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multigrid methods for total variation

Felipe Guerra∗ Tuomo Valkonen†

Abstract Based on a nonsmooth coherence condition, we construct and prove the convergence of a
forward-backward splitting method that alternates between steps on a fine and a coarse grid. Our
focus is on total variation regularised inverse imaging problems, specifically, their dual problems,
for which we develop in detail the relevant coarse-grid problems. We demonstrate the performance
of our method on total variation denoising and magnetic resonance imaging.

1 introduction

In this work, we consider composite optimisation problems of the form

(1.1) min
𝑥∈𝑋

𝐹 (𝑥) +𝐺 (𝑥),

where 𝐹 is convex and smooth, and 𝐺 is convex but possibly nonsmooth on a Hilbert space 𝑋 . We
want to apply forward-backward splitting [11] to this problem, while reducing computational effort
by occasionally passing to a lower-dimensional problem. Such multigrid methods make possible the
computationally efficient high-precision solution of partial differential equations [3]. The authors of
[12, 13, 9, 1, 10, 15, 14] have looked into applying the same principle to large-scale optimisation problems
and variational inequalities, many of these to smoothed total variation regularised imaging problems.
No method, so far, treats nonsmoothness completely satisfactorily: while [1] allow 𝐺 to be nonsmooth,
it requires 𝐹 to be strongly convex in addition to smooth. Such an assumption is rarely satisfied in
problems of practical interest. In [9] only constrained quadratic problems are considered. In [13, 10],
less assumptions are imposed on the fine-grid problem, however, the coarse-grid problems are required
to be smooth. We want to exploit the inherent nonsmooth properties of the problem on the coarse
grid as well.

We focus on imaging with isotropic total variation regularisation, i.e.,

min
𝑦∈𝑌

𝐸 (𝑦) + 𝛼 ∥∇ℎ𝑦 ∥2,1,

where 𝐸 is a data fitting term; ∇ℎ ∈ 𝕃(𝑌 ;𝑋 ) a (discrete) gradient operator; and ∥ · ∥2,1 the sum over a
pixelwise 2-norms. Since, in the present work, we are limited to forward-backward splitting, and the
proximal map of total variation is not prox-simple, i.e., not easily calculated, we have to work with the
dual problem

(1.2) min
𝑥∈𝑋

𝐸∗(−∇∗
ℎ
𝑥) + 𝛿𝛼𝐵2,1 (𝑥) .
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To be able to numerically calculate ∇𝐸∗ efficiently, indeed, also for 𝐸∗ to be smooth, we will, unfor-
tunately, need 𝐸 to be strongly convex. We do not, however, require 𝐸 be smooth, unlike in [1], and
outside imaging applications that practically require dualisation, will also be able to treat non-strongly-
convex problems (1.1). Typically 𝐸 (𝑦) = 1

2 ∥𝑇 𝑦 − 𝑏∥2 for a forward operator 𝑇 mapping an image to its
measurements, so we will need 𝑇 to be invertible. This holds with fully or over-sampled data.

The problem (1.2) is of the form (1.1). A significant step in forming a multigrid optimisation method
is deciding on a coarse-grid version of the problem. While MGProx [1] allows any smooth coarse-
grid problem, we will follow the approach of [13]—where gradient descent for smooth problems was
considered—in proposing in Section 2 a nonsmooth coherence condition that locally determines the
coarse-grid problem. For (1.2), this will form coarse-grid constraints more difficult than 𝛼𝐵2,1. We
analyse the projection to those constraints in Section 4 after proposing and proving the convergence
of the general method in Section 3. We finish with denoising and magnetic resonance imaging (MRI)
experiments in Section 5.
This work builds upon the Master’s thesis of the first author [7] with simplified proofs and coarse

problem, and expanded numerics with a faster implementation [6].

Notation Let 𝑋 and 𝑌 be Hilberts spaces, 𝐴 ⊂ 𝑋 . We write 𝕃(𝑋 ;𝑌 ) for the bounded linear operators
between 𝑋 and 𝑌 , 𝛿𝐴 for the {0,∞}-valued indicator function of 𝐴, and 𝐵(𝑥, 𝛼) for the closed ball of
radius 𝛼 and centre 𝑥 in 𝑋 . We write 𝐴◦ := {𝑧 | ⟨𝑧, 𝑥⟩ ≤ 0 ∀𝑥 ∈ 𝐴} for the polar, and 𝐴◦◦ := (𝐴◦)◦ for
the bipolar. These satisfy 𝐴◦◦ ⊃ 𝐴 and (𝐴◦◦)◦ = 𝐴◦. The smallest closed convex cone containing 𝐴

is ccone𝐴 := 𝐴◦◦. The normal cone to 𝐴 at 𝑥 is 𝑁𝐴 (𝑥) := {𝑧 | ⟨𝑧, 𝑥 − 𝑥⟩ ≤ 0 ∀𝑥 ∈ 𝐴}. For a convex
𝐹 : 𝑋 → ℝ, the subdifferential at 𝑥 is 𝜕𝐹 (𝑥), the proximal operator prox𝐹 , and the Fenchel conjugate
𝐹 ∗. We have 𝜕𝛿𝐴 (𝑥) = 𝑁𝐴 (𝑥). We refer to [5] for more details on these concepts. Finally 𝑥 · 𝑗 ∈ ℝ𝐷 is
the 𝑗 :th row of 𝑥 ∈ ℝ𝐷×𝑛 .

2 the coarse problem

The first question we have to answer is how to build the coarse problem? In this section, we construct
a general guideline, the nonsmooth coherence condition, and prove that a forward-backward method
applied to a coarse-grid problem satisfying this condition, will construct a descent direction for the
fine grid.

2.1 the nonsmooth coherence condition

Write 𝐼𝐻
ℎ

∈ 𝕃(𝑋 ;𝑋𝐻 ) for the restriction operator from the fine grid modelled by the Hilbert space 𝑋
to the coarse grid modelled by the Hilbert space 𝑋𝐻 . Typically 𝑋 and 𝑋𝐻 are finite-dimensional with
dim𝑋𝐻 ≪ dim𝑋 . We call 𝐼ℎ

𝐻
∈ 𝕃(𝑋𝐻 ;𝑋 ) satisfying 𝜇𝐼ℎ

𝐻
= (𝐼𝐻

ℎ
)∗ for some 𝜇 > 0 the prolongation

operator.
In [12, 13], treating the smooth problem min𝑥 𝐹 (𝑥), the coarse-grid problems min𝑥 𝐹

𝑘
𝐻
were built by

introducing an arbitrary coarse objective 𝐹𝐻 that satisfies the smooth coherence condition 𝐼𝐻
ℎ
∇𝐹 (𝑥𝑘 ) =

∇𝐹𝐻 (𝜁𝑘,0), for an initial coarse point 𝜁𝑘,0, typically 𝜁𝑘,0 = 𝐼𝐻
ℎ
𝑥𝑘 ∈ 𝑋𝐻 , and setting

𝐹𝑘𝐻 (𝜁 ) := 𝐹𝐻 (𝜁 ) + ⟨𝑤𝑘
𝐻 , 𝜁 − 𝜁𝑘,0⟩ for 𝑤𝑘

𝐻 := 𝐼𝐻
ℎ
∇𝐹 (𝑥𝑘 ) − ∇𝐹𝐻 (𝜁𝑘,0) ∈ 𝑋𝐻 .

