
arxiv: 2605.12095
date: 2026-05-12

page 1 of 27

leak localisation with a measure source
convection–diffusion model

Thi Tam Dang∗ Tuomo Valkonen†

Abstract We study the inverse problem of locating gas leaks from line-of-sight concentration
measurements using a convection–diffusion model with the source term a Radon measure. By
imposing sparsity-promoting regularisation on this measure, we recover point sources—identifying
both their locations and intensities—rather than diffuse approximations. We jointly estimate the
underlying physical convection (wind) and diffusion parameters. Our main theoretical contribution
is the stability analysis of the convection–diffusion equation with respect to its parameters: the
measure, and the convection and diffusion fields. Numerically, we employ a semi-grid-free optimi-
sation approach for reconstructing the source measure. Our experiments demonstrate accurate
localisation, highlighting the potential of the method for practical gas emission detection.

1 introduction

Modern industrial facilities require reliable gas leak detection to ensure safety and meet regulatory
standards. Accurate quantification of greenhouse gas emissions, particularly methane, is essential
for effective climate mitigation [3]. Gas emission detection (GED) uses various instruments: remote
sensing from aircraft and satellites, point-wise systems such as eddy-covariance towers, and open-path
spectrometers. Satellite-based systems are efficient for regional to global emission estimation but often
lack accuracy at local scales and in distinguishing different source types (for example, agricultural
versus industrial) [19, 25]. Eddy-covariance towers provide high-frequency data but only at fixed
locations [4, 26]. In contrast, open-path laser dispersion spectroscopy (LDS) helps to bridge this gap by
providing path-averaged concentration measurements along multiple beams, which enables rapid two-
dimensional emission mapping that is robust under varying atmospheric conditions [1, 15, 21, 29, 32, 33].
Because all these instruments measure gas concentrations rather than emission rates directly, their
data must be combined with an inversion model to localize and quantify the underlying emission
sources.
Recovering the full gas concentration field from sparse line-of-sight measurements is an ill-posed

inverse problem governed by a parabolic convection-diffusion PDE (2.3). In this work, the source term
in the PDE will be a measure, to facilitate modelling discrete sources of leaks, both their locations and
release rates:

(1.1) 𝜇 =

𝑁∑︁
𝑖=1

𝛽𝑖𝛿𝑥𝑖 ,
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where 𝛽𝑖 is the release rate of the leak, and 𝑥𝑖 ∈ Ω ⊂ ℝ𝑑 its location. We denote by 𝛿𝑥 the Dirac
measure concentrated at 𝑥 . To reconstruct such a 𝜇, we consider optimisation problems of the form

(1.2) min
𝜇,𝑘,𝑐

1
2 ∥𝐴𝑢 − 𝑏∥2 + 𝛼 ∥𝜇∥ℳ (Ω) + 𝛿≥0(𝜇) + 𝑅𝑘,𝑐 (𝑘, 𝑐),

where the concentration 𝑢 : Ω × [0,𝑇 ] → ℝ arises as a solution of the convection–diffusion equation
for the sources 𝜇, convection field 𝑐 , and diffusion field 𝑘 . The observation operator 𝐴 performs
line integration of the concntration from laser sources to mirrors over multiple time instants: our
observations our over time, while the length 𝑇 of the time interval is—for simplicity—assumed to
be short enough that 𝜇 is time-independent. The Radon-norm regularisation term with parameter
𝛼 > 0 encourages sparsity of solutions [6]: that an optimal 𝜇 would have the form (1.1), instead of
being diffuse. The term 𝛿≥0 (an indicator function, not to be confused with the Dirac 𝛿𝑥 -measure)
enforces that there are only sources, no sinks. The convection and diffusion fields’ measurements aand
regularisation are modelled by 𝑅𝑘,𝑐 .
The dependence of 𝑢 on 𝑥 = (𝜇, 𝑘, 𝑐) is nonlinear. Conventionally, if the dependence were linear,

and we would not have the auxiliary parameters 𝑘 and 𝑐 , this type of measure optimisation problems
would be solved by a conditional gradient (Frank–Wolfe) method [5, 7, 8, 17, 18, 28] in a grid-free fashion.
Semismooth Newton, particle-based, and semi-infinite approaches have also been developed [10–14,20].
More recently [30, 31], we introduced more conventional forward-backward and primal-dual methods
that more easily extend to nonconvex problems and auxiliary parameters. We will exploit those in
Section 5 to solve the problem (1.2). The algorithms are described in more detail in Section 3. To be
able to apply these algorithms, we will require the PDE solution operator 𝑆𝑢 : (𝜇, 𝑘, 𝑐) → 𝑢 to be
Lipschitz-differentiable in appropriate spaces. We will in Section 2 perform the relevant analysis. This
forms the principal theoretical contribution of this manuscript.

In Section 4, we introduce a finite element approach that couples the convection-diffusion PDE with
a computationally simple quadrature-free observation operator for LDS measurements. Unlike accurate
ray-tracing or X-ray transform discretizations prevalent in computed tomography [23] and optical
tomography [2], which demand sophisticated mesh intersection algorithms, our approach prioritizes
computational simplicity and adjoint consistency over quadrature precision. For strongly regularized
inverse problems, this internal consistency between forward and adjoint operators proves more critical
than high-fidelity line integration, as discretization artifacts in the adjoint dominate reconstruction
errors [22].

Notation For normed spaces 𝑋 and 𝑌 , we write 𝕃(𝑋 ;𝑌 ) for the space of bounded linear operators
from 𝑋 to 𝑌 . The dual space of 𝑋 is denoted by 𝑋 ∗. For a functional 𝐹 : 𝑋 → ℝ, we denote by 𝐷𝐹 (𝑥)
the Gâteaux derivative of 𝐹 at 𝑥 , and by 𝐹 ′(𝑥) ∈ 𝑋 ∗ the Fréchet derivative at 𝑥 , whenever it exists. If 𝑋
is a Hilbert space, ∇𝐹 (𝑥) ∈ 𝑋 stands for the Riesz representative of 𝐹 ′(𝑥), i.e., the gradient of 𝐹 at 𝑥 .
For partial derivatives, we use the notation 𝐹 (𝑢 ) (𝑢, 𝑥) when differentiating with respect to a specific
named argument.

The spaceℳ(Ω) is that of Radon measures on the domain Ω ⊂ ℝ𝑑 , 1 ≤ 𝑑 ≤ 3.
We write ⟨𝑥∗ |𝑥⟩𝑋 ∗,𝑋 = 𝑥∗𝑥 for the dual pairing, and ⟨𝑥, 𝑦⟩𝑋 for the inner product in Hilbert spaces.

When the spaces are clear from the context, we do not indicate them.
We generally write 𝜉 ∈ ℝ𝑑 for the spatial variable, with 𝑥 reserved for the overall unknown.
We write 𝛿𝐴 for the {0,∞}-valued indicator function of a set 𝐴. We also use 𝛿𝑥 to denote the Dirac

mass at the point 𝑥 .
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2 the convection–diffusion equation with measure sources

This section formulates the PDE-constrained inverse problem under study (Section 2.1). The forward
PDE (2.3) is a parabolic convection-diffusion problem with a measure source 𝜇, modelling the locations
and intensities of the unknown leaks. Also the convection and diffusion coefficient are unknown. We
first establish well-posedness of the PDE (Theorem 2.2, Section 2.2), and Lipschitz continuity of its
solution operator (Section 2.3). To differentiate the solution operator, Section 2.4 derives the adjoint
equation and corresponding Lipschitz estimates. Finally, Section 2.5 combines the forward and adjoint
equations to obtain Lipschitz estimates for the differential of the data term. This is necessary for the
application of the algorithms of Section 3.

2.1 problem setting

Let Ω ⊂ ℝ𝑑 , (1 ≤ 𝑑 ≤ 3), be a bounded domain with convex geometry or with boundary Γ of class 𝐶1,1.
For a given end time 𝑇 > 0, write 𝐼 := [0,𝑇 ] and Ω𝑇 := Ω × (0,𝑇 ). Recalling (1.2), we consider the
PDE-constrained optimisation problem

(2.1) min
𝜇,𝑘,𝑐

𝐽 (𝑆𝑢 (𝜇, 𝑘, 𝑐)) + 𝑅(𝜇, 𝑘, 𝑐)

for the convection–diffusion PDE solution operator 𝑆𝑢 (described below) and the specific choices

(2.2) 𝐽 (𝑢) = 1
2 ∥𝐴𝑢 − 𝑏∥2

2 and 𝑅(𝜇, 𝑘, 𝑐) = 𝛼 ∥𝜇∥ℳ (Ω) + 𝛿≥0(𝜇) + 𝑅𝑘,𝑐 (𝑘, 𝑐).

The unknowns are the measure 𝜇 ∈ ℳ(Ω), the diffusion coefficient 𝑘 ∈ 𝐿∞(Ω𝑇 ), and the convection
coefficient 𝑐 ∈ 𝐿∞(Ω𝑇 ;ℝ𝑑 ). Here 𝑘min > 0 ensures uniform ellipticity (non-degenerate diffusion), while
𝑘max, 𝑐max > 0 enforce physical bounds for numerical stability. Physically, 𝑘 (𝜉, 𝑡) > 0 controls diffusive
spreading, 𝑐 (𝜉, 𝑡) represents background advection (wind currents). The measure 𝜇 models the locations
and intensities of gas leaks. The Radon-norm regulariser, with regularisation parameter 𝛼 > 0, seeks
to impose sparsity of this measure: that it would consists of a finite number of point sources (Dirac
masses). The indicator function 𝛿≥0 enforces that we only have sources, no sinks. The convection and
diffusion fields are regularised by the convex function 𝑅𝑘,𝑐 : 𝐿∞(Ω𝑇 ) × 𝐿∞(Ω𝑇 ;ℝ𝑑 ) → ℝ; we will in
Section 5 take it as a simple quadratic regulariser combined with constraints that restrict 𝑘 and 𝑐 to
scalar subspaces

𝐾 ⊂ {𝑘 ∈ 𝐿∞(Ω𝑇 ) : 𝑘min ≤ 𝑘 (𝜉, 𝑡) ≤ 𝑘max a.e. 𝜉 ∈ Ω} and
𝐶 ⊂ 𝐿∞(Ω𝑇 ; [−𝑐max, 𝑐max]𝑑 ),

Themeasurements𝑏 ∈ ℝ𝑚 are obtainedwith a system of lasers andmirrors,modelled by the observation
operator 𝐴 ∈ 𝕃(𝐿2(Ω𝑇 );ℝ𝑚). For each 𝑥 = (𝜇, 𝑘, 𝑐), the corresponding gas concentration 𝑢 = 𝑆𝑢 (𝑥) ∈
𝐿𝑝 (𝐼 ;𝑊 1,𝑝 (Ω)) with 𝑝 ∈ [1,∞) is the unique solution of the convection–diffusion equation with initial
and boundary values,

(2.3)

