points, and consequently all limit points of {u*} ey are solutions of the problem. Finally,

applying Opial’s lemma for quasi-Fejér sequences [12, Lemma A.2.], the result follows. O
The next result shows that also the coarse corrections converge, to zero.

Corollary 6.8. Let Assumptions 2.1 to 3.2 and 6.4 hold. Suppose U := [0G + VE + E]'(0) # 0. Then the
coarse-grid correction vanishes asymptotically, i.e., d* — 0.

Proof. By Corollary 4.3, we have

(6.11) |d*|| < éo inf g+ VE@WX) + 2uk|| forall ke.7.
g

€aG(ufy)
On the other hand, by Line 3 of Algorithm 1.1, there exists g € dG(u*) such that
g° + VE@W) + 2uf = VE@WF) - VEWX) — r 7'Mk - ub).

Since VE is L-Lipschitz continuous and, by Assumption 2.1, M is bounded, combining this identity
with (6.11), we obtain

2| < EQIIVE(u) - VE(u*) — 7' M(u — uF)|| < éo(L + = M IMID 1w - ).
We finish by observing from the proof of Theorem 6.7 that uX — u¥ — 0 O

Remark 6.9 (Nonconvex fine problems). The convexity of E has been required only in Theorem 2.3,
and in Corollary 6.5 to have &7 (u**1;4) > 0. In the first case, this arises through a three-point descent

inequality [9, Chapters 7 and 11]
L
(VE(x), 1 = %) 2 B = B(%) = I =412

where L is the Lipschitz factor of VE. The two-point descent inequality (5.4), i.e., * = x* here, holds
even without convexity. The three-point version holds for nonconvex functions provided x is in a
local neighborhood of * with some second-order growth [26, 12]. There is no requirement for x**! to
be in that neighborhood on iteration k.

However, ensuring that &, (u**'; ) > 0 is somewhat more involved. We need to repeat the arguments
of the proof a priori without involving the gap, using monotonicity and three-point co-coercivity.
Though the summability of j, we can then obtain an a priori bound on ||x**! = %||, which will guarantee
that we stay in a given local neighborhood, if we start close enough to a solution. We can then improve
this bound by repeating the above gap-based arguments a posteriori. See [8, 12, 11] for details.

With this, we can, locally, extend our gap convergence results to nonconvex E. In [12, §7.3], it is also
shown how to obtain convergence of the convex envelope from gap convergence. Weak convergence
of iterates iterates requires, e.g., explicitly assuming weak-to-strong continuity of VE; compare [8]
and [12, §5.6].
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7 CONSTRUCTION OF COARSE FUNCTIONS

We now provide several examples on the construction of the smooth coarse function Ey (Section 7.1),
and recall the approach of [14] for the nonsmooth component functions (G}‘{)k and Ffl (Section 7.2).
7.1 DATA TERM

In inverse problems applications, the smooth function E is typically a data term, which involves
expensive-to-evaluate operators mapping a desired reconstruction to measurable data. An important
objective in the construction of the coarse variant Eyy is to reduce the operator evaluation cost. Our
first “ideal” example often fails this, as it requires evaluating the original fine function.

Example 7.1 (Reparametrisation of the fine function). Given the initial primal coarse iterate R0 =
PHx k the conceptually ideal choice for E; : X — R is

En({) = E(xk + PR(L - {*9)).

That is, we use the original E, adding the restriction error x* — { 2 to the prolongatlon of {. Then,
at the initial iterate, VEg ({*0) = Pf VE(xX). Thus, in Algorithm 4.1, aH Pf K*yk. For the primal

coarse step on Line 4 of Algorithm 4.1, we use the definition (3.2) of EI’; to construct
r’;I = Pf(VE(x’j) + K*yk) — (VEx(Z%) + K;I(.fk’o)) PHK* §k 0 ergodic,
= PH(VE(xK) + K*y¥) = (VER({50) + K5 (857)) = PHK*yk — K7, non-ergodic.