Then ∇𝐹𝑘
𝐻
(𝜁𝑘,0) = ∇𝐹 (𝑥𝑘 ), so if 𝑥𝑘 solves the fine-grid problem, the coarse grid problem triggers no

change: it is solved by 𝜁𝑘,0. A descent direction for the coarse-grid problem also allows constructing a
fine-grid descent direction [12].

Multigrid methods for total variation
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We extend this approach to the nonsmooth problems (1.1). Specifically, for𝐺𝑘
𝐻
satisfying the following

two assumptions, we take as our coarse-grid problem

min
𝜁 ∈𝑋𝐻

𝐹𝑘𝐻 (𝜁 ) +𝐺𝑘
𝐻 (𝜁 ) .(2.1)

Assumption 2.1 (Basic coarse structure). 𝐹𝐻 : 𝑋𝐻 → ℝ is convex with 𝐿𝐻 -Lipschitz gradient. For all
𝑘 ∈ ℕ, 𝐺𝑘

𝐻
: 𝑋 → ℝ is convex, proper, lower semicontinuous. The step length parameter 𝜏𝐻 > 0

satisfies 𝜖 := 2 − 𝜏𝐻𝐿𝐻 > 0.
Assumption 2.2 (Nonsmooth coherence condition). The fine-grid iterate 𝑥𝑘 and the initial coarse iterate
𝜁𝑘,0 (typically 𝐼𝐻

ℎ
𝑥𝑘 ) satisfy 𝐼𝐻

ℎ
𝜕𝐺 (𝑥𝑘 ) ⊆ 𝜕𝐺𝑘

𝐻
(𝜁𝑘,0) .

Example 2.3. Take 𝐺𝑘
𝐻
= 𝛿Ω𝑘 for Ω𝑘 := 𝜁𝑘,0 + (𝐼𝐻

ℎ
𝜕𝐺 (𝑥𝑘 ))◦. Obviously, Ω𝑘 ⊂ 𝑋𝐻 is nonempty and

convex, and 𝜕𝐺𝑘
𝐻
(𝜁𝑘,0) = 𝑁Ω𝑘

(𝜁𝑘,0) = (𝐼𝐻
ℎ
𝜕𝐺 (𝑥𝑘 ))◦◦ ⊃ 𝐼𝐻

ℎ
𝜕𝐺 (𝑥𝑘 ).

2.2 coarse-grid algorithm and descent directions

We apply forward-backward splitting to the coarse-grid problems (2.1). For an initial coarse point 𝜁𝑘,0
and an iteration count𝑚 ∈ ℕ, we thus iterate

(2.2) 𝜁𝑘,𝑗+1 := prox𝜏𝐻𝐺𝑘
𝐻
(𝜁𝑘,𝑗 − 𝜏𝐻∇𝐹𝑘𝐻 (𝜁

𝑘,𝑗 )) ( 𝑗 = 0, . . . ,𝑚 − 1) .

In the following we show that 𝑑 = 𝐼ℎ
𝐻
(𝜁𝑘,𝑚 − 𝜁𝑘,0) is a fine-grid descent direction.

Lemma 2.4. If Assumption 2.1 holds, and we apply (2.2) for any 𝜁𝑘,0 ∈ 𝑋𝐻 , then

⟨𝐼𝐻
ℎ
∇𝐹 (𝑥𝑘 ), 𝜁𝑘,𝑚 − 𝜁𝑘,0⟩ + 𝜖

2𝜏𝐻

𝑚−1∑︁
𝑗=0

∥𝜁𝑘,𝑗+1 − 𝜁𝑘,𝑗 ∥2
𝑋𝐻

≤ 𝐺𝑘
𝐻 (𝜁

𝑘,0) −𝐺𝑘
𝐻 (𝜁

𝑘,𝑚) .

Proof. We abbreviate 𝐽𝑘
𝐻

:=𝐺𝑘
𝐻
+ 𝐹𝐻 and 𝜁 𝑗 := 𝜁𝑘,𝑗 . In implicit form, (2.2) reads

0 ∈ 𝜕𝐺𝑘
𝐻 (𝜁

𝑗+1) + ∇𝐹𝐻 (𝜁 𝑗 ) +𝑤𝑘
𝐻 + 𝜏−1

𝐻 (𝜁 𝑗+1 − 𝜁 𝑗 ) .(2.3)

By the subdifferentiability of𝐺𝑘
𝐻
and the descent inequality 𝐹𝐻 (𝜁 +ℎ) ≤ 𝐹𝐻 (𝜁 )+ ⟨∇𝐹𝐻 (𝜁 ), ℎ⟩+ 𝐿𝐻

2 ∥ℎ∥2
𝑋
,

valid for any 𝜁 , ℎ (see, e.g., [5, Theorem 7.1]),

⟨𝜕𝐺𝑘
𝐻 (𝜁

𝑗+1) + ∇𝐹𝐻 (𝜁 𝑗 ), 𝜁 𝑗+1 − 𝜁 𝑗 ⟩ ≥ 𝐽𝑘𝐻 (𝜁
𝑗+1) − 𝐽𝑘𝐻 (𝜁

𝑗 ) − 𝐿𝐻

2 ∥𝜁 𝑗+1 − 𝜁 𝑗 ∥2
𝑋𝐻

,

where the inequality and inner product are applied to all elements of 𝜕𝐺𝑘
𝐻
(𝜁 𝑗+1). Applying ⟨ · , 𝜁 𝑗+1−𝜁 𝑗 ⟩

on both sides of (2.3) and using 𝜖 := 2 − 𝜏𝐻𝐿𝐻 thus yields

⟨𝑤𝑘
𝐻 , 𝜁

𝑗+1 − 𝜁 𝑗 ⟩ + 𝜖

2𝜏𝐻
∥𝜁 𝑗+1 − 𝜁 𝑗 ∥2

𝑋𝐻
≤ 𝐽𝑘𝐻 (𝜁

𝑗 ) − 𝐽𝑘𝐻 (𝜁
𝑗+1) .