𝜕𝑡𝑢 − ∇ · (𝑘∇𝑢) + 𝑐 · ∇𝑢 = 𝜇 in Ω𝑇 ,

𝑢 = 𝑔 on Σ1 := Γ1 × (0,𝑇 ),
𝜕𝑢

𝜕𝑛
= 0 on Σ2 := Γ2 × (0,𝑇 ),

𝑢 (·, 0) = 𝑢0 in Ω,

where 𝑢0 ∈ 𝐿2(Ω) denotes the given initial condition, 𝑔 ∈ 𝐿2(Σ1) the prescribed boundary flux.
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2.2 existence of weak solutions

Let 𝐼 = [0,𝑇 ] and 1 < 𝑝 < ∞. We denote by𝑊 1,𝑝 (Ω) the Sobolev space of functions in 𝐿𝑝 (Ω) whose
distributional derivatives belong to 𝐿𝑝 (Ω), and set𝑊 −1,𝑝′ (Ω) to be its dual, where 1/𝑝 + 1/𝑝′ = 1. These
spaces are reflexive and separable. Consequently, the space

𝐿2(𝐼 ;𝑊 1,𝑝 (Ω)) := {𝑢 : [0,𝑇 ] →𝑊 1,𝑝 (Ω) measurable | ∥𝑢∥𝐿2 (𝐼 ;𝑊 1,𝑝 (Ω) ) < ∞},

equipped with the norm

∥𝑢∥𝐿2 (𝐼 ;𝑊 1,𝑝 (Ω) ) :=
(∫ 𝑇

0
∥𝑢 (𝑡)∥2

𝑊 1,𝑝 (Ω) d𝑡
) 1/2

,

is a separable and reflexive Banach space, whose dual can be identified with 𝐿2(𝐼 ;𝑊 −1,𝑝′ (Ω)).
We also work with 𝐿2(𝐼 ;𝐶0(Ω)) equipped with the norm

∥𝑢∥𝐿2 (𝐼 ;𝐶0 (Ω) ) :=
(∫ 𝑇

0
∥𝑢 (𝑡)∥2

∞ d𝑡
) 1/2

< ∞.

The action of 𝜇 on time-dependent functions 𝑣 ∈ 𝐿2(𝐼 ;𝐶0(Ω)) is defined through the canonical duality
betweenℳ(Ω) and 𝐶0(Ω), integrated over the time interval 𝐼 . More precisely, we define

⟨𝜇, 𝑣⟩ℳ (Ω), 𝐿2 (𝐼 ;𝐶0 (Ω) ) :=
∫ 𝑇

0
⟨𝜇, 𝑣 (𝑡)⟩ℳ (Ω),𝐶0 (Ω) d𝑡,

where
⟨𝜇, 𝑣⟩ℳ (Ω),𝐶0 (Ω) :=

∫
Ω
𝑣 d𝜇, 𝑣 ∈ 𝐶0(Ω).

We may now introduce the concept of a weak solution to (2.3):
Definition 2.1 (Weak Solution). A function 𝑢 ∈ 𝐿2(𝐼 ;𝑊 1,𝑝 (Ω)) is a weak solution to problem (2.3) if it
satisfies the initial condition 𝑢 (0) = 𝑢0 in 𝐿2(Ω), and, for all 𝑣 ∈ 𝐿2(𝐼 ;𝑊 1,𝑝 (Ω)),∫

Ω𝑇

(
−𝜕𝑡𝑢 𝑣 + 𝑘∇𝑢 · ∇𝑣 + (𝑐 · ∇𝑢) 𝑣

)
d𝜉 d𝑡 =

∫ 𝑇

0
⟨𝜇, 𝑣 (𝑡)⟩ d𝑡 +

∫
Σ1

𝑔 𝑣 d𝜎 d𝑡 .

Theorem 2.2 (Existence and uniqueness). For every (𝜇,𝑢0) ∈ ℳ(Ω) × 𝐿2(Ω), 1 < 𝑝 < 𝑑/(𝑑 − 1), the
problem (2.3) admits a unique weak solution 𝑢 ∈ 𝐿2(𝐼 ;𝑊 1,𝑝 (Ω)). Moreover, there exist constants 𝐶𝑝 > 0,
independent of 𝜇 and 𝑢0, such that

∥𝑢∥𝐿2 (𝐼 ;𝑊 1,𝑝 (Ω) ) ≤ 𝐶𝑝

(
∥𝜇∥ℳ (Ω) + ∥𝑔∥𝐿2 (Σ1 ) + ∥𝑢0∥𝐿2 (Ω)

)
.

The proof follows the strategy of [11, Theorem 2.2]: approximate 𝜇 ∈ ℳ(Ω) by continuous func-
tions 𝜇𝑘 , obtain uniform 𝐿2(𝐼 ;𝑊 1,𝑝

0 (Ω)) bounds via maximal 𝐿𝑝-regularity of the sectorial convection-
diffusion operator, pass to weak limit in the variational formulation, and prove uniqueness by energy
method using test function solving the dual equation. Key adaptations are replacing the Laplacian Δ by
𝐸𝑣 = −∇ · (𝑘∇𝑣) + 𝑐 · ∇𝑣 (sectorial on𝑊 1,𝑝

0 (Ω) for mixed boundary conditions), and adding Dirichlet
data 𝑔 ∈ 𝐿2(Σ1) via trace estimates.
Remark 2.3 (Sectorial operators). The operator

𝐸𝑣 = − div(𝑘∇𝑣) + 𝑐 · ∇𝑣

is sectorial on𝑊 1,𝑝
0 (Ω); that is, its spectrum is contained in the sector

Σ𝜋/4 = {𝑧 ∈ ℂ : | arg(𝑧) | ≤ 𝜋/4} ∪ {0},

T. Valkonen Leak localisation with a measure source
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and its resolvent is bounded outside larger sectors, i.e., ∥𝜆 − 𝐸∥−1 ≤ 𝐶/∥𝜆∥ for all 𝜆 outside any larger
sector Σ𝜑 with 𝜑 > 𝜋/4. This follows from the uniform ellipticity condition

𝑘 ≥ 𝑘min > 0.

As a consequence, the operator 𝜕𝑡 + 𝐸 satisfies maximal 𝐿𝑝-regularity, that is

𝜕𝑡𝑣 + 𝐸 𝑣 = 𝑓 ∈ 𝐿𝑝 (Ω𝑇 ) =⇒ 𝑣, 𝜕𝑡𝑣, 𝐸 𝑣 ∈ 𝐿𝑝 (Ω𝑇 ),

which is essential for establishing Lipschitz continuity of 𝑆𝑢 (·). For more on sectorial operators, see
[27, Chap. 2].

2.3 lipschitz continuity of the solution mapping

For simplicity of notation, we define the space of concentrations (i.e., the state space in the terminology
of optimal control), the full space of test functions, and its dual,

𝑈 := 𝐿2(𝐼 ;𝑊 1,𝑝 (Ω)), 𝑊 := 𝐿2(𝐼 ;𝑊 1,𝑝
0 (Ω)) × 𝐿2(Σ1), and 𝑊 ∗ := 𝐿2(𝐼 ;𝑊 −1,𝑝′ (Ω)) × 𝐿2(Σ1).

The full parameter space is the product space

𝑋 :=ℳ(Ω) × 𝐿∞(Ω𝑇 ) × 𝐿∞(Ω𝑇 ;ℝ𝑑 ),

equipped with the norm

∥𝑥 ∥𝑋 := ∥𝜇∥ℳ (Ω) + ∥𝑘 ∥𝐿∞ (Ω𝑇 ) + ∥𝑐 ∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) for 𝑥 = (𝜇, 𝑘, 𝑐) ∈ 𝑋 .

Assumption 2.4.We assume throughout that:
(i) Ω ⊂ ℝ𝑑 , 1 ≤ 𝑑 ≤ 3 is a bounded Lipschitz domain, 𝐼 = (0,𝑇 ) with 𝑇 > 0, and Ω𝑇 = Ω × 𝐼 .
(ii) The diffusion coefficient 𝑘 : Ω𝑇 → ℝ satisfies

0 < 𝑘min ≤ 𝑘 (𝜉, 𝑡) ≤ 𝑘max < ∞ for a.e. (𝜉, 𝑡) ∈ Ω𝑇 ,

and 𝑘 ∈ 𝐿∞(Ω𝑇 ).
(iii) The convection field 𝑐 : Ω𝑇 → ℝ𝑑 satisfies

𝑐 ∈ 𝐿∞(Ω𝑇 ;ℝ𝑑 ), ∥𝑐∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ≤ 𝐶𝑐

and, when needed for uniqueness and a priori estimates, we assume div 𝑐 ∈ 𝐿∞(Ω𝑇 ).
(iv) The boundary data and the initial condition satisfy

𝑔 ∈ 𝐿2(Σ1), 𝑢0 ∈ 𝐿2(Ω).

Under Assumption 2.4, the operator 𝑒 : 𝑈 × 𝑋 →𝑊 ∗ is defined by

⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩𝑊 ∗,𝑊 :=
∫
Ω𝑇

(
−𝜕𝑡𝑢 𝑣Ω + 𝑘∇𝑢 · ∇𝑣Ω + (𝑐 · ∇𝑢) 𝑣Ω

)
d𝜉 d𝑡

−
∫ 𝑇

0
⟨𝜇, 𝑣Ω (𝑡)⟩ d𝑡 +

∫
Σ1

(traceΣ1 𝑢 − 𝑔) 𝑣Γ1 d𝜎 d𝑡

(2.4a)

for all 𝑣 = (𝑣Ω, 𝑣Γ1) ∈𝑊 . Furthermore, we introduce the associated solution mapping

(2.4b) 𝑆𝑢 : 𝑋 → 𝑈 , 𝑥 = (𝜇, 𝑘, 𝑐) ↦→ 𝑢.

Then 𝑢 = 𝑆𝑢 (𝑥) solve the weak formulation of Definition 2.1 if and only if

(2.4c) 𝑒 (𝑆𝑢 (𝑥), 𝑥) = 0 in𝑊 ∗.

Next we study the Lipschitz continuity of 𝑆𝑢 with respect to the parameters.

T. Valkonen Leak localisation with a measure source
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Lemma 2.5 (Lipschitz continuity of 𝑆𝑢 ). Let Assumption 2.4 be fulfilled. Then, for some 𝐿𝑆 ≥ 0,

∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 ≤ 𝐿𝑆 ∥𝑥2 − 𝑥1∥𝑋 for all 𝑥1, 𝑥2 ∈ 𝑋 .