Hence, the gradient of Ef, reads

(7.1) Eg(g):{Pf VE(x§ = PR(E = §) + PIK* yk - Ky &t®  ergodic,

PHVE(xk — PL({ - *%) + PPK*yk — K;;87 non-ergodic.
Moreover, VEy is Ly = ||P;’I|| ||P£I ||L-Lipshitz, if VE is L-Lipschitz, so the relevant parts of Assump-

tion 3.1 hold.

Example 7.2 (Linearisation). In the previous example, computing VE;({) for { # {*° can be
expensive. For this reason, we introduce its linearisation

Ex() = E(xX) + (VE(x¥), PL(L - {F0))

Again, VEg(7*°) = PIIj VE(x*) holds, and r]IfI and rIIfI’j coincide with Example 7.1. Now, VE];I is
Lipshitz with factor Ly = 0, and

PH(VE(xK) + K*yk) — K;, &0 ergodic,

VER() = .
n0) {Pf(VE(x’j) +K*y%) - K;;&%  non-ergodic.

Example 7.3 (Quadratic data terms). For A € L(X;V) and data e € V, consider

1
E(x) := Elle - e||%,
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in an Euclidean space V. It seems then reasonable to take Ep of the same form,

En() = 5 l4nd - enll,

for some linear operator Ay € L(Xy; Vi) and data ey € Vi in an Euclidean space V. Recall from
Example 7.1 that an ideal choice of Ey would generally be

B () =BG+ IH(C - 750) = ZIAG + Ph(z - £59) — e}

ie.eg = e+ Pg(k’o — AxK and Ay = API’fI. Computing VEy = Ay, (Ag{ — eg) only requires one
application of A}, Ay per iteration and a single pre-computation of the coarse data A} ey. However,
we do not wish to compute the possibly expensive A, so require an efficient presentation for AP",
or an Ay that approximates APIZ.

7-2 NONSMOOTH FUNCTIONS

The construction of the coarse functions FII; and (GI’fI)* that satisfy Assumption 3.2 can be carried out
using polar cone indicators. For a set A C X, we recall that the polar cone A° := {z € X | (z,x) <
0 for all x € X} and the bipolar cone A°° := (A°)°. We have A°° O A with equality if A is non-empty,
convex, and closed [9, Theorem 1.8].

Lemma 7.4. Take {k’o = P};xlj, where x’j € dom F, and F is convex, proper, and lower semicontinuous.
Then PHOF (x¥) c oFf({*0) for F, = Sqr with QF := (%0 + (PHOF (xk))°.

Proof. Indeed, Q¥ is clearly nonempty and convex. Furthermore, since the subdifferential of the indicator
function is the normal cone, 9FF ({%°) = N (£°) = (Pf&F(xlj))"o ) (PfaF(xlj))". ]

More details on the construction can be found in [14] for G* = 8p (g 4), Where B(0, @) is the Euclidean
ball. This arises when G(K «) models total variation.

8 NUMERICAL EXPERIMENTS

We now compare the two PDMCC variants against the PDPS on three inverse imaging problems:
magnetic resonance imaging (MRI), positron emission tomography (PET), and electrical impedance
tomography (EIT), all with total variation (TV) regularization. All involve expensive-to-evaluate
operators. The EIT problem is nonconvex. These problems share the structure

(5) min J(x) = F(x) + E(x) + | Vaxllos

for a regularization parameter « > 0. Before treating the specifics of each problem in Sections 8.3
to 8.5, first, in Section 8.1, we formulate the trigger condition that we use to pass to the coarse grid in
Algorithm 1.1. Then, in Section 8.2, we discuss general numerical setup, shared by our example problem.
We finish the paper with our conclusions from the experiments in Section 8.6.

Our software implementation is available on Zenodo [15]. The EIT component is based on [27, 17].

8.1 THE TRIGGER CONDITION

There are different ways to formulate the trigger condition of Algorithm 1.1. Some are discussed in
[22]. Theoretically, there are no restrictions on the trigger condition, due to the fine-grid pre-iterate
uk: If there is no descent on the coarse grid, 0, such as when, o** already solves the coarse problem,
Line 10 of the algorithm reduces to a standard fine-grid PDPS step.
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We use a switching strategy, maintaining a counter kgyien € N and a switch that can be set to
coarse-priority or fine-priority, starting with coarse-priority. The trigger condition is satisfied if, for a
parameter n € N (100 in our experiments):

(a) The switch is on fine-priority, and k € kgyitch + 7N, or

(b) The switch is on coarse-priority, and k ¢ ksyitch + nN.