Summing over 𝑗 = 0, . . . ,𝑚 − 1, it follows

⟨𝑤𝑘
𝐻 , 𝜁

𝑚 − 𝜁 0⟩ + 𝜖

2𝜏𝐻

𝑚−1∑︁
𝑗=0

∥𝜁 𝑗+1 − 𝜁 𝑗 ∥2
𝑋𝐻

≤ 𝐽𝑘𝐻 (𝜁
0) − 𝐽𝑘𝐻 (𝜁

𝑚) .

Since 𝜖 > 0, by the construction of𝑤𝑘
𝐻
, we get using the convexity of 𝐹𝐻 ,

⟨𝑤𝑘
𝐻 , 𝜁

𝑚 − 𝜁 0⟩ ≥ ⟨𝐼𝐻
ℎ
∇𝐹 (𝑥𝑘 ), 𝜁𝑚 − 𝜁 0⟩ + 𝐹𝐻 (𝜁 0) − 𝐹𝐻 (𝜁𝑚) .

Combining these two estimates and simplifying, we obtain the claim. □

Multigrid methods for total variation
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Corollary 2.5. Suppose Assumptions 2.1 and 2.2 hold. Let 𝑑 := 𝐼ℎ
𝐻
(𝜁𝑘,𝑚 − 𝜁𝑘,0). Then

[𝐺 + 𝐹 ]′(𝑥𝑘 ;𝑑) = sup
𝑔∈𝜕𝐺 (𝑥𝑘 )

⟨𝑔 + ∇𝐹 (𝑥𝑘 ), 𝑑⟩ ≤ − 𝜖

2𝜇𝜏𝐻

𝑚−1∑︁
𝑗=0

∥𝜁𝑘,𝑗+1 − 𝜁𝑘,𝑗 ∥2 ≤ 0.

Proof. By Assumption 2.2, ⟨𝐼𝐻
ℎ
𝑔, 𝜁 −𝜁𝑘,0⟩ ≤ 𝐺𝑘

𝐻
(𝜁 ) −𝐺𝑘

𝐻
(𝜁𝑘,0) for all 𝜁 and𝑔 ∈ 𝜕𝐺 (𝑥𝑘 ). Taking 𝜁 = 𝜁𝑘,𝑚 ,

combining with Lemma 2.4, we obtain

⟨𝐼𝐻
ℎ
𝑔 + 𝐼𝐻

ℎ
∇𝐹 (𝑥𝑘 ), 𝜁 − 𝜁𝑘,0⟩ + 𝜖

2𝜏𝐻

𝑚−1∑︁
𝑗=0

∥𝜁𝑘,𝑗+1 − 𝜁𝑘,𝑗 ∥2
𝑋𝐻

≤ 0 ∀𝑔 ∈ 𝜕𝐺 (𝑥𝑘 ) .

Since (𝐼𝐻
ℎ
)∗ = 𝜇𝐼ℎ

𝐻
, taking the supremum over 𝑔, we obtain the middle inequality of the claim. The

equality is standard, e.g., [5, Lemma 4.4]. □

Now, as 𝑑 is aligned with a negative subdifferential of the fine-grid objective, we readily show that
it is a fine-grid descent direction.
Theorem 2.6. Suppose Assumptions 2.1 and 2.2 hold. Then for 𝑑 = 𝐼ℎ

𝐻
(𝜁𝑘,𝑚 − 𝜁𝑘,0) and any 𝜅 ∈ (0, 1), there

exists 𝜃0 > 0 such that, for all 0 < 𝜃 ≤ 𝜃0, we have

[𝐺 + 𝐹 ] (𝑥𝑘 + 𝜃𝑑) < [𝐺 + 𝐹 ] (𝑥𝑘 ) + 𝜅𝜃 [𝐺 + 𝐹 ]′(𝑥𝑘 ;𝑑) .

Proof. In Corollary 2.5, we use the definition of the directional derivative. □

3 forward-backward multigrid

We now develop the overall multigrid algorithm for (1.1). Our starting point, again, is the classical
forward-backward splitting

𝑥𝑘+1 = prox𝜏𝐺 (𝑥𝑘 − 𝜏∇𝐹 (𝑥𝑘 )) .

As this is a monotone descent method, Theorem 2.6 suggests that performing coarse-grid iterations
between its iterations would not ruin the convergence. However, details remain to attend to. To prove
convergence, we adapt the technique of [1].

3.1 algorithm

Our proposed Algorithm 3.1 is, for simplicity, limited to two grid levels, but, subject to designing deeper
coarse versions of 𝐺𝐻 , etc., it can, in principle, easily be extended to multiple levels. These functions
need to again satisfy the nonsmooth coherence condition, which may require some effort. However,
for the TV application, as the 𝐺𝐻 designed in Section 4.1 will be a polyhedral constraint, also deeper
coarsenings remain polyhedral.
The algorithm depends on line search to guarantee (2.6), as well as a trigger condition to perform

coarse corrections. Options for the latter include:
1. heuristic, after enough progress since the previous correction [13];
2. a fixed number of fine iterations between coarse corrections; or
3. a bounded number of coarse corrections during the algorithm runtime.

Although a standard line search procedure can be used, in practise, for efficiency, we either take at
each coarse correction a fixed 𝜃𝑘 = 𝜃𝑘 , or, if this does not satisfy the sufficient decrease condition (2.6),
reject the coarse grid result with 𝜃𝑘 = 0.

Multigrid methods for total variation
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Algorithm 3.1 Forward-backward multigrid (FBMG)
Require: 𝐹,𝐺, 𝐹𝐻 and 𝜏, 𝜏𝐻 > 0 satisfying Assumptions 2.1 and 3.1. Sufficient descent parameter

𝜅 ∈ (0, 1) as well as a line search procedure and trigger condition.
1: Choose an initial iterate 𝑥0 ∈ 𝑋 . Set 𝐽 :=𝐺 + 𝐹 .
2: for all 𝑘 = 0, 1, 2, . . . until a chosen stopping criterion is fulfilled do
3: if a trigger condition is satisfied then
4: Choose an initial coarse point 𝜁𝑘,0 (e.g., 𝐼𝐻

ℎ
𝑥𝑘 ).

5: Design 𝐺𝑘
𝐻
satisfying the nonsmooth coherence condition (Assumption 2.2)

6: Set𝑤𝑘
𝐻

:= 𝐼𝐻
ℎ
∇𝐹 (𝑥𝑘 ) − ∇𝐹𝐻 (𝜁𝑘,0),

7: for all 𝑗 = 1, . . . ,𝑚 − 1 do
8: 𝜁𝑘,𝑗+1 := prox𝜏𝐻𝐺𝑘

𝐻
(𝜁𝑘,𝑗 − 𝜏𝐻 [∇𝐹𝐻 (𝜁𝑘,𝑗 ) +𝑤𝑘

𝐻
]) ⊲ Coarse-grid FB

9: end for
10: Set 𝑑 := 𝐼ℎ

𝐻
(𝜁𝑘,𝑚 − 𝜁𝑘,0).