Proof. Let 𝑥1 = (𝜇1, 𝑘1, 𝑐1), 𝑥2 = (𝜇2, 𝑘2, 𝑐2). Abbreviate 𝑢1 = 𝑆𝑢 (𝑥1) and 𝑢2 = 𝑆𝑢 (𝑥2). We set𝑤 := 𝑢2 −𝑢1.
By definition, 𝑢𝑖 solves the weak formulation (2.4a). Subtracting the two equations we obtain, for all
𝑣 ≡ 𝑣Ω ∈𝑊 (the boundary term cancels out in the differences),∫

Ω𝑇

(
𝜕𝑡𝑤 𝑣 + 𝑘1∇𝑤 · ∇𝑣 + (𝑐1 · ∇𝑤) 𝑣

)
d𝜉 d𝑡 =

∫ 𝑇

0
⟨𝜇2 − 𝜇1, 𝑣 (𝑡)⟩ d𝑡

+
∫
Ω𝑇

(
(𝑘2 − 𝑘1)∇𝑢2 · ∇𝑣 + ((𝑐2 − 𝑐1) · ∇𝑢2) 𝑣

)
d𝜉 d𝑡 .

(2.5)

Now, fix 𝑥1, and consider the dual problem

(2.6) −𝜕𝑡𝑧 − ∇ · (𝑘1∇𝑧) + 𝑐1 · ∇𝑧 =𝑤 in Ω𝑇 , 𝑧 |Σ𝑇 = 0, 𝑧 (𝑇 ) = 0.

Under the assumptions that Ω is a bounded Lipschitz domain, 𝑘1 ≥ 𝑘min > 0 uniformly elliptic,
𝑐1 ∈ 𝐿∞(Ω;ℝ𝑑 ), and𝑤 ∈ 𝐿2(Ω𝑇 ), (2.6) admits a unique weak solution

𝑧 ∈ 𝐿2(0,𝑇 ;𝐻 1
0(Ω)) ∩ 𝐻 1(0,𝑇 ;𝐻 −1(Ω)) ∩𝐶 ( [0,𝑇 ];𝐿2(Ω)).

Maximal parabolic regularity (Theorem 2.2) and the compactness of the embedding 𝐿2(0,𝑇 ;𝐻 1
0(Ω)) ↩→

𝐿2(Ω𝑇 ) establish a constant 𝐶 > 0 (independent of 𝑥1 in the admissible set) such that

∥𝑧∥𝐿2 (𝐼 ;𝐶0 (Ω) ) ≤ 𝐶∥𝑤 ∥𝐿2 (Ω𝑇 ) .

Choosing 𝑣 = 𝑧 in (2.5) and using the dual equation (2.6), we get

∥𝑤 ∥2
𝐿2 (Ω𝑇 ) =

∫
Ω𝑇

𝑤2 d𝜉 d𝑡 =
∫
Ω𝑇

(
𝜕𝑡𝑤 𝑧 + 𝑘1∇𝑤 · ∇𝑧 + (𝑐1 · ∇𝑤) 𝑧

)
d𝜉 d𝑡

=

∫ 𝑇

0
⟨𝜇2 − 𝜇1, 𝑧 (𝑡)⟩ d𝑡 +

∫
Ω𝑇

(
(𝑘2 − 𝑘1)∇𝑢2 · ∇𝑧 + ((𝑐2 − 𝑐1) · ∇𝑢2) 𝑧

)
d𝜉 d𝑡 .

We now estimate the right-hand side term by term.
For the measure difference term, the duality betweenℳ(Ω) and 𝐶0(Ω) yields����∫ 𝑇

0
⟨𝜇2 − 𝜇1, 𝑧 (𝑡)⟩ d𝑡

���� ≤ ∥𝜇1 − 𝜇1∥ℳ (Ω) ∥𝑧∥𝐿2 (𝐼 ;𝐶0 (Ω) )

≤ 𝐶∥𝜇1 − 𝜇1∥ℳ (Ω) ∥𝑤 ∥𝐿2 (Ω𝑇 ) .

The diffusion coefficient difference term can be estimated by����∫
Ω𝑇

(𝑘2 − 𝑘1)∇𝑢2 · ∇𝑧 d𝜉 d𝑡
���� ≤ ∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) ∥∇𝑢2∥𝐿2 (Ω𝑇 ) ∥∇𝑧∥𝐿2 (Ω𝑇 )

≤ 𝐶∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) ∥𝑢2∥𝑈 ∥𝑤 ∥𝐿2 (Ω𝑇 ) ,

where we used ∥∇𝑧∥𝐿2 (Ω𝑇 ) ≤ 𝐶 ∥𝑤 ∥𝐿2 (Ω𝑇 ) from standard energy estimates (see Theorem 2.2) and
∥∇𝑢2∥𝐿2 (Ω𝑇 ) ≤ 𝐶 ∥𝑢2∥𝑈 . Finally, the convection coefficient difference term yields����∫

Ω𝑇

((𝑐2 − 𝑐1) · ∇𝑢2) 𝑧 d𝑥 d𝑡
���� ≤ ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥∇𝑢2∥𝐿2 (Ω𝑇 ) ∥𝑧∥𝐿2 (Ω𝑇 )

≤ 𝐶∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥𝑢2∥𝑈 ∥𝑤 ∥𝐿2 (Ω𝑇 ) .
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Collecting these estimates, we obtain

∥𝑤 ∥2
𝐿2 (Ω𝑇 ) ≤ 𝐶

(
∥𝜇1 − 𝜇1∥ℳ (Ω) + ∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) ∥𝑢2∥𝑈 + ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥𝑢2∥𝑈

)
∥𝑤 ∥𝐿2 (Ω𝑇 ) .

If𝑤 ≠ 0, divide by ∥𝑤 ∥𝐿2 (Ω𝑇 ) to get

∥𝑤 ∥𝐿2 (Ω𝑇 ) ≤ 𝐶
(
∥𝜇1 − 𝜇1∥ℳ (Ω) + (∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) + ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) )∥𝑢2∥𝑈

)
.

By the uniform a priori estimate from Theorem 2.2,

∥𝑢2∥𝑈 ≤ 𝐶𝑝

(
∥𝜇2∥ℳ (Ω) + ∥𝑔∥𝐿2 (Σ1 ) + ∥𝑢0∥𝐿2 (Ω)

)
,

and since the parameter set is bounded in 𝑋 , we have ∥𝑢2∥𝑈 ≤ 𝐶 uniformly in 𝑥2. Therefore,

∥𝑤 ∥𝐿2 (Ω𝑇 ) ≤ 𝐶𝑝 ∥𝑥2 − 𝑥1∥𝑋 .

Testing the difference equation with 𝑣 =𝑤 yields

d
d𝑡 ∥𝑤 (𝑡)∥2

𝐿2 (Ω) + 𝑘min∥∇𝑤 (𝑡)∥2
𝐿2 (Ω) ≤ 𝐶𝑝 ∥𝑥2 − 𝑥1∥2

𝑋 ,

which implies
∥𝑤 ∥𝐿2 (𝐼 ;𝐻 1 (Ω) ) ≤ 𝐶𝑝 ∥𝑥2 − 𝑥1∥𝑋 .

Using the embeddings 𝐻 1(Ω) ↩→𝑊
1,𝑝

0 (Ω) for the range of 𝑝 ≤ 2𝑑/(𝑑 − 2) in Theorem 2.2, and the
definition of𝑈 = 𝐿2(𝐼 ;𝑊 1,𝑝

0 (Ω)), we finally obtain for some 𝐿𝑆 > 0 that

∥𝑤 ∥𝑈 ≤ 𝐿𝑆 ∥𝑥2 − 𝑥1∥𝑋 ,

where 𝐿𝑆 =𝐶
(
1 + sup𝑥∈𝑋 ∥𝑆𝑢 (𝑥)∥𝑈

)
, 𝐶 =𝐶

(
𝑇, 𝑘min, ∥𝑐∥𝐿∞ (Ω𝑇 ;ℝ𝑑 )

)
. □

Lemma 2.6 (Fréchet differentiability of the weak form). Let Assumption 2.4 hold. The operator 𝑒 defined in
(2.4a) is (partially) Fréchet differentiable at every point (𝑢, 𝜇, 𝑘, 𝑐) ∈ 𝑈 ×𝑋 with respect to each argument.
The partial derivatives are bounded linear operators

𝑒 (𝑢 ) ∈ 𝕃(𝑈 ;𝑊 ∗), 𝑒 (𝜇 ) ∈ 𝕃(ℳ(Ω);𝑊 ∗), 𝑒 (𝑘 ) ∈ 𝕃(𝐿∞(Ω𝑇 );𝑊 ∗), and 𝑒 (𝑐 ) ∈ 𝕃(𝐿∞(Ω𝑇 ;ℝ𝑑 );𝑊 ∗),

defined for 𝑣 = (𝑣Ω, 𝑣Γ1) ∈𝑊 by

⟨𝑒 (𝑢 ) (𝑢, 𝜇, 𝑘, 𝑐)𝑢̃ |𝑣⟩𝑊 ∗,𝑊 =

∫
Ω𝑇

(
−𝜕𝑡𝑢̃ 𝑣Ω + 𝑘∇𝑢̃ · ∇𝑣Ω + (𝑐 · ∇𝑢̃) 𝑣Ω

)
d𝑥 d𝑡 +

∫
Σ1

𝑔 𝑣Γ1 d𝜎 d𝑡,(2.7a)

⟨𝑒 (𝜇 ) (𝑢, 𝜇, 𝑘, 𝑐)𝜂 |𝑣⟩𝑊 ∗,𝑊 = −
∫ 𝑇

0
⟨𝜂, 𝑣Ω (𝑡)⟩ d𝑡,(2.7b)

⟨𝑒 (𝑘 ) (𝑢, 𝜇, 𝑘, 𝑐)ℎ |𝑣⟩𝑊 ∗,𝑊 =

∫
Ω𝑇

ℎ ∇𝑢 · ∇𝑣Ω d𝜉 d𝑡,(2.7c)

⟨𝑒 (𝑐 ) (𝑢, 𝜇, 𝑘, 𝑐)𝑑 |𝑣⟩𝑊 ∗,𝑊 =

∫
Ω𝑇

(𝑑 · ∇𝑢) 𝑣Ω d𝜉 d𝑡,(2.7d)

for all 𝑣 ∈𝑊 , 𝑢̃ ∈ 𝑈 , 𝜂 ∈ ℳ(Ω), ℎ ∈ 𝐿∞(Ω𝑇 ), 𝑑 ∈ 𝐿∞(Ω𝑇 ;ℝ𝑑 ).

T. Valkonen Leak localisation with a measure source

https://arxiv.org/abs/2605.12095


arxiv: 2605.12095, 2026-05-12 page 8 of 27

Proof. We verify Fréchet differentiability with respect to each argument separately, using the definition
of ⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩ from (2.4a).

Proof of (2.7a). Let 𝑢𝜀 = 𝑢 + 𝜀𝑢̃ with 𝑢̃ ∈ 𝑈 . Then for 𝑣 = (𝑣Ω, 𝑣Γ1) ∈𝑊 ,

⟨𝑒 (𝑢𝜀, 𝜇, 𝑘, 𝑐) |𝑣⟩ =
∫
Ω𝑇

(
−𝜕𝑡 (𝑢 + 𝜀𝑢̃)𝑣Ω + 𝑘∇(𝑢 + 𝜀𝑢̃) · ∇𝑣Ω + (𝑐 · ∇(𝑢 + 𝜀𝑢̃)) 𝑣Ω

)
d𝜉 d𝑡

−
∫ 𝑇

0
⟨𝜇, 𝑣Ω (𝑡)⟩ d𝑡 +

∫
Σ1

(
(𝑢 + 𝜀𝑢̃) − 𝑔

)
𝑣Γ1 d𝜎 d𝑡

= ⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩ + 𝜀
[∫

Ω𝑇

(
−𝜕𝑡𝑢̃ 𝑣Ω + 𝑘∇𝑢̃ · ∇𝑣Ω + (𝑐 · ∇𝑢̃) 𝑣Ω

)
d𝜉 d𝑡 +

∫
Σ1

𝑢̃ |Σ1 𝑣Γ1 d𝜎 d𝑡
]
.

Dividing by 𝜀 and letting 𝜀 → 0 yields (2.7a). For continuity, we use the standard characterization of
the norm in𝑊 ∗:

∥𝑒 (𝑢 ) (𝑢, 𝜇, 𝑘, 𝑐)𝑢̃∥𝑊 ∗ = sup
𝑣∈𝑊,∥𝑣 ∥𝑊 =1

⟨𝑒 (𝑢 ) (𝑢, 𝜇, 𝑘, 𝑐)𝑢̃ |𝑣⟩.

For any 𝑢̃ ∈ 𝑈 and 𝑣 ∈𝑊 , we estimate����∫
Ω𝑇

−𝜕𝑡𝑢̃ 𝑣Ω d𝜉 d𝑡
���� ≤ ∥𝜕𝑡𝑢̃∥𝐿2 (𝐼 ;𝑊 −1,𝑝′ (Ω) ) ∥𝑣Ω∥𝐿2 (𝐼 ;𝑊 1,𝑝′

0 (Ω) ) ,����∫
Ω𝑇

𝑘∇𝑢̃ · ∇𝑣Ω d𝜉 d𝑡
���� ≤ ∥𝑘 ∥𝐿∞ (Ω𝑇 ) ∥∇𝑢̃∥𝐿𝑝 (Ω𝑇 ) ∥∇𝑣Ω∥𝐿𝑝′ (Ω𝑇 ) ,����∫

Ω𝑇

(𝑐 · ∇𝑢̃) 𝑣Ω d𝜉 d𝑡
���� ≤ ∥𝑐∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥∇𝑢̃∥𝐿𝑝 (Ω𝑇 ) ∥𝑣Ω∥𝐿𝑝′ (Ω𝑇 ) , and����∫

Σ1

𝑢̃ |Σ1𝑣Γ1 d𝜎 d𝑡
���� ≤ ∥𝑢̃ |Σ1 ∥𝐿2 (Σ1 ) ∥𝑣Γ1 ∥𝐿2 (Σ1 ) .

By trace theorem and Poincaré inequality,

∥𝑢̃ |Σ1 ∥𝐿2 (Σ1 ) + ∥𝑣Ω∥𝐿𝑝′ (Ω𝑇 ) ≤ 𝐶𝑃

(
∥𝑢̃∥𝑈 + ∥𝑣Ω∥𝑊

)
.

Again, by the Poincaré inequality [9, Corollary 9.19] on𝑊 1,𝑝′

0 (Ω), we have ∥𝑣 ∥𝐿𝑝′ (Ω𝑇 ) ≤ 𝐶𝑃 ∥∇𝑣 ∥𝐿𝑝′ (Ω𝑇 ) ,
so all three terms are bounded by

𝐶
(
∥𝜕𝑡𝑢̃∥𝐿2 (𝐼 ;𝑊 −1,𝑝′ (Ω) ) + (∥𝑘 ∥𝐿∞ (Ω𝑇 ) + ∥𝑐 ∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) )∥∇𝑢̃∥𝐿𝑝′ (Ω𝑇 )

)
∥𝑣 ∥𝑊 ,

for some 𝐶 > 0 depending only on Ω, Γ2, 𝑝,𝑇 . Taking the supremum over ∥𝑣 ∥𝑊 = 1 gives

∥𝑒 (𝑢 ) (𝑢, 𝜇, 𝑘, 𝑐)𝑢̃∥𝑊 ∗ ≤ 𝐶
(
1 + ∥𝑘 ∥𝐿∞ (Ω𝑇 ) + ∥𝑐 ∥𝐿∞ (Ω𝑇 ;ℝ𝑑 )

)
∥𝑢̃∥𝑈 ,

and, therefore, 𝑒 (𝑢 ) ∈ 𝕃(𝑈 ;𝑊 ∗).
Remark 2.7. Since the Fréchet derivatives of 𝑒 with respect to 𝜇, 𝑘, 𝑐 act only on the volume component
𝑣Ω and are independent of the boundary test function 𝑣Γ1 , we maywrite 𝑣 := 𝑣Ω for brevity in subsequent
calculations.
Proof of (2.7b). Let 𝜇𝜀 be a variation of 𝜇 in the space ℳ(Ω), and denote 𝜂 ∈ ℳ(Ω) so that the

directional increment is 𝜇𝜀 = 𝜇 + 𝜀𝜂. Since 𝜇 is time-independent, we have

⟨𝜇𝜀, 𝑣 (𝑡)⟩ = ⟨𝜇, 𝑣 (𝑡)⟩ + 𝜀⟨𝜂, 𝑣 (𝑡)⟩ for all 𝑡 ∈ 𝐼 .

T. Valkonen Leak localisation with a measure source

https://arxiv.org/abs/2605.12095


arxiv: 2605.12095, 2026-05-12 page 9 of 27

Then

⟨𝑒 (𝑢, 𝜇𝜀, 𝑘, 𝑐) |𝑣⟩ =
∫
Ω𝑇

(
−𝜕𝑡𝑢 𝑣 + 𝑘∇𝑢 · ∇𝑣 + (𝑐 · ∇𝑢) 𝑣

)
d𝑥 d𝑡 −

∫ 𝑇

0
⟨𝜇𝜀, 𝑣 (𝑡)⟩ d𝑡 −

∫
Σ1

𝑔 𝑣 d𝜎 d𝑡

= ⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩ − 𝜀
∫ 𝑇

0
⟨𝜂, 𝑣 (𝑡)⟩ d𝑡 .

The expression is linear in 𝜀, so

⟨𝑒 (𝜇 ) (𝑢, 𝜇, 𝑘, 𝑐) 𝜂, 𝑣⟩ = −
∫ 𝑇

0
⟨𝜂, 𝑣 (𝑡)⟩ d𝑡 .

Boundedness follows from the fact that

|⟨𝑒 (𝜇 ) (𝑢, 𝜇, 𝑘, 𝑐) 𝜂 |𝑣⟩| ≤ ∥𝜂∥ℳ (Ω) ∥𝑣 ∥𝐿2 (𝐼 ;𝐶0 (Ω) ) ,

using the compact embedding𝑊 ↩→ 𝐿2(𝐼 ; 𝐶0(Ω)), so 𝑒 (𝜇 ) ∈ 𝕃(ℳ(Ω);𝑊 ∗).
Proof of (2.7c). Let 𝑘𝜀 = 𝑘 + 𝜀ℎ with ℎ ∈ 𝐿∞(Ω𝑇 ). Then

⟨𝑒 (𝑢, 𝜇, 𝑘𝜀, 𝑐) |𝑣⟩ = ⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩ + 𝜀
∫
Ω𝑇

ℎ∇𝑢 · ∇𝑣 d𝜉 d𝑡 .

Thus
⟨𝑒 (𝑘 ) (𝑢, 𝜇, 𝑘, 𝑐) ℎ |𝑣⟩ =

∫
Ω𝑇

ℎ∇𝑢 · ∇𝑣 d𝜉 d𝑡 .

Boundedness follows from��⟨𝑒 (𝑘 ) (𝑢, 𝜇, 𝑘, 𝑐) ℎ |𝑣⟩�� ≤ ∥ℎ∥𝐿∞ (Ω𝑇 ) ∥∇𝑢∥𝐿𝑝 (Ω𝑇 ) ∥∇𝑣 ∥𝐿𝑝′ (Ω𝑇 ) ,

so 𝑒 (𝑘 ) ∈ 𝕃(𝐿∞(Ω𝑇 );𝑊 ∗).
Proof of (2.7d). Let 𝑐𝜀 = 𝑐 + 𝜀𝑑 with 𝑑 ∈ 𝐿∞(Ω𝑇 ;ℝ𝑑 ). Then

⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐𝜀) |𝑣⟩ = ⟨𝑒 (𝑢, 𝜇, 𝑘, 𝑐) |𝑣⟩ + 𝜀
∫
Ω𝑇

(𝑑 · ∇𝑢) 𝑣 d𝑥 d𝑡 .

Thus
⟨𝑒 (𝑐 ) (𝑢, 𝜇, 𝑘, 𝑐) 𝑑 |𝑣⟩ =

∫
Ω𝑇

(𝑑 · ∇𝑢) 𝑣 d𝑥 d𝑡,

and boundedness follows from��⟨𝑒 (𝑐 ) (𝑢, 𝜇, 𝑘, 𝑐) 𝑑 |𝑣⟩�� ≤ ∥𝑑 ∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥∇𝑢∥𝐿𝑝 (Ω𝑇 ) ∥𝑣 ∥𝐿𝑝′ (Ω𝑇 ) ,

so 𝑒 (𝑐 ) ∈ 𝕃(𝐿∞(Ω𝑇 ;ℝ𝑑 );𝑊 ∗).
The boundary term

∫
Σ1
𝑔 𝑣Γ1 d𝜎 d𝑡 is independent of (𝜇, 𝑘, 𝑐) and thus does not contribute to any

partial derivative. □

The following lemma provides Lipschitz continuity estimates for the partial derivatives of the PDE
operator 𝑒 in weak form.
Lemma 2.8. Let Assumption 2.4 be satisfied and 𝑒 be defined by (2.4a). Then, the partial derivative
𝑒 (𝑢 ) (𝑢, 𝑥) : 𝑈 → 𝑊 ∗ is uniformly Lipschitz with respect to both 𝑢 ∈ 𝑈 and 𝑥 ∈ 𝑋 , i.e., there exist
constants 𝐿𝑒 (𝑢) |𝑢, 𝐿𝑒 (𝑢) |𝑥 ≥ 0 such that

(2.8) ∥𝑒 (𝑢 ) (𝑢2, 𝑥2) − 𝑒 (𝑢 ) (𝑢1, 𝑥1)∥𝕃 (𝑈 ;𝑊 ∗ ) ≤ 𝐿𝑒 (𝑢) |𝑢 ∥𝑢2 − 𝑢1∥𝑈 + 𝐿𝑒 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋

for all 𝑢1, 𝑢2 ∈ 𝑈 and 𝑥1, 𝑥2 ∈ 𝑋 .
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Proof. Recall 𝑒 (𝑢 ) (𝑢, 𝑥) : 𝑈 →𝑊 ∗ is defined by

⟨𝑒 (𝑢 ) (𝑢, 𝑥)𝑢̃ |𝑣⟩𝑊 ∗,𝑊 =

∫
Ω𝑇

(
−𝜕𝑡𝑢̃ 𝑣Ω + 𝑘∇𝑢̃ · ∇𝑣Ω + (𝑐 · ∇𝑢̃) 𝑣Ω

)
d𝜉 d𝑡 +

∫
Σ1

𝑢̃ |Σ1 𝑣Γ1 d𝜎 d𝑡,

for 𝑢̃ ∈ 𝑈 , 𝑣 = (𝑣Ω, 𝑣Γ1) ∈𝑊 , where 𝑥 = (𝜇, 𝑘, 𝑐) and 𝑋 is the parameter space for 𝑥 . The operator norm
in 𝕃(𝑈 ;𝑊 ∗) is

∥𝑒 (𝑢 ) (𝑢, 𝑥)∥𝕃 (𝑈 ;𝑊 ∗ ) = sup
𝑢̃∈𝑈 ,∥𝑢̃ ∥𝑈 =1

∥𝑒 (𝑢 ) (𝑢, 𝑥) 𝑢̃∥𝑊 ∗ .