After a coarse correction, we flip the switch and update kgyitch := k if :
(i) If ||d*||y = n for a parameter 7 > 0, and the switch is on fine-priority, or
(i) if ||@*|ly < 5, and the switch is on coarse-priority.

8.2 GENERAL SETUP

Our primal variable x or { generally represent a two-dimensional image on a domain Q, and the dual
variable y or & a corresponding vector field. For MRI and PET, they are the nodal values of a finite
differences scheme, and lie in X := R" (primal, fine), Xy := RN (primal, coarse), Y := R?*" (dual, fine)
and Yy = R2>N (dual, coarse), respectively, where N < n. For EIT, the primal variables represent the
nodal values of piecewise linear continuous finite elements (P;), while the dual variables represent the
elementwise values of piecewise constant functions on the same mesh.

To compare algorithm performance, we use the relative performance measure

(8.2) {?L(uk; @)/€1(u® 1), for the convex MRI and PET problems,
2 k=

J(xX) 1 T(x°), for the nonconvex EIT problem.

Here the Lagrangian gap is defined in (2.8), and & = (%, y) is estimated by taking 500000 iterations of
the PDMCC using the parameter settings specified for each experiment in Sections 8.3 and 8.4. For EIT,
we use the relative primal objective value since the Lagrangian gap is not an appropriate performance
measure in the nonconvex setting (see Remark 6.9). We use = 107> as the tolerance of the trigger
condition of Section 8.1. Finally, with a, = 1072 and a, = 10~*, we choose slowly decaying summable
sequences satisfying Assumption 6.4:

150+ a3,
(1+ a k)08

e min{r 2%, 072}

lld¥
K T v gt

and pg =

In our reports, the iteration comparison number scales the number of coarse-grid iterations pro-
portionally to the ratio of the numbers of nodes in the fine and coarse grids. This provides a rough
measure of the computational effort, allowing the comparison of the basic PDPS against the PDMCC.
Additionally, we report the CPU time.

8.3 MRI

In MRI, the observables are Fourier transforms & of a two-dimensional image x. Assuming complex
Gaussian noise, and sampling this transform ¢ times with different subsampling masks presented by the
operators S, € L(C";C™), (p =1,...,t), we express the reconstruction problem for the data b, € C™»
as (8.1) with

t
1
F=0, and E(x)= 2 Z ||Sp9:x - bp”f:mw
p=1

Let Sym S denote the symmetrisation of S := 22:1 S,Sp over positive and negative frequencies on both
axes. To avoid complex numbers, we can then rewrite [14]

¢
1
E(x) = E(Tx, X)rn — (x,e)gn for T = F*SymS F and e = ZRe F Sybp.
p=1
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Table 8.1: CPU time (s) to reach RP; = 10™* and RP; = 10> for the MRI problem.

MRI RP; =107 RP, =107°
Resolution PDPS PDMCC-E PDMCC-NE PDPS PDMCC-E PDMCC-NE
583 X 493 2.59-10° 1.88-10! 2.99 - 10" 7.39-10%2  1.23-102 1.42 - 10?

2048 X 1732 6.75-10°  4.02 - 102 5.42-10°  2.02-10* 1.82-103 1.81-103

(a) Original b) Solution (c) Original d) Solution

Figure 8.1: MRI ground truth and reconstructions at relative Lagrangian gap RP; = 107> for image
resolutions 583 X 493 (left group) and 2048 X 1732 (right group).

We use standard multigrid transfer operators, consistent with the forward-difference structure of
V) on a rectangular grid. The primal restriction operator is P} := % ® %, with stencil # = (; 1 3)
(see, e.g., [4]), and the dual restriction operator is given by Dh Y= [PZI Vi PH y2]T.

E has the structure of Example 7.3 with A = (Sym S)/2% . We take E foHowmg that example. The
ideal coarse operator Ay = (Sym Sy)"/2Fy satisfies AP;? = Ap, but is computationally expensive. We
take Ay = Fp. Then A}, Ay = Id, making the valuation of VEy on each coarse iteration very cheap. It
has Lipschitz factor Ly = 1.