11: Find 𝜃𝑘 ≥ 0 such that 𝐽 (𝑥𝑘 + 𝜃𝑘𝑑) ≤ 𝐽 (𝑥𝑘 ) + 𝜅𝜃𝑘 𝐽
′(𝑥𝑘 ;𝑑). ⊲ Line search

12: 𝑥𝑘+1 := prox𝜏𝐺 (𝑧𝑘 + ∇𝐹 (𝑧𝑘 )) for 𝑧𝑘 := 𝑥𝑘 + 𝜃𝑘𝑑 ⊲ Fine-grid FB
13: else
14: 𝑥𝑘+1 := prox𝜏𝐺 (𝑥𝑘 + ∇𝐹 (𝑥𝑘 )) ⊲ Fine-grid FB
15: end if
16: end for

3.2 convergence

Assumption 3.1. 𝐹,𝐺 : 𝑋 → ℝ are proper, convex and lower semicontinuous, 𝐹 Fréchet differentiable
with 𝐿-Lipschitz gradient. The step length 𝜏 ∈ (0, 1/𝐿).
Theorem 3.2 (Sublinear convergence). Suppose Assumption 3.1 holds, and𝑥∗ ∈ [𝜕𝐽 ]−1 (0) where 𝐽 :=𝐺+𝐹 .
Let {𝑥𝑘 }𝑘≥1 be generated by Algorithm 3.1 for an initial 𝑥0 ∈ 𝑋 such that the corresponding sublevel set is
bounded, i.e.,

𝜀 := diam(sub𝐽 (𝑥0 ) 𝐽 ) := sup{∥𝑥 − 𝑦 ∥2 | 𝐽 (𝑥), 𝐽 (𝑦) ≤ 𝐽 (𝑥0)} < ∞.

Then, for any minimiser 𝑥∗ of 𝐽 ,

𝐽 (𝑥𝑘+1) − 𝐽 (𝑥∗) ≤ 1
𝑘

max{4𝐶, 𝐽 (𝑥0) − 𝐽 (𝑥∗)} for 𝐶 =
2𝜀2

𝜏 (2 − 𝜏𝐿) > 0.(3.1)

Proof. Theorem 2.6 guarantees the line search on Line 11 of Algorithm 3.1 to be satisfiable (strictly for
a 𝜃𝑘 > 0, although we also allow 𝜃𝑘 = 0 and mere non-increase). By standard arguments based on
convexity, the descent lemma, and the Pythagoras identity (see the proof of [5, Theorem 11.4]), Line 12
satisfies

𝐽 (𝑥𝑘+1) − 𝐽 (𝑥) + 1
2𝜏 ∥𝑥

𝑘+1 − 𝑥 ∥2
𝑋 + 1 − 𝜏𝐿

2𝜏 ∥𝑥𝑘+1 − 𝑧𝑘 ∥2
𝑋 ≤ 1

2𝜏 ∥𝑧
𝑘 − 𝑥 ∥2

𝑋(3.2)

for any 𝑥 . Since 𝜏𝐿 < 1, taking 𝑥 = 𝑥∗, we get

𝐽 (𝑥𝑘+1) − 𝐽 (𝑥∗) ≤ 1
2𝜏 (∥𝑧

𝑘 − 𝑥∗∥2
𝑋 − ∥𝑥𝑘+1 − 𝑥∗∥2

𝑋 )

=
1

2𝜏 (∥𝑧
𝑘 − 𝑥∗∥𝑋 − ∥𝑥𝑘+1 − 𝑥∗∥𝑋 ) (∥𝑧𝑘 − 𝑥∗∥𝑋 + ∥𝑥𝑘+1 − 𝑥∗∥𝑋 )

≤ 𝜀

𝜏
(∥𝑧𝑘 − 𝑥∗∥𝑋 − ∥𝑥𝑘+1 − 𝑥∗∥𝑋 )

≤ 𝜀

𝜏
∥𝑥𝑘+1 − 𝑧𝑘 ∥𝑋 .

Multigrid methods for total variation
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Using the fact that 𝑥∗ is a minimiser, so that the left-hand-side is non-negative, squaring gives

(3.3) (𝐽 (𝑥𝑘+1) − 𝐽 (𝑥∗))2 ≤ (𝜀𝜏−1)2∥𝑥𝑘+1 − 𝑧𝑘 ∥2
𝑋 .

On the other hand, taking 𝑥 = 𝑧𝑘 in (3.2), and continuing with 𝐽 (𝑧𝑘 ) ≤ 𝐽 (𝑥𝑘 ) established by the line
search procedure on Line 11 of Algorithm 3.1, we obtain

2 − 𝜏𝐿

2𝜏 ∥𝑥𝑘+1 − 𝑧𝑘 ∥2
𝑋 ≤ 𝐽 (𝑧𝑘 ) − 𝐽 (𝑥𝑘+1) ≤ 𝐽 (𝑥𝑘 ) − 𝐽 (𝑥𝑘+1).

Combining with (3.3) yields (𝐽 (𝑥𝑘+1) − 𝐽 (𝑥∗))2 ≤ 𝐶 [𝐽 (𝑥𝑘 ) − 𝐽 (𝑥𝑘+1)] . Repeating the analysis with
𝑧𝑘 = 𝑥𝑘 establishes the same result for Line 14. Now, according to [8, Lemma 4], the monotonically
decreasing sequence {𝐽 (𝑥𝑘 )}𝑘∈ℕ satisfies (3.1). □

4 total variation regularised imaging problems

We will in Section 5 apply Algorithm 3.1 to image processing problems of the form

(4.1) min
𝑦∈ℝ𝑛

𝜙 (𝑦) + 𝛼 ∥∇ℎ𝑦 ∥2,1 for 𝜙 (𝑦) := 1
2

𝑡∑︁
𝑠=1

∥𝑇𝑠𝑦 − 𝑏𝑠 ∥2
2,

where ∇ℎ ∈ 𝕃(ℝ𝑛 ;ℝ𝐷×𝑛) for some dimension 𝐷 . Since the nonsmooth total variation regulariser is
not prox-simple, to derive an efficient method, we will need to work with the dual problem. Since MRI
involves complex numbers, we allow 𝑇𝑠 ∈ 𝕃(ℝ𝑛 ;ℂ𝑛) and 𝑏𝑠 ∈ ℂ𝑛 . Thus the dual formulation is

(4.2) min
𝑥∈ℝ𝐷×𝑛

𝜙∗(−∇∗
ℎ
𝑥) +𝐺 (𝑥) for 𝐺 (𝑥) := (𝛼 ∥ · ∥2,1)∗(𝑥) =

𝑛∑︁
𝑖=1

𝛿𝐵 (0,𝛼 ) (𝑥 · 𝑖).