Given pairs (𝑢1, 𝑥1) and (𝑢2, 𝑥2) in𝑈 × 𝑋 and letting 𝑣 := 𝑣Ω for brevity, the difference of derivatives
satisfies

⟨
(
𝑒 (𝑢 ) (𝑢2, 𝑥2) − 𝑒 (𝑢 ) (𝑢1, 𝑥1)

)
𝑢̃, 𝑣⟩

=

∫
Ω𝑇

(
(𝑘2 − 𝑘1)∇𝑢̃ · ∇𝑣 + (𝑐2 − 𝑐1) · ∇𝑢̃ 𝑣

)
d𝜉 d𝑡,

since the term −𝜕𝑡𝑤 is independent of 𝑢 and 𝑥 . Estimating each term:����∫
Ω𝑇

(𝑘2 − 𝑘1)∇𝑢̃ · ∇𝑣 d𝜉 d𝑡
���� ≤ ∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) ∥∇𝑢̃∥𝐿2 (Ω𝑇 ) ∥∇𝑣 ∥𝐿2 (Ω𝑇 ) ,����∫

Ω𝑇

(𝑐2 − 𝑐1) · ∇𝑢̃ 𝑣 d𝜉 d𝑡
���� ≤ ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 ) ∥∇𝑢̃∥𝐿2 (Ω𝑇 ) ∥𝑣 ∥𝐿2 (Ω𝑇 ) .

By the standard embedding𝑊 ↩→ 𝐿2(Ω𝑇 ) and the Poincaré inequality (for𝑊 1,2
0 (Ω) in the spatial case),

we have
∥∇𝑢̃∥𝐿2 (Ω𝑇 ) ≤ 𝐶 ∥𝑢̃∥𝑈 and ∥𝑣 ∥𝐿2 (Ω𝑇 ) ≤ 𝐶 ∥𝑣 ∥𝑈 .

Thus, for 𝑘1, 𝑘2 ∈ 𝐿∞(Ω𝑇 ) and 𝑐1, 𝑐2 ∈ 𝐿∞(Ω𝑇 ;ℝ𝑑 ), there exists a constant 𝐶𝐸 > 0 such that��⟨(𝑒 (𝑢 ) (𝑢2, 𝑥2) − 𝑒 (𝑢 ) (𝑢1, 𝑥1)
)
𝑢̃, 𝑣⟩

�� ≤ 𝐶𝐸

(
∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) + ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 )

)
∥𝑢̃∥𝑈 ∥𝑣 ∥𝑈 .

Taking the supremum over ∥𝑢̃∥𝑈 = ∥𝑣 ∥𝑈 = 1,

∥𝑒 (𝑢 ) (𝑢2, 𝑥2) − 𝑒 (𝑢 ) (𝑢1, 𝑥1)∥𝕃 (𝑈 ;𝑊 ∗ ) ≤ 𝐶𝐸

(
∥𝑘2 − 𝑘1∥𝐿∞ (Ω𝑇 ) + ∥𝑐2 − 𝑐1∥𝐿∞ (Ω𝑇 ;ℝ𝑑 )

)
.

Since the right-hand side depends only on the difference in 𝑥 = (𝜇, 𝑘, 𝑐), and ∥𝑥2 − 𝑥1∥𝑋 includes the
norms ∥𝑘2 −𝑘1∥𝐿∞ and ∥𝑐2 −𝑐1∥𝐿∞ , and since 𝑒 (𝑢 ) (𝑢, 𝑥) is actually independent of 𝑢, the term involving
∥𝑢2 − 𝑢1∥𝑊 is absent. Hence (2.8) holds with 𝐿𝑒 (𝑢) |𝑢 = 0 and 𝐿𝑒 (𝑢) |𝑥 =𝐶𝐸 . □

Lemma 2.9 (Lipschitz continuity of 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥)). Suppose Assumption 2.4 holds. Let

𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑋 →𝑊 ∗, 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥)ℎ :=
[
𝑥 ↦→ 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥)

] ′ (𝑥)ℎ,
denote the derivative (at 𝑥) of the map 𝑥 ↦→ 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥). This is the total derivative combining the
linearisation of the forward map 𝑆 ′𝑢 (𝑥) : 𝑋 → 𝑈 and the partial derivative of the misfit 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) :
𝑈 →𝑊 ∗. Then it is Lipschitz continuous, i.e.,


𝑒 (𝑥 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑥 ) (𝑆𝑢 (𝑥1), 𝑥1)





𝕃 (𝑋 ;𝑊 ∗ )

≤ 𝐿𝑒 ∥𝑥2 − 𝑥1∥𝑋 .

for all 𝑥1, 𝑥2 ∈ 𝑋 , where 𝐿𝑒 ≥ 0 depends only on bounds from Assumption 2.4. Consequently,

𝑀𝑒 := sup
𝑥∈𝑋




𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥)



𝕃 (𝑋 ;𝑊 ∗ )

< ∞,

and 𝑥 ↦→ 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) is Lipschitz continuous from 𝑋 to 𝕃(𝑋 ;𝑊 ∗).

T. Valkonen Leak localisation with a measure source

https://arxiv.org/abs/2605.12095


arxiv: 2605.12095, 2026-05-12 page 11 of 27

Proof. By the chain rule for Fréchet derivatives, we have

[𝑥 ↦→ 𝑒 (𝑆𝑢 (𝑥), 𝑥)]′(𝑥) = 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) + 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) ◦ 𝑆 ′𝑢 (𝑥).

Since 𝑒 (𝑆𝑢 (𝑥), 𝑥) ≡ 0, the total derivative vanishes, i.e.,

0 = 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) + 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥).

Rearranging gives
𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) = −𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥).

Let 𝑥1, 𝑥2 ∈ 𝑋 . Then

𝑒 (𝑥 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑥 ) (𝑆𝑢 (𝑥1), 𝑥1)
= −𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)𝑆 ′𝑢 (𝑥2) + 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)𝑆 ′𝑢 (𝑥1)
= −

[
𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)𝑆 ′𝑢 (𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)𝑆 ′𝑢 (𝑥1)

]
−
[
𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)

]
𝑆 ′𝑢 (𝑥1).

We have

𝑒 (𝑥 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑥 ) (𝑆𝑢 (𝑥1), 𝑥1)



𝕃 (𝑋 ;𝑊 ∗ ) ≤ ∥𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)∥𝕃 (𝑈 ;𝑊 ∗ ) ∥𝑆 ′𝑢 (𝑥2) − 𝑆 ′𝑢 (𝑥1)∥𝕃 (𝑋 ;𝑈 )

+ ∥𝑆 ′𝑢 (𝑥1)∥𝕃 (𝑋 ;𝑈 )


𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)




𝕃 (𝑈 ;𝑊 ∗ ) .

By Lemma 2.5, we have
∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 ≤ 𝐿𝑆 ∥𝑥2 − 𝑥1∥𝑋 ,

and by Lemma 2.8,

∥𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)∥𝕃 (𝑈 ;𝑊 ∗ ) ≤ 𝐿𝑒 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 .

These estimates, together with the uniform bounds

∥𝑆 ′𝑢 (𝑥)∥𝕃 (𝑋 ;𝑈 ) ≤ 𝐿𝑆 , and ∥𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∥𝕃 (𝑈 ;𝑊 ∗ ) ≤ 𝑀𝑢,

imply that 𝐿𝑒 ≤ 𝐿𝑆𝐿𝑒 (𝑢) |𝑥 , where the first term vanishes because 𝑆 ′𝑢 is linear (constant operator norm),
and the second follows from Lipschitz continuity of 𝑒 (𝑢 ) . Boundedness of 𝑋 ensures all constants are
uniform. □

2.4 the reduced adjoint equation

In this subsection, we introduce the adjoint equation and its reduced form, which are essential for
differentiating the data term (Section 2.5). We also present the corresponding Lipschitz properties of
the adjoint operator, which will be used to derive Lipschitz estimates for the reduced gradient.

We recall that
𝐹 (𝑥) := 𝐽 (𝑆𝑢 (𝑥), 𝑥),

where, following (2.4), 𝑆𝑢 : 𝑋 → 𝑈 arises from the satisfaction of

(2.9) 𝑒 (𝑆𝑢 (𝑥), 𝑥) = 0.

We will now construct Lipschitz estimates for 𝐹 ′.
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By Lemma 2.6, 𝑒 (·, 𝑥) is Fréchet differentiable in 𝑢. Since 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑈 → 𝑊 ∗ is boundedly
invertible by Proposition 2.12, the implicit function theorem (see [34, Thm. 4.3]) yields

𝑆 ′𝑢 (𝑥) = −𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)−1𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥).

Thus, 𝑆𝑢 : 𝑋 → 𝑈 is Fréchet differentiable at 𝑥 . The total derivative of 𝐹 with respect to the parameter
triple 𝑥 = (𝜇, 𝑘, 𝑐) is now obtained from the chain rule

(2.10) 𝐹 ′(𝑥) = 𝐽 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) + 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥),

and

𝐽 (𝑥 ) (𝑢, 𝑥) =
(
𝐽 (𝜇 ) (𝑢, 𝑥), 𝐽 (𝑘 ) (𝑢, 𝑥), 𝐽 (𝑐 ) (𝑢, 𝑥)

)
and

𝑆 ′𝑢 (𝑥) =
(
𝑆
(𝜇 )
𝑢 (𝑥), 𝑆 (𝑘 )𝑢 (𝑥), 𝑆 (𝑐 )𝑢 (𝑥)

)
.

Hence,
𝐹 ′(𝑥) =

(
𝐽 (𝑢 ) (𝑢, 𝑥) 𝑆 (𝜇 )𝑢 (𝑥) + 𝐽 (𝜇 ) (𝑢, 𝑥)

)
+
(
𝐽 (𝑢 ) (𝑢, 𝑥) 𝑆 (𝑘 )𝑢 (𝑥) + 𝐽 (𝑘 ) (𝑢, 𝑥)

)
+
(
𝐽 (𝑢 ) (𝑢, 𝑥) 𝑆 (𝑐 )𝑢 (𝑥) + 𝐽 (𝑐 ) (𝑢, 𝑥)

)
.