As our ground truth image x, we use the phantom of [2] with resolutions 583 X 493 and 2048 X 1732.
The subsampling masks S, are formed by uniform sampling of horizontal lines of the Fourier transform.
We add complex Gaussian noise to S, X to form the data b,,. The noise levels, number of lines per
mask, the value of the Lipschitz constant for the fine grid, and the PDMCC parameters are as follows:

Ergodic Non-ergodic

Resolution L =|SymS|le ¢ v Lines/mask m (79, 09) m (79, 00)
583 X 493 4 8 50 100 4 (0.05,0.85) 3 (0.05, 0.75)
2048 x 1732 5 15 100 200 7 (0.10, 0.85) 4 (0.10, 0.75)

We have || VpllL ), I VElL(x) < V8 [5]. We take as the step length parameters 7 = 0.9/L, ¢ = 0.09/(87)
on the fine grid, and ty = 79/L, oy = 00(1 — 79)/(87y) on the coarse grid, with 7y, oy € (0,1) as in the
table. We set & = 0.8.

The reconstructions are shown in Figure 8.1, while performance is reported in Figure 8.2 and Table 8.1.
In the performance plots, the iteration count is scaled by the ratio between the numbers of coarse- and
fine-grid pixels.

8.4 PET

In PET [20], a measurement device detects pairs of gamma photons emanating from positron-electron
annihilation. Mathematically, this process is described by the Radon transform, whereas the noise
follows the Poisson distribution. More precisely, denoting the partial discrete Radon transform by
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Figure 8.2: Relative performance measure (8.2) versus iterations and CPU time for the MRI problem
across both resolutions (583 X 493 in the top row and 2048 X 1732 in the bottom row). Dashed
gray lines correspond to the levels reported in Table 8.1.

A € R™" then for every sampling index p = 1,...,t, the measurement by ~ Poisson((Ax + c)p),
where ¢ € Ri is a noise parameter. The data vector b = (bl, .. .,bt)T € R’ is commonly known as the

“sinogram”. In the reconstruction problem (8.1) we, thus, take
F(x) :=6[g+00)n(x) and E(x) := (1;, Ax) — (b,log(Ax + ¢)),

where the logarithm is to be understood componentwise.

The transfer and discrete gradient operators are the same as in Section 8.3. On the coarse grid, we
construct Ey following Example 7.2. Then Ly = 0. We use Lemma 7.4 to construct FI]fI = (51—“_\11 ok-
Denoting by A; C {1,...,n} the subset of fine-grid pixel indices j that contribute to the coarse pixel i,
ie., [P,Il{] ij # 0, it gives

R, if [xk]; > 0 for all I € A;,
[gk,o o) if there exist [ € A; such that [xX]; = 0.

i

OF = 7°° 4+ [PHoF (k)]s = {

As our ground-truth image x, we take the Shepp-Logan phantom [24] at the resolutions 512 X 512
and 1024 X 1024. We add Poisson noise of parameter v = 0.1 to the sinogram Ax. As the regularization
parameter we take @ = 0.7. The fine-grid step length parameters for both PDMCC and PDPS are taken
as in the MRI experiments in Section 8.3, for the Lipschitz factor estimate L = ||e @ ¢?||co+/n% + n?,. For

the coarse problem, we set 7y = 79, and oy = 0/ (87y), where 1y, op € (0,1). The dimensions of the
sinogram and the PDMCC parameters are as follows:

Ergodic Non-ergodic

Resolution  Sinogram dimensions m (79, 00) m (70, 00)
512 X 512 256 X 128 4 (0.999,0.99) 7 (0.999, 0.9)
1024 x 1024 512 X 384 2 (037,09 7 (0.999, 0.9)

Primal-dual multigrid methods for nonsmooth optimization


https://arxiv.org/abs/2608.04848

ARXIV: 2608.04848, 2026-08-05 page 23 of 26

Table 8.2: CPU time (s) to reach RPx = 10~* and RP; = 107 for the PET problem.