We construct 𝜙∗ : ℝ𝑛 → ℝ in Section 4.3, after we have first constructed the coarse nonsmooth
function 𝐺𝑘

𝐻
and its proximal operator in Sections 4.1 and 4.2.

4.1 the coarse problem

We use the standard restriction operator1 𝐼𝐻
ℎ

= 𝑅 ⊗ 𝑅, where, in stencil notation, 𝑅 = [ 1
2 1 1

2 ]; see [3].
The prolongation operator is then 𝐼𝐻

ℎ
= 1

4 (𝐼
ℎ
𝐻
)∗. We take

(4.3) 𝐺𝑘
𝐻 (𝜁 ) :=

𝑁∑︁
𝑙=1

𝛿Ω𝑙
(𝜁 · 𝑙 ) for Ω𝑙 := 𝜁

𝑘,0
· 𝑙

+ Γ◦
𝑙
,

where for all coarse pixel indices 𝑙 = 1, . . . , 𝑁 , we define

(4.4) Γ𝑙 := [𝐼𝐻
ℎ
𝜕𝐺 (𝑥𝑘 )]𝑙 =

{∑︁
𝑝∈𝐴𝑙

𝑞𝑘· 𝑝

���𝑞𝑘· 𝑝 ∈ [𝜕𝐺 (𝑥𝑘 )]𝑝 ∀𝑝 ∈ 𝐴𝑙

}
,

with 𝐴𝑙 ⊂ {1, . . . , 𝑛} the subset of fine pixel indices 𝑖 that contribute to the coarse pixel 𝑙 via 𝐼𝐻
ℎ
, that is,

[𝐼𝐻
ℎ
]𝑙𝑖 ≠ 0. Note that Ω𝑙 is nonempty, closed and convex for all 𝑙 = 1, . . . , 𝑁 . Apart from the Lipschitz

gradient, there are no theoretical restrictions on 𝐹𝐻 , but we take it as a coarse version of 𝜙∗ ◦ −∇∗
ℎ
, as

we describe later in Example 4.7, after forming 𝜙∗.

1For MRI we could replace 𝐼ℎ
𝐻
by F ∗𝐼ℎ

𝐻
F , where F is the Fourier transform in the relevant grid, but do not currently use

this form.

Multigrid methods for total variation
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Lemma 4.1. Assumption 2.2 holds for 𝐺 and 𝐺𝑘
𝐻
as in (4.2) and (4.3).

Proof. We recall for all fine pixel indices 𝑖 = 1, .., 𝑛 that

(4.5)
[
𝜕𝐺 (𝑥𝑘 )

]
𝑖
= 𝜕𝛿𝐵 (0,𝛼 ) (𝑥𝑘· 𝑖) =


{0}, 𝑥𝑘

· 𝑖 ∈ int𝐵(0, 𝛼),
{𝛽𝑥𝑘

· 𝑖 | 𝛽 ≥ 0}, 𝑥𝑘
· 𝑖 ∈ bd𝐵(0, 𝛼),

∅ otherwise.

It follows that Γ𝑙 is a (possibly non-convex) cone in ℝ𝐷 . We then deduce

𝜕𝛿Ω𝑙
(𝜁𝑘,0

· 𝑙
) = 𝑁Ω𝑙

(𝜁𝑘,0
· 𝑙
) = 𝑁Γ◦

𝑙
(0) = (Γ◦

𝑙
)◦ ⊃ Γ𝑙 ,

and further

𝐼𝐻
ℎ
𝜕𝐺 (𝑥𝑘 ) = Γ1 × · · · × Γ𝑁 ⊂ 𝜕𝛿Ω𝑙

(𝜁𝑘,0
· 1 ) × · · · × 𝜕𝛿Ω𝑙

(𝜁𝑘,0
·𝑁

) = 𝜕𝐺𝑘
𝐻 (𝜁

𝑘,0) . □

4.2 the coarse proximal operator

By (4.3), Ω𝑙 − 𝜁
𝑘,0
𝑙

= Γ◦
𝑙
= (Γ◦◦

𝑙
)◦ is a closed convex cone for each 𝑙 . When 𝐷 = 2, it is therefore defined

by at most two “director” vectors. If we can identify them, it will be possible to write the proximal
operator of 𝐺𝑘

𝐻
in a simple form.

Lemma 4.2. Suppose 𝐷 = 2. For any coarse pixel index 𝑙 ∈ {1, . . . , 𝑁 }, Γ◦◦
𝑙

can only take for some fine
pixel indices 𝑗, 𝑠 ∈ 𝐴𝑙 one of the forms

{0}, ccone{𝑥 · 𝑗 }, ccone{𝑥 · 𝑗 , 𝑥 · 𝑠 }, ccone{𝑥 · 𝑗 , 𝑥 · 𝑠 ,−𝑥 · 𝑗 }, ℝ2.

Proof. We construct the director vectors algorithmically, starting with empty sets𝑉𝑙 and𝑂𝑙 . The former
will eventually contain the directors, while 𝑂𝑙 tracks subspaces generated by opposing vectors. For all
𝑝 ∈ 𝐴𝑙 , we repeat steps 1 and 2:

1. We omit 𝑥𝑘· 𝑝 ∈ int𝐵(0, 𝛼) since, by (4.4), the subgradient 𝑞𝑘· 𝑝 = 0, does not contribute to Γ𝑙 . By
contrast, if 𝑥𝑘· 𝑝 ∈ bd𝐵(0, 𝛼), we add this vector to 𝑉𝑙 .

2. If 𝑉𝑙 = {𝑧 𝑗 , 𝑧𝑠 , 𝑧𝑝 } for three distinct vectors, one of them must be superfluous for forming Γ◦
𝑙
. To

discard it, we form the linear system 𝑧 𝑗𝛽1 + 𝑧𝑠𝛽2 = 𝑧𝑝 for the unknowns 𝛽1 and 𝛽2, and consider
several cases:
(a) For a non-unique solution, 𝑧𝑠 = 𝑐𝑧 𝑗 for some 𝑐 ≠ 0. When 𝑐 > 0, 𝑧𝑠 is superfluous. When

𝑐 < 0, Γ𝑙 must be contained in the subspace orthogonal to 𝑧𝑠 . In both cases, we take
𝑉𝑙 = {𝑧 𝑗 , 𝑧𝑝 }, and in the latter add 𝑧𝑠 to 𝑂𝑙 .