Differentiating (2.9) with respect to 𝑥 yields

(2.11) 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥) + 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) = 0.

Formally, this gives
𝑆 ′𝑢 (𝑥) = −𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)−1𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥),

where
𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) =

(
𝑒 (𝜇 ) (𝑢, 𝑥), 𝑒 (𝑘 ) (𝑢, 𝑥), 𝑒 (𝑐 ) (𝑢, 𝑥)

)
∈ 𝕃(𝑋,𝑊 ∗).

Lemma 2.13 will show that there exists a unique adjoint variable𝑤𝑥 ∈ 𝑈 such that

(2.12) 𝑤𝑥𝑒
(𝑢 ) (𝑆𝑢 (𝑥), 𝑥) = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) in𝑊 ∗,

equivalently
𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∗𝑤𝑥 = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) in𝑈 ∗.

Applying𝑤𝑥 to both sides of (2.11) and using (2.12) yields

(2.13) 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥) +𝑤𝑥𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥) = 0.

Using this expression in (2.10) establishes

𝐹 ′(𝑥) = 𝐽 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥) −𝑤𝑥 𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥).

We call (2.12) the reduced adjoint equation, as compared to solving the operator 𝑆 ′𝑢 (𝑥) from the basic
adjoint equation (2.11), the dimension of the unknown𝑤𝑥 is reduced in discretisations.
Remark 2.10 (Classical adjoint equation). The abstract adjoint 𝑤𝑥 ∈ 𝑈 from Lemma 2.13 solves the
classical backward equation

(2.14)

−𝜕𝑡𝑤𝑥 − ∇ · (𝑘∇𝑤𝑥 ) − ∇· (𝑐 𝑤𝑥 ) = ∇𝑢 𝐽 (𝑆𝑢 (𝑥), 𝑥) in Ω𝑇 ,

𝑘
𝜕𝑤𝑥

𝜕𝑛
+ (𝑐 · 𝑛)𝑤𝑥 = 0 on Σ1,

𝑤𝑥 = 0 on Σ2,

𝑤𝑥 (·,𝑇 ) = 0 in Ω.

This follows by testing (2.12) against 𝑣 ∈ 𝑈 .
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Remark 2.11. The reduced gradient (2.12) requires computing 𝑤𝑥𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥) where 𝑤𝑥 ∈ 𝑈 solves

the adjoint equation (2.14). For perturbations (𝜂,ℎ, 𝑑) ∈ 𝑋 , this action takes the explicit vector form:

𝑤𝑥 𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥) (𝜂, ℎ, 𝑑) =

©­­«
−⟨𝑤̄𝑥 , 𝜂⟩∫

Ω𝑇
ℎ ∇𝑢 · ∇𝑤𝑥 d𝜉 d𝑡∫

Ω𝑇
(𝑑 · ∇𝑢)𝑤𝑥 d𝜉 d𝑡

ª®®¬ ,
where

𝑤̄𝑥 (𝜉) :=
∫
𝐼

𝑤𝑥 (𝜉, 𝑡) d𝑡,

and the measure term is
−
∫
Ω𝑇

𝑤𝑥 𝑑 (𝜂 ⊗ 𝑡) = −⟨𝑤̄𝑥 , 𝜂⟩.

Section 4 shows that these terms arise naturally from the adjoint solve, enabling efficient gradient
computation via matrix-free operators. Further details are available in our software implementation
[16].
Proposition 2.12 (Uniform adjoint invertibility). Suppose Assumption 2.4 is satisfied and let 𝑒 be defined
by (2.4a). For 𝑥 ∈ 𝑋 , set

𝑒𝑢 (𝑥) := 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑈 →𝑊 ∗.

Then, the adjoint operator
𝑒𝑢 (𝑥)∗ :𝑊 → 𝑈

is uniformly boundedly invertible. More precisely, there exists a constant 𝐶𝐴 > 0, independent of 𝑥 ∈ 𝑋 ,
such that

∥ [𝑒𝑢 (𝑥)∗]−1∥𝕃 (𝑊 ;𝑈 ) ≤ 𝐶𝐴 .

Proof. Let 𝐸 (𝑥) :𝑊 1,𝑝
0 (Ω) → (𝑊 1,𝑝

0 (Ω))∗ be defined weakly by

⟨𝐸 (𝑥)𝑣 |𝑤⟩ := ⟨𝑘∇𝑣,∇𝑤⟩ + ⟨𝑐 · ∇𝑣 |𝑤⟩, for all 𝑣, 𝑤 ∈𝑊 1,𝑝
0 (Ω),

where 𝑘 ≥ 𝑘min > 0 and 𝑐 ∈ 𝐿∞(Ω;ℝ𝑑 ). Then 𝑒𝑢 (𝑥) [𝑣] =
∫
Ω𝑇

(
−𝜕𝑡𝑣 𝜑 + 𝑘∇𝑣 · ∇𝜑 + (𝑐 · ∇𝑣)𝜑

)
d𝜉 d𝑡 as

derived in (2.7a), is the weak form of 𝜕𝑡𝑣 + 𝐸 (𝑥) 𝑣 = 0. The operator 𝐸 (𝑥) is sectorial on 𝐿𝑝 (Ω) under
uniform ellipticity and suitable assumptions on the coefficients (see Remark 2.3). Hence, 𝜕𝑡 + 𝐸 (𝑥)
admits maximal 𝐿𝑝-regularity (see [24, Thm. 4.3.1]). That is,

𝑣, 𝜕𝑡𝑣, 𝐸 (𝑥)𝑣 ∈ 𝐿𝑝 (Ω𝑇 ) for all 𝑓 ∈ 𝐿𝑝 (Ω𝑇 ).

and
∥𝑣 ∥𝐿𝑝 (Ω𝑇 ) + ∥𝜕𝑡𝑣 ∥𝐿𝑝 (Ω𝑇 ) + ∥𝐸 (𝑥)𝑣 ∥𝐿𝑝 (Ω𝑇 ) ≤ 𝐶∥ 𝑓 ∥𝐿𝑝 (Ω𝑇 ) .

The adjoint 𝑒𝑢 (𝑥)∗ solves the backward equation −𝜕𝑡𝑤𝑥 + 𝐸 (𝑥)∗𝑤𝑥 = 𝑓 . Since 𝐸 (𝑥) is sectorial on
𝐿𝑝 (Ω), its adjoint 𝐸 (𝑥)∗ is also sectorial on 𝐿𝑝′ (Ω) (see [27, Chap. 1–2]), so by maximal regularity (see
[24, Thm. 4.3.1]) and Remark 2.3) gives the uniform estimates

∥𝑤𝑥 ∥𝑈 + ∥𝜕𝑡𝑤𝑥 ∥𝑈 + ∥𝐸 (𝑥)∗𝑤𝑥 ∥𝑈 ≤ 𝐶∥ 𝑓 ∥𝑈 ,

with 𝐶 independent of 𝑥 ∈ 𝑋 (depends on 𝑘min, |𝑐 |𝐿∞ , Ω). Thus, for 𝑒𝑢 (𝑥)∗𝑤𝑥 = 𝑓 ,

∥𝑤𝑥 ∥𝑈 ≤ 𝐶∥ 𝑓 ∥𝑈 =⇒


[𝑒𝑢 (𝑥)∗]−1



𝕃 (𝑊 ;𝑈 ) ≤ 𝐶 =𝐶𝐴 . □
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Lemma 2.13 (Solvability of the reduced adjoint equation). Suppose Assumption 2.4 holds and let 𝑒 (𝑢 (𝑥), 𝑥)
with 𝑢 := 𝑆𝑢 (𝑥) be defined as in (2.4a). Assume the data fidelity 𝐽 : 𝑈 × 𝑋 → ℝ is (partially) Fréchet
differentiable w.r.t. 𝑢 with

𝐽 (𝑢 ) (𝑢, 𝑥) ∈ 𝑈 ∗ for all (𝑢, 𝑥) ∈ 𝑈 × 𝑋 .

Then for every 𝑥 ∈ 𝑋 , there exists a unique adjoint state𝑤𝑥 ∈ 𝑈 solving the reduced adjoint equation

(2.15) 𝑤𝑥𝑒
(𝑢 ) (𝑆𝑢 (𝑥), 𝑥) = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) in𝑊 ∗.

Proof. By Lemma 2.6, 𝑒 (·, 𝑥) is Fréchet differentiable in 𝑢 at 𝑢 := 𝑆𝑢 (𝑥), so 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑈 →𝑊 ∗ is
bounded linear. By Proposition 2.12, its adjoint

𝑇 (𝑥) := 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∗ :𝑊 → 𝑈 ∗

is uniformly boundedly invertible, hence 𝑇 (𝑥)−1 : 𝑈 ∗ →𝑊 exists and is bounded.
Let

𝑤𝑥 :=𝑇 (𝑥)−1 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) ∈ 𝑈 .

By definition of 𝑇 (𝑥), we obtain the dual form

𝑇 (𝑥)𝑤𝑥 = 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∗𝑤𝑥 = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) in𝑈 ∗.

The primal form follows immediately by definition of adjoint operator, testing with 𝑣 ∈ 𝑈 , we get

⟨𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∗𝑤𝑥 , 𝑣⟩𝑈 ∗,𝑈 = ⟨𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥), 𝑣⟩𝑈 ∗,𝑈 for all 𝑣 ∈ 𝑈 .

By Proposition 2.12, 𝑇 (𝑥) is uniformly boundedly invertible, i.e., there exists 𝐶𝐴 > 0, independent of
𝑥 ∈ 𝑋 , such that

∥𝑇 (𝑥)−1𝑣 ∥𝑊 ≤ 𝐶𝐴∥𝑣 ∥𝑈 ∗ for all 𝑣 ∈ 𝑈 ∗.

For uniqueness, suppose 𝑇 (𝑥)𝑤1 =𝑇 (𝑥)𝑤2. Then 𝑇 (𝑥) (𝑤1 −𝑤2) = 0, so

𝑤1 −𝑤2 =𝑇 (𝑥)−1 (𝑇 (𝑥) (𝑤1 −𝑤2)
)
= 0.

Thus 𝑇 (𝑥) is injective. It follows that𝑤𝑥 is unique in𝑈 . □

Example 2.14 (Quadratic data fidelity terms). A standard choice of quadratic data fidelity satisfying
Lemma 2.13:

𝐽 (𝑢, 𝑥) = 1
2 ∥𝐴𝑢 − 𝑧𝑑 ∥2

𝑌 , 𝐴 ∈ 𝕃(𝑈 ;𝑌 ), 𝑧𝑑 ∈ 𝑌,

where 𝑌 is a Hilbert observation space (e.g., 𝐿2(Ω𝑇 )). The Fréchet derivative with respect to 𝑢 is given
by

𝐽 (𝑢 ) (𝑢, 𝑥) = 𝐴∗(𝐴𝑢 − 𝑧𝑑 ) ∈ 𝑈 ∗.