PET RP;. =107* RP;. =107°
Resolution PDPS PDMCC-E PDMCC-NE PDPS PDMCC-E PDMCC-NE
512 X 512 3.13-10°  1.19-102 5.94-100  3.80-10* 1.27-10% 1.26 - 10%

1024 x 1024 7.63-10*  7.41-102 5.13-10%  6.45-10° 2.89-10° 2.81-10°

(a) Original b) Solution (c) Original d) Solution

Figure 8.3: PET ground truth and reconstructions at relative Lagrangian gap RP; = 107¢ for image
resolutions 512 X 512 (left group) and 1024 X 1024 (right group).

The observed data and reconstructions are in Figure 8.3, while we report performance in Figure 8.4
and Table 8.2. In the performance plots, the iteration count is scaled by the ratio between the number
of coarse- and fine-grid pixels.

8.5 EIT

We now take in (8.1)
1 d
Ex) = Z 1G0) = FillE, F () = St ()

where, for a given conductivity x € L?(Q), I;(x) € R? are simulated electrical currents at d € N
electrodes on the boundary of the domain Q, when the same electodes are excited with the electrical
potentials U; € R9. The measured currents are .%; € R<. Multiple measurements i =1,..., N are made.
The relationship is governed by the Complete Electrode Model (CEM) partial differential equation (PDE),
[7]. For further details on our specific approach, see [12].

We work in the circular domain Q = B(0,r) with r = 15, equipped with d = 16 equally spaced
boundary electrodes. The coarse mesh 75 has 4897 nodes and 9o24 elements, while the fine mesh 7y
is obtained by uniform refinement, yielding 18817 nodes and 36096 elements. We define the primal
prolongation PI’fI : Xg < X}, as the canonical inclusion, and the dual restriction Df 1Yy, — Yy by as
the average over the four fine elements contained in each coarse element, i.e., in stencil notation, DhH =
i (1 11 1) . We set K = M,Vy, and Ky = MV, where M, and My denote the corresponding
dual mass matrices. As in Section 8.4, we construct the coarse objective Ey according to Example 7.1.
The construction of Fy is also similar to Section 8.4. The Lipschitz constant of VE cannot be computed
explicitly [12], unlike in Sections 8.3 and 8.4. Based on dynamic estimation from initial experiments, we
use L ~ 18.2036 and ||K|| ~ 0.03041. This yields r = 0.675/L ~ 0.03708 y o = 0.07/(||K||?7) ~ 2041.452.
Meanwhile, both the ergodic and non-ergodic variants perform m = 5 coarse iterations with zz = 0.12
and oy = 0.9/(||Kg||?tg) for ||Ky|| ~ 0.2416.

The observed data and reconstructed images are shown in Figure 8.5, while performance comparisons
are presented in Figure 8.6 and Table 8.3.
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Figure 8.4: Relative performance measure (8.2) versus iterations and CPU time for the PET problem
across both resolutions (512 X 512 in the top row and 1024 X 1024 in the bottom row). Dashed
gray lines correspond to the levels reported in Table 8.2.

Table 8.3: CPU time (s) to reach RP;, =3 -10~* and RP; = 5 - 10> for EIT.

EIT RP, =3-107* RP, =5-107>
Fine nodes PDPS PDMCC-E PDMCC-NE PDPS PDMCC-E PDMCC-NE
18817 2.49-10* 5.07-103 5.07-10°  8.41-10* 1.88-10% 1.95 - 10*

8.6 CONCLUSIONS

Figures 8.2, 8.4 and 8.6 illustrate the convergence behavior of PDMCC, which is consistent with the
O(1/N) convergence rate established in Corollary 6.6. The same behavior is observed for PDPS, in
agreement with Theorem 2.3. Furthermore, Tables 8.1 to 8.3 show that the proposed PDMCC variants
require substantially less CPU time than PDPS to reach the same reference value of RPy. Specifically,
the reduction ranges from 81% to 93% for MRI, from 67% to 98% for PET, and from 76% to 79% for
EIT. These results confirm the theoretical results presented in Section 6, indeed, show much faster
convergence than that of the reference PDPS. In conclusion, our proposed method appears to provide
the advantages that multigrid methods generally have. In future research, it would be desirable to
produce a more theoretical analysis of the reduced computational cost.
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