Otherwise the system has a unique solution, and we continue with the cases:
(b) If 𝛽1 ≥ 0 and 𝛽2 ≥ 0, then 𝑧𝑝 ∈ ccone{𝑧 𝑗 , 𝑧𝑠 }, so we remove 𝑧𝑝 from 𝑉𝑙 .
(c) If 𝛽1 > 0 and 𝛽2 < 0, then 𝑧 𝑗 ∈ ccone{𝑧𝑠 , 𝑧𝑝 }, so we remove 𝑧 𝑗 from 𝑉𝑙 .
(d) If 𝛽1 < 0 and 𝛽2 > 0, then 𝑧𝑠 ∈ ccone{𝑧 𝑗 , 𝑧𝑝 }, so we remove 𝑧𝑠 from 𝑉𝑙 .
(e) If 𝛽1 = 0 and 𝛽2 < 0 or 𝛽1 < 0 and 𝛽2 = 0, then 𝑧𝑠 = −𝑧𝑝 or 𝑧 𝑗 = −𝑧𝑝 , so we eliminate 𝑧𝑝

from 𝑉𝑙 but add it to 𝑂𝑙 .
(f) If 𝛽1 < 0 and 𝛽2 < 0, then Γ◦

𝑙
= {0}, so we terminate with Γ◦◦

𝑙
= ℝ2.

If the construction did not terminate in the above loop, we consider:

(i) If |𝑉𝑙 | + |𝑂𝑙 | ≤ 2, then by construction𝑂𝑙 = ∅. If𝑉𝑙 = ∅, also Γ◦◦
𝑙

= {0}. Otherwise Γ◦◦
𝑙

= ccone𝑉𝑙 .

(ii) If |𝑉𝑙 | + |𝑂𝑙 | = 3, then𝑂𝑙 = {𝑧𝑝 } and𝑉𝑙 = {𝑧 𝑗 , 𝑧𝑠 } with 𝑧𝑝 = −𝑧 𝑗 or 𝑧𝑝 = −𝑧𝑠 . In other words, the
three vectors define the half-space Γ◦◦

𝑙
= ccone{𝑧 𝑗 , 𝑧𝑠 ,−𝑧 𝑗 }.

Multigrid methods for total variation
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Figure 1: Illustration of the middle case of (4.6a) (left) and (4.6b) (right).

(iii) |𝑉𝑙 | + |𝑂𝑙 | ≥ 4 then 𝑂𝑙 defines two distinct subspaces that contain Γ◦
𝑙
, which must then by {0}.

Hence Γ◦◦
𝑙

= ℝ2. □

In the next proposition, 𝑧𝑜𝑗 denotes a vector orthogonal to 𝑧 𝑗 with sup𝑧∈Γ ⟨𝑧, 𝑧𝑜𝑗 ⟩ ≤ 0. We also write
𝑝 (𝜁 , 𝑧) := max{0, ⟨𝜁 , 𝑧⟩}𝑧/∥𝑧∥2

2 for the projection of 𝜁 to 𝑧 [0,∞).
Proposition 4.3. The proximal operator of 𝐺𝑘

𝐻
defined in (4.3) is given by

(4.6a) [prox𝛾𝐺𝑘
𝐻
(𝜁 )]𝑙 =



𝜁𝑙 , Γ◦◦
𝑙

= {0},
𝜁𝑙 − 𝑝 (𝜁𝑙 − 𝜁

𝑘,0
𝑙

, 𝑧 𝑗 ), Γ◦◦
𝑙

= ccone{𝑧 𝑗 },
𝜁
𝑘,0
𝑙

+ 𝑝 (𝜁𝑙 − 𝜁
𝑘,0
𝑙

, 𝑧𝑜𝑗 ), Γ◦◦
𝑙

= ccone{𝑧 𝑗 , 𝑧𝑠 ,−𝑧 𝑗 },
𝜁
𝑘,0
𝑙

, Γ◦◦
𝑙

= ℝ2,
see below Γ◦◦

𝑙
= ccone{𝑧 𝑗 , 𝑧𝑠 },

for each component 𝑙 = 1, . . . ,𝑚, where in the final case,

(4.6b) [prox𝛾𝐺𝑘
𝐻
(𝜁 )]𝑙 =


𝜁
𝑘,0
𝑙

, 𝜁𝑙 ∈ ccone{𝑧 𝑗 , 𝑧𝑠 },
𝜁𝑙 , 𝜁𝑙 ∈ ccone{𝑧𝑜𝑗 , 𝑧𝑜𝑠 },
𝜁
𝑘,0
𝑙

+ 𝑝 (𝜁𝑙 − 𝜁
𝑘,0
𝑙

, 𝑧𝑜𝑗 ), 𝜁𝑙 ∈ ccone{𝑧 𝑗 , 𝑧𝑜𝑗 },
𝜁
𝑘,0
𝑙

+ 𝑝 (𝜁𝑙 − 𝜁
𝑘,0
𝑙

, 𝑧𝑜𝑠 ), 𝜁𝑙 ∈ ccone{𝑧𝑠 , 𝑧𝑜𝑠 }.

Proof. The proximal map of 𝐺𝑘
𝐻
separates into individual Euclidean projections onto each Ω𝑙 . These

are determined by Γ◦◦
𝑙
, so we consider the cases of Lemma 4.2:

(a) If Γ◦◦
𝑙

= {0}, we have Ω𝑙 = ℝ2. Hence the proximal map is the identity.

(b) If Γ◦◦
𝑙

= ℝ2, we have Ω𝑙 = {𝜁𝑘,0
𝑙

}, so the proximal map is the constant 𝜁𝑘,0
𝑙

.

(c) If Γ◦◦
𝑙

= ccone{𝑧 𝑗 }, thenΩ𝑙 = 𝜁
𝑘,0
𝑙

+(Γ◦◦
𝑙
)◦ = 𝜁

𝑘,0
𝑙

+{𝑧 𝑗 }◦. Thus [prox𝛾𝐺𝑘
𝐻
(𝜁 )]𝑙 = 𝜁𝑙−𝑝 (𝜁𝑙−𝜁𝑘,0𝑙

, 𝑧 𝑗 ).

(d) If Γ◦◦
𝑙

= ccone{𝑧 𝑗 , 𝑧𝑠 ,−𝑧 𝑗 }, then, likewise, Ω𝑙 = 𝜁
𝑘,0
𝑙

+ [0,∞)𝑧𝑜𝑗 , resulting in [prox𝛾𝐺𝑘
𝐻
(𝜁 )]𝑙 =

𝜁
𝑘,0
𝑙

− 𝑝 (𝜁𝑙 − 𝜁
𝑘,0
𝑙

, 𝑧𝑜𝑗 ); see Figure 1.