Moreover, it satisfies the bound

∥ 𝐽 (𝑢 ) ∥𝑈 ∗ ≤ ∥𝐴∗∥𝕃 (𝑌 ;𝑈 ∗ )
(
∥𝐴∥𝕃 (𝑈 ;𝑌 ) ∥𝑢∥𝑈 + ∥𝑧𝑑 ∥𝑌

)
≤ 𝑀𝐽 < ∞.

In addition, the derivative is Lipschitz continuous with respect to 𝑢:

∥ 𝐽 (𝑢 ) (𝑢2, 𝑥2) − 𝐽 (𝑢 ) (𝑢1, 𝑥1)∥𝑈 ∗ ≤ ∥𝐴∗∥𝕃 (𝑌 ;𝑈 ∗ ) ∥𝐴∥𝕃 (𝑈 ;𝑌 ) ∥𝑢2 − 𝑢1∥𝑈 .

This quadratic data fidelity satisfies all assumptions of Lemma 2.13 (Fréchet differentiability 𝐽 (𝑢 ) ∈ 𝑈 ∗

and boundedness).

T. Valkonen Leak localisation with a measure source

https://arxiv.org/abs/2605.12095


arxiv: 2605.12095, 2026-05-12 page 15 of 27

Lemma 2.15 (Lipschitz continuity of the adjoint operator). Assume that Assumption 2.4 holds and that 𝑒
is defined by (2.4a). Let

𝑒𝑢 (𝑥) := 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑈 →𝑊 ∗.

Then there exists a constant 𝐿𝐴 ≥ 0 such that

∥𝑒𝑢 (𝑥2)∗ − 𝑒𝑢 (𝑥1)∗∥𝕃 (𝑊 ;𝑈 ) ≤ 𝐿𝐴∥𝑥2 − 𝑥1∥𝑋 for all 𝑥1, 𝑥2 ∈ 𝑋 .

Proof. By definition,

𝑒𝑢 (𝑥2)∗ − 𝑒𝑢 (𝑥1)∗ = 𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)∗ − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)∗.

Since the adjoint map is isometric, we have ∥𝑇 ∗∥𝕃 (𝑊 ;𝑈 ) = ∥𝑇 ∥𝕃 (𝑈 ;𝑊 ∗ ) . Hence,

∥𝑒𝑢 (𝑥2)∗ − 𝑒𝑢 (𝑥1)∗∥𝕃 (𝑊 ;𝑈 ) = ∥𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)∥𝕃 (𝑈 ;𝑊 ∗ ) .

By Lemma 2.8,

∥𝑒 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝑒 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)∥𝕃 (𝑈 ;𝑊 ∗ ) ≤ 𝐿𝑒 (𝑢) |𝑢 ∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 + 𝐿𝑒 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 .

By Lemma 2.5,
∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 ≤ 𝐿𝑆 ∥𝑥2 − 𝑥1∥𝑋 .

Thus,

∥𝑒𝑢 (𝑥2)∗ − 𝑒𝑢 (𝑥1)∗∥𝕃 (𝑊 ;𝑈 ) ≤ 𝐿𝑒 (𝑢) |𝑢𝐿𝑆 ∥𝑥2 − 𝑥1∥𝑋 + 𝐿𝑒 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 = (𝐿𝑒 (𝑢) |𝑢𝐿𝑆 + 𝐿𝑒 (𝑢) |𝑥 )∥𝑥2 − 𝑥1∥𝑋 .

Setting 𝐿𝐴 := 𝐿𝑒 (𝑢) |𝑢𝐿𝑆 + 𝐿𝑒 (𝑢) |𝑥 completes the proof. □

2.5 the differential of the data term

Recalling the expression (2.10), we now proceed with the Lipshitz estimates for 𝐹 ′. We require:
Assumption 2.16 (Data fidelity regularity). The data fidelity 𝐽 : 𝑈 × 𝑋 → ℝ is Fréchet differentiable
with 𝐽 (𝑢 ) : 𝑈 × 𝑋 → 𝑈 ∗ and 𝐽 (𝑥 ) : 𝑈 × 𝑋 → 𝑋 ∗ Lipschitz continuous:

∥ 𝐽 (𝑢 ) (𝑢2, 𝑥2) − 𝐽 (𝑢 ) (𝑢1, 𝑥1)∥𝑈 ∗ ≤ 𝐿𝐽 (𝑢) |𝑢 ∥𝑢2 − 𝑢2∥𝑈 + 𝐿𝐽 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 , and
∥ 𝐽 (𝑥 ) (𝑢2, 𝑥2) − 𝐽 (𝑥 ) (𝑢, 𝑥)∥𝑋 ∗ ≤ 𝐿𝐽 (𝑥 ) |𝑢 ∥𝑢2 − 𝑢2∥𝑈 + 𝐿𝐽 (𝑥 ) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 .

for all 𝑢1, 𝑢2 ∈ 𝑈 and 𝑥1, 𝑥2 ∈ 𝑋 for some 𝐿𝐽 (𝑢) |𝑢, 𝐿𝐽 (𝑢) |𝑥 , 𝐿𝐽 (𝑥 ) |𝑢, 𝐿𝐽 (𝑥 ) |𝑥 ≥ 0.
We first estimate the first factor of the term 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥) in (2.10).

Lemma 2.17 (Lipschitz continuity of the Jacobian). Suppose Assumptions 2.4 and 2.16 hold. Then, the
mapping 𝑥 ↦→ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑋 → 𝑈 ∗ is Lipschitz continuous, i.e.,

∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝐽 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)∥𝑈 ∗ ≤ 𝐿𝐽 (𝑢)◦𝑆 ∥𝑥2 − 𝑥1∥𝑋 , for all 𝑥1, 𝑥2 ∈ 𝑋,

where 𝐿𝐽 (𝑢)◦𝑆 = 𝐿𝐽 (𝑢) |𝑢𝐿𝑆 + 𝐿𝐽 (𝑢) |𝑥 > 0 with 𝐿𝑆 from Lemma 2.5.

Proof. Immediate consequence of Assumption 2.16 and Lemma 2.5. □

Lemma 2.18 (Boundedness of the differential of the data fidelity). Suppose Assumptions 2.4 and 2.16
hold. Then there exists a constant𝑀𝐽 < ∞ such that

∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∥𝑈 ∗ ≤ 𝑀𝐽 for all 𝑥 ∈ 𝑋 .
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Proof. By Assumption 2.16, 𝐽 (𝑢 ) : 𝑈 × 𝑋 → 𝑈 ∗ is Lipschitz continuous:

∥ 𝐽 (𝑢 ) (𝑢2, 𝑥2) − 𝐽 (𝑢 ) (𝑢1, 𝑥1)∥𝑈 ∗ ≤ 𝐿𝐽 (𝑢) |𝑢 ∥𝑢2 − 𝑢1∥𝑈 + 𝐿𝐽 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 .

By maximal 𝐿𝑝-regularity ([24, Thm. 4.3.1]) and Assumption 2.4, the solution operator 𝑆𝑢 : 𝑋 → 𝑈 is
uniformly bounded, i.e.,

∥𝑆𝑢 (𝑥)∥𝑈 ≤ 𝐶𝑆 for all 𝑥 ∈ 𝑋 .

Fix a reference point (𝑢, 𝑥) ∈ 𝑈 × 𝑋 . Then

∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∥𝑈 ∗ ≤ ∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) − 𝐽 (𝑢 ) (𝑢, 𝑥)∥𝑈 ∗ + ∥ 𝐽 (𝑢 ) (𝑢, 𝑥)∥𝑈 ∗

≤ 𝐿𝐽 (𝑢) |𝑢 ∥𝑆𝑢 (𝑥) − 𝑢∥𝑈 + 𝐿𝐽 (𝑢) |𝑥 ∥𝑥 − 𝑥 ∥𝑋 + ∥ 𝐽 (𝑢 ) (𝑢, 𝑥)∥𝑈 ∗ .

Since 𝑆𝑢 is uniformly bounded, 𝑆𝑢 (𝑥) stays in a bounded set in𝑈 . For bounded 𝑥 ∈ 𝑋 , we obtain

∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)∥𝑈 ∗ ≤ 𝑀𝐽 := 𝐿𝐽 (𝑢) |𝑢 (𝐶𝑆 + ∥𝑢∥𝑈 ) + 𝐿𝐽 (𝑢) |𝑥 diam(𝑋 ) + ∥ 𝐽 (𝑢 ) (𝑢, 𝑥)∥𝑈 ∗ < ∞. □

Finally, we are able to obtain a Lipschitz estimate for the remaining second term of (2.10).
Theorem 2.19 (Partial Lipschitz estimate). Suppose Assumptions 2.4 and 2.16 hold. Then the mapping
𝑥 ↦→ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′(𝑥) is Lipschitz continuous from 𝑋 to 𝕃(𝑋 ;𝑈 ∗): there exists 𝐶Lip

tot > 0 such that

𝐽 (𝑢 ) (𝑆𝑢 (𝑥1), 𝑥1)𝑆 ′(𝑥1) − 𝐽 (𝑢 ) (𝑆𝑢 (𝑥2), 𝑥2)𝑆 ′(𝑥2)



𝕃 (𝑋 ;𝑈 ∗ ) ≤ 𝐶

Lip
tot ∥𝑥2 − 𝑥1∥𝑋 for all 𝑥1, 𝑥2 ∈ 𝑋,

where

(2.16) 𝐶
Lip
tot =𝐶2

𝐴 (𝐿𝑒 (𝑢) |𝑢𝐿𝑆 + 𝐿𝑒 (𝑢) |𝑥 )𝑀𝐽 +𝐶𝐴 (𝐿𝐽 (𝑢) |𝑢𝐿𝑆 + 𝐿𝐽 (𝑢) |𝑥 )𝐿𝑆𝑀𝑒 +𝐶𝐴𝑀𝐽 𝐿𝑒 (𝑢) |𝑥

for constants 𝐿𝑒 (𝑢) |𝑢, 𝐿𝑒 (𝑢) |𝑥 (Lemma 2.8),𝑀𝑒 (Lemma 2.9), 𝐶𝐴 (Proposition 2.12), 𝐿𝐽 (𝑢) |𝑢, 𝐿𝐽 (𝑢) |𝑥 (Assump-
tion 2.16), 𝐿𝑆 (Lemma 2.17), and𝑀𝐽 (Lemma 2.18).

Proof. Let𝑤𝑥 solve the reduced adjoint equation (2.12), i.e.,

𝑤𝑥 = [𝑒𝑢 (𝑥)∗]−1 𝐽 (𝑢 ) (𝑆𝑢 (𝑥)), where 𝑒𝑢 (𝑥) := 𝑒 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥) : 𝑈 →𝑊 ∗.