(e) When Γ◦◦
𝑙

= ccone{𝑧 𝑗 , 𝑧𝑠 }, we can divide ℝ2 into four cones, each with distinct projection
operator agreeing with (4.6b); see Figure 1. □

Multigrid methods for total variation
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4.3 the fenchel conjugate of the (complex) data term

To form the Fenchel conjugate of 𝜙 , we start with its derivative. We write ∥ · ∥ℝ𝑛 for the Euclidean
norm in ℝ𝑛 and ∥𝑥 ∥ℂ𝑛 :=

√︁∑𝑛
𝑘=1 |𝑥𝑖 |2 for 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℂ𝑛 .

Lemma 4.4. ℝ𝑛 ∋ ∇𝜙 (𝑦) =𝑇 𝑦 − 𝑒 for 𝑇 :=
∑𝑡

𝑠=1 Re𝑇 ∗
𝑠 𝑇𝑠 and 𝑒 :=

∑𝑡
𝑠=1 Re𝑇 ∗

𝑠 𝑏𝑠 .

Proof. Due to properties of the complex inner product, for any 𝑦,ℎ ∈ ℝ𝑛 ,

∥𝑇𝑠 (𝑦 + ℎ) − 𝑏𝑠 ∥2
ℂ𝑛 − ∥𝑇𝑠𝑦 − 𝑏𝑠 ∥2

ℂ𝑛 = 2 Re⟨𝑇𝑠𝑦 − 𝑏𝑠 ,𝑇𝑠ℎ⟩ℂ𝑛 + ∥𝑇𝑠ℎ∥2
ℂ𝑛

= 2⟨Re𝑇 ∗
𝑠 (𝑇𝑠𝑦 − 𝑏𝑠), ℎ⟩ℝ𝑛 + ∥𝑇𝑠ℎ∥2

ℂ𝑛 .

Dividing by 2 and summing over 𝑠 = 1, . . . , 𝑡 , therefore

𝜙 (𝑦 + ℎ) − 𝜙 (𝑦) = ⟨𝑇 𝑦 − 𝑒, ℎ⟩ℝ𝑛 + 1
2

𝑡∑︁
𝑠=1

∥𝑇𝑠ℎ∥2
ℂ𝑛 .

By the definition of the Fréchet derivative, the claim follows. □

From the definition of the Fenchel conjugate and the Fermat principle, now

(4.7) 𝜙∗(𝑧) = ⟨𝑧,𝑇 −1(𝑧 + 𝑒)⟩ℝ𝑛 − 𝜙 (𝑇 −1(𝑧 + 𝑒)) .

We next develop a more tractable form, which shows (4.2) to have equivalent form

(4.8) min
𝑥∈ℝ𝐷×𝑛

1
2 ∥𝑇

−1/2(∇∗
ℎ
𝑥 − 𝑒)∥2

ℝ𝑛 +
∑︁
𝑖

𝛿𝐵 (0,𝛼 ) (𝑥 · 𝑖) .

Lemma 4.5. If 𝐴 ∈ 𝕃(ℂ𝑛 ;ℂ𝑛). Then ∥𝐴𝑦 ∥2
ℂ𝑛 = ⟨Re(𝐴∗𝐴)𝑦, 𝑦⟩ℝ𝑛 for all 𝑦 ∈ ℝ𝑛 .

Proof. Writing 𝐴 = 𝐴1 + 𝑖𝐴2 for 𝐴1, 𝐴2 ∈ ℝ𝑛×𝑛 , we have 𝐴∗ = 𝐴𝑇
1 − 𝑖𝐴𝑇

2 . Thus

∥𝐴𝑦 ∥2
ℂ𝑛 = ⟨𝐴∗𝐴𝑦, 𝑦⟩ℂ𝑛 = ⟨(𝐴𝑇

1 − 𝑖𝐴𝑇
2 ) (𝐴1 + 𝑖𝐴2)𝑦, 𝑦⟩ℂ𝑛

= ⟨(𝐴𝑇
1 𝐴1 +𝐴𝑇

2𝐴2)𝑦, 𝑦⟩ℝ𝑛 + 𝑖⟨(𝐴𝑇
1 𝐴2 −𝐴𝑇

2𝐴1)𝑦, 𝑦⟩ℝ𝑛 .

The last term is zero by the properties of the real inner product and transpose. □

Lemma 4.6. Let 𝑟𝑠 = 𝑏𝑠 −𝑇𝑠𝑇
−1𝑒 for 𝑇 and 𝑒 from Lemma 4.4. Then

𝜙∗(𝑧) = 1
2 ∥𝑇

−1/2(𝑧 + 𝑒)∥2
ℝ𝑛 − 1

2

𝑡∑︁
𝑠=1

∥𝑟𝑠 ∥2
ℂ𝑛 − ∥𝑇 −1/2𝑒 ∥2

ℝ𝑛 ∀𝑧 ∈ ℝ𝑛 .

Proof. Lemma 4.5 and the properties of the complex inner product yield

(4.9) ∥𝑇𝑠 (𝑇 −1(𝑧 + 𝑒)) − 𝑏𝑠 ∥2
ℂ𝑛 = ∥𝑇𝑠𝑇 −1𝑧 − 𝑟𝑠 ∥2

ℂ𝑛

= ∥𝑇𝑠𝑇 −1𝑧∥2
ℂ𝑛 − ⟨𝑇𝑠𝑇 −1𝑧, 𝑟𝑠⟩ℂ𝑛 − ⟨𝑟𝑠 ,𝑇𝑠𝑇 −1𝑧⟩ℂ𝑛 + ∥𝑟𝑠 ∥2

ℂ𝑛

= ⟨Re(𝑇 ∗
𝑠 𝑇𝑠)𝑇 −1𝑧,𝑇 −1𝑧⟩ℝ𝑛 − 2 Re⟨𝑇 −1𝑧,𝑇 ∗

𝑠 𝑟𝑠⟩ℂ𝑛 + ∥𝑟𝑠 ∥2
ℂ𝑛 .

We have
∑𝑡

𝑠=1𝑇
∗
𝑠 𝑟𝑠 =

∑𝑡
𝑠=1𝑇

∗
𝑠 𝑏𝑠 −

∑𝑡
𝑠=1𝑇

∗
𝑠 𝑇𝑠𝑇

−1𝑒 , hence Re
∑𝑡

𝑠=1𝑇
∗
𝑠 𝑟𝑠 = 0. Since 𝑇 −1𝑧 ∈ ℝ𝑛 , it follows

that
∑𝑡

𝑠=1 Re⟨𝑇 −1𝑧,𝑇 ∗
𝑠 𝑟𝑠⟩ℂ𝑛 = 0. Dividing (4.9) by 2 and summing over 𝑠 = 1, . . . , 𝑡 , therefore

𝜙 (𝑇 −1(𝑧 + 𝑒)) = 1
2 ⟨𝑧,𝑇

−1𝑧⟩ℝ𝑛 + 1
2

𝑡∑︁
𝑠=1

∥𝑟𝑠 ∥2
ℂ𝑛 .

Using this expression in (4.7), the claim readily follows. □

We can now finally suggest one way to form the coarse function 𝐹𝐻 :

Multigrid methods for total variation
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Table 1: Time (seconds) to reach relative error 𝜌1 and 𝜌2 for both experiments.
Experiment 𝜌1 FB FBMG 𝜌2 FB FBMG
Denoising 10−2 3.05 · 10−2 7.40 · 10−3 10−3 2.32 · 10−1 1.03 · 10−1

MRI 10−2 6.93 · 10−2 5.34 · 10−3 10−3 1.42 · 10−1 4.68 · 10−2
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Figure 2: Relative error (5.1) versus iteration count and CPU time for denoising. The dashed grey lines
indicate the levels 𝜌 = 10−2 and 𝜌 = 10−3 as in Table 1.

Example 4.7. Form a coarse discrete gradient operator ∇𝐻 ∈ 𝕃(ℝ𝑁 ;𝑋𝐻 ) and set

𝐹𝐻 (𝜁 ) := 1
2 ∥𝑇

−1/2
𝐻

(∇∗
𝐻𝜁 − 𝑏𝐻 )∥2

ℝ𝑁 for 𝑇𝐻 := 𝐼𝐻
ℎ
𝑇 and 𝑏𝐻 := 𝐼𝐻

ℎ
𝑏.

5 numerical experience

We now report our numerical experience with denoising and MRI. Both problems have the primal
form (4.1). We work with the equivalent dual problem (4.2). Our Julia implementation is available on
Zenodo [6].

5.1 denoising

For denoising we use one full sample, i.e., solve (4.1) with 𝑡 = 1 and 𝑇𝑠 = 𝐼 . The dual problem (4.8) is
then min𝑥∈ℝ𝐷×𝑛 ∥∇∗

ℎ
𝑥 − 𝑒 ∥2

ℝ𝑛 +
∑

𝑖 𝛿𝐵 (0,𝛼 ) (𝑥 · ,𝑖). We use the Blue Marble public domain test image with
resolution 3002 × 3000. We add pixelwise Gaussian noise of standard deviation 𝜎 = 0.4. The Lipschitz
constant 𝐿 = 𝐿𝐻 = 8 [4]. We take 𝛼 = 0.85 and 𝜏 = 0.95/𝐿 and 𝜏𝐻 = 1.95/𝐿. In FBMG, we perform
𝑚 = 6 coarse steps, based on trial and error, before the first 110 fine iterations only. For line search, we
try 𝜃𝑘 = 𝜃𝑘 := 𝜔𝑘 ⟨𝑇 −1(𝑒 −∇∗𝑥𝑘 ),∇∗𝑑⟩/∥𝑇 −1/2∇∗𝑑 ∥2

2 ≥ 0 for the scaling factor𝜔𝑘 = 2/5, and otherwise
fail with 𝜃𝑘 = 0.2 We illustrate the data and reconstructions in Figure 3, and the performance in Figure 2
and Table 1, where, for 𝑥∗ computed by 100000 iterations of FBMGs, the relative error

(5.1) 𝜌 = 𝜌𝑘 := (𝑣 (𝑥𝑘 ) − 𝑣 (𝑥∗))/(𝑣 (𝑥0) − 𝑣 (𝑥∗)) with 𝑣 (𝑥) := 𝜙∗(−∇∗
ℎ
𝑥) +𝐺 (𝑥) .

The iteration comparison number in Figure 2 scales coarse iterations by the ratio of the number of
coarse to fine pixels.

2When 𝜔𝑘 < 2, 𝜃𝑘 is a scaled-down exact solution to (2.6) for 𝐹 = 𝜙∗ and 𝐺 = 0. Small 𝜔𝑘 attempts to ensure 𝑥𝑘 + 𝜃𝑘𝑑 ∈
𝐵(0, 𝛼)𝑛 . By convexity, this check guarantees descent.

Multigrid methods for total variation
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(a) Original (b) Noisy (c) FB (d) FBMG

Figure 3: Denoising data and results at relative error 𝜌 = 10−3.
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Figure 4: Relative error (5.1) versus both iteration count and CPU time for MRI. The dashed grey lines
indicate the levels 𝜌 = 10−2 and 𝜌 = 10−3 as in Table 1.

5.2 magnetic resonance imaging

We take 𝑇𝑠 := 𝑆𝑠F , where F is the discrete Fourier transform and 𝑆𝑠 is a frequency subsampling
operator. Then 𝑇 of Lemma 4.4 becomes 𝑇 = Re F ∗𝑆F = F ∗ Sym 𝑆F for 𝑆 :=

∑𝑡
𝑠=1 𝑆

∗
𝑠 𝑆𝑠 and Sym 𝑆

its symmetrisation over positive and negative frequencies in both axes. Thus 𝑇 −1, required for the
dual problem (4.8), exists and is easily calculated when each frequency is sampled by some 𝑆𝑠 . With
𝑡 = 21, we form each subsampling mask 𝑆1, . . . , 𝑆𝑡 by random sampling 150 lines in the Fourier space
from a uniform distribution of such subsets of lines. We use the MRI phantom of [2] with resolution
583 × 493, and add complex Gaussian noise with standard deviation 𝜎 = 50. We take 𝛼 = 1.15, and the
step length parameters and line search as for denoising with 𝐿 = 8∥𝑇 −1∥, 𝐿𝐻 = 8∥𝑇 −1

𝐻
∥. We perform

𝑚 = 6 coarse steps before the first 500 fine iterations only. We illustrate the data, reconstructions, and
performance in Figures 4 and 5 and Table 1.

5.3 conclusions

Figures 2 and 4 and Table 1 indicate that while the performance improvements in denoising are
noticeable, they are very significant for the much more expensive MRI problem. This can be expected,
as the fine grid Fourier transform is an expensive operation. The situation is comparable to [13], who do
deblurring directly with the primal problem. This requires proximal map of total variation to be solved
numerically (as a denoising problem) on each fine-grid step, while in the coarse grid they avoid this by
using a smooth problem and gradient steps. For multigrid optimisation methods to be meaningful, it
therefore appears that the coarse-grid problems have to be significantly cheaper than the fine-grid
problems.

Multigrid methods for total variation
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(a) Original (b) Sample (c) Backproj. (d) FB (e) FBMG

Figure 5:MRI data and results at relative error 𝜌 = 10−2. (c) is the backprojection of the Fourier line
sample (b). There are altogether 𝑡 = 21 such samples.
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