Then𝑤𝑥𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥) = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′(𝑥) by (2.13), so the claim amounts to showing the Lipschitz

continuity of 𝑥 ↦→ 𝑤𝑥𝑒
(𝑥 ) (𝑆𝑢 (𝑥), 𝑥).

Denote 𝑒𝑥 (𝑥) := 𝑒 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥). We decompose

Δ :=𝑤𝑥2𝑒𝑥 (𝑥2) −𝑤𝑥1𝑒𝑥 (𝑥1) = (𝑤𝑥2 −𝑤𝑥1)𝑒𝑥 (𝑥2) +𝑤𝑥1 (𝑒𝑥 (𝑥2) − 𝑒𝑥 (𝑥1)).

By Proposition 2.12,
∥𝑤𝑥𝑖 ∥𝑈 ≤ 𝐶𝐴∥ 𝐽 (𝑢 ) (𝑆𝑢 (𝑥𝑖))∥𝑈 ∗ ≤ 𝐶𝐴𝑀𝐽 .

Lemma 2.8 gives ∥𝑒𝑥 (𝑥𝑖)∥𝕃 (𝑋 ;𝑊 ∗ ) ≤ 𝑀𝑒 and Lemma 2.9 gives

∥𝑒𝑥 (𝑥2) − 𝑒𝑥 (𝑥1)∥𝕃 (𝑋 ;𝑊 ∗ ) ≤ 𝐿𝑒 ∥𝑥2 − 𝑥1∥𝑋 .

For the difference, abbreviate 𝑇𝑖 := 𝑒𝑢 (𝑥𝑖)∗ :𝑊 → 𝑈 ∗. Then

(2.17) 𝑤𝑥2 −𝑤𝑥1 =𝑇
−1

2
[
𝐽 (𝑢 ) (𝑆𝑢 (𝑥2)) − 𝐽 (𝑢 ) (𝑆𝑢 (𝑥1))

]
+ (𝑇 −1

2 −𝑇 −1
1 ) 𝐽 (𝑢 ) (𝑆𝑢 (𝑥1)).

By Lemma 2.17, we have

(2.18) ∥𝑇 −1
2

[
𝐽 (𝑢 ) (𝑆𝑢 (𝑥2)) − 𝐽 (𝑢 ) (𝑆𝑢 (𝑥1))

]
∥𝑈 ≤ 𝐶𝐴𝐿𝐽 (𝑢)◦𝑆 ∥𝑥2 − 𝑥1∥𝑋 .
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For the resolvent difference, since 𝑢𝑖 = 𝑆𝑢 (𝑥𝑖), (2.8) in Lemmas 2.5 and 2.8 give

∥𝑇2 −𝑇1∥𝕃 (𝑊 ;𝑈 ∗ ) = ∥𝑒𝑢 (𝑆𝑢 (𝑥2), 𝑥2)∗ − 𝑒𝑢 (𝑆𝑢 (𝑥1), 𝑥1)∗∥
≤ 𝐿𝑒 (𝑢) |𝑢 ∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 + 𝐿𝑒 (𝑢) |𝑥 ∥𝑥2 − 𝑥1∥𝑋 ≤ 𝐿𝑒 ∥𝑥2 − 𝑥1∥𝑋

for 𝐿𝑒 := 𝐿𝑒 (𝑢) |𝑢𝐿𝑆 + 𝐿𝑒 (𝑢) |𝑥 . Since ∥𝑇 −1
𝑖 ∥ ≤ 𝐶𝐴, the Neumann series yields

∥𝑇 −1
2 −𝑇 −1

1 ∥𝕃 (𝑈 ∗;𝑈 ) = ∥𝑇 −1
2 (𝑇1 −𝑇2)𝑇 −1

1 ∥𝕃 (𝑈 ∗;𝑈 ) ≤ 𝐶𝐴 · 𝐿𝑒 ·𝐶𝐴∥𝑥2 − 𝑥1∥𝑋 =𝐶2
𝐴𝐿𝑒 ∥𝑥2 − 𝑥1∥𝑋 .

Thus,

(2.19) ∥(𝑇 −1
2 −𝑇 −1

1 ) 𝐽 (𝑢 ) (𝑆𝑢 (𝑥1))∥𝑈 ≤ 𝐶2
𝐴𝐿𝑒𝑀𝐽 ∥𝑥2 − 𝑥1∥𝑋 .

Substituting (2.18) and (2.19) into (2.17), we obtain

(2.20) ∥𝑤𝑥2 −𝑤𝑥1 ∥𝑈 ≤ (𝐶𝐴𝐿𝐽 (𝑢)◦𝑆 +𝐶2
𝐴𝐿𝑒𝑀𝐽 )∥𝑥2 − 𝑥1∥𝑋 .

Finally, combining (2.20) with Lemmas 2.9 and 2.17, and using 𝐿𝑒 = 𝐿𝑒 (𝑢) |𝑢𝐿𝑆 + 𝐿𝑒 (𝑢) |𝑥 and 𝐿𝐽 (𝑢)◦𝑆 =

𝐿𝐽 (𝑢) |𝑢𝐿𝑆 + 𝐿𝐽 (𝑢) |𝑥 (Lemma 2.17), we obtain for 𝐶Lip
tot as stated that

∥Δ∥𝕃 (𝑋 ;𝑈 ∗ ) ≤ ∥𝑤𝑥2 −𝑤𝑥1 ∥𝑈 ∥𝑒𝑥 (𝑥2)∥𝕃 (𝑋 ;𝑊 ∗ ) + ∥𝑤𝑥1 ∥𝑈 ∥𝑒𝑥 (𝑥2) − 𝑒𝑥 (𝑥1)∥𝕃 (𝑋 ;𝑊 ∗ )

≤ (𝐶𝐴𝐿𝐽 (𝑢)◦𝑆 +𝐶2
𝐴𝐿𝑒𝑀𝐽 )𝑀𝑒 ∥𝑥2 − 𝑥1∥𝑋 +𝐶𝐴𝑀𝐽 𝐿𝑒 ∥𝑥2 − 𝑥1∥𝑋

=𝐶
Lip
tot ∥𝑥2 − 𝑥1∥𝑋 . □

Combining Assumption 2.16 regarding 𝐽 (𝑥 ) with Lemma 2.5 and Theorem 2.19, we immediately
obtain:
Corollary 2.20 (Full Lipschitz estimate). Suppose Assumptions 2.4 and 2.16 hold. Then 𝐹 : 𝑥 ↦→ 𝐽 (𝑆𝑢 (𝑥), 𝑥)
is Lipschitz-differentiable:

∥𝐹 ′(𝑥2) − 𝐹 ′(𝑥1)∥𝑋 ∗ ≤ (𝐶Lip
tot + 𝐿𝐽 (𝑥 ) |𝑢𝐿𝑆 + 𝐿𝐽 (𝑥 ) |𝑥 )∥𝑥2 − 𝑥1∥𝑋 , 𝑥1, 𝑥2 ∈ 𝑋,

where 𝐶Lip
tot is defined in (2.16), 𝐿𝐽 (𝑥 ) |𝑢, 𝐿𝐽 (𝑥 ) |𝑥 arise from Assumption 2.16, and 𝐿𝑆 from Lemma 2.17.

Proof. Recalling (2.10), we have

(2.21) 𝐹 ′(𝑥) = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥)𝑆 ′𝑢 (𝑥) + 𝐽 (𝑥 ) (𝑆𝑢 (𝑥), 𝑥).

For the second term, Assumption 2.16 and Lemma 2.5 yield the following

∥ 𝐽 (𝑥 ) (𝑆𝑢 (𝑥2), 𝑥2) − 𝐽 (𝑥 ) (𝑆𝑢 (𝑥1), 𝑥1)∥𝑋 ∗ ≤ 𝐿𝐽 (𝑥 ) |𝑢 ∥𝑆𝑢 (𝑥2) − 𝑆𝑢 (𝑥1)∥𝑈 + 𝐿𝐽 (𝑥 ) |𝑥 ∥𝑥2 − 𝑥1∥𝑋
≤ (𝐿𝐽 (𝑥 ) |𝑢𝐿𝑆 + 𝐿𝐽 (𝑥 ) |𝑥 )∥𝑥2 − 𝑥1∥𝑋 .

Thus, using Theorem 2.19 for the first term of (2.21), establishes the claim. □

3 optimisation with measures

Now that we have developed our data term, and its derivatives, it is time to solve the inverse problem
We recall that we expect there to be a finite number of leaks, modelled by the measure 𝜇. To introduce
this a priori information into our problem, we apply Radon-norm regularisation, considering the
problem (2.1), which has also the auxiliary unknowns 𝑘 and 𝑐: the diffusion and the convection fields.
Considering reasonably short time intervals, we take the latters to be constant in space and time.
We use the specific choices (2.2) of the data fidelity and regularisation term. Since the data term

𝐹 = 𝐽 ◦ 𝑆𝑢 is nonconvex, the existing theory of most conditional gradient methods does not extend to
it. In Corollary 2.20 we have, however, proved that 𝐹 is Lipschitz-differentiable, which is enough to
apply forward-backward type methods.
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3.1 basic algorithm

We apply the forward-backward methods of [30, 31] with a Radon-norm-squared proximal penalty.
Recall that we write 𝑥 = (𝜇, 𝑘, 𝑐), and similarly 𝑥𝑛 = (𝜇𝑛, 𝑘𝑛, 𝑐𝑛). For the basic non-sliding variant, an
exact update for the measure 𝜇𝑛+1 at iteration number 𝑛 ∈ ℕ would be determined by the surrogate
problem

𝜇𝑛+1 ∈ arg min
𝜇∈ℳ (Ω)

𝐹 (𝜇 ) (𝑥𝑛) + ⟨𝐹 (𝜇 ) (𝑥𝑛), 𝜇 − 𝜇𝑛⟩ + 𝛼 ∥𝜇∥ℳ (Ω) + 𝛿≥0(𝜇) +
1

2𝜏 ∥𝜇 − 𝜇
𝑛 ∥2

ℳ (Ω) .(3.1a)

The auxiliary variables (convection and diffusion), would be updated by the standard Hilbert-space
forward-backward step

(𝑘𝑛+1, 𝑐𝑛+1) = prox𝜎𝑅𝑘,𝑐 ((𝑘
𝑛, 𝑐𝑛) − 𝜎∇𝑘,𝑐𝐹 (𝑥𝑛)).(3.1b)

Here 𝜏, 𝜎 > 0 are step length parameters that have to satisfy

𝜏𝐿𝜇 < 1 and 𝜎𝐿𝑘,𝑐 < 1,

where 𝐿𝜇 and 𝐿𝑘,𝑐 are the Lipschitz factors of 𝐹 ′ with respect to the indicated parameters.1 In Corol-
lary 2.20 we have derived a joint factor 𝐿𝜇 = 𝐿𝑘,𝑐 .

In practise, following [31], inexact steps are taken for (3.1a) by solving for some iteration-dependencent
tolerances 𝜀𝑛+1 > 0 satisfying

∑∞
𝑛=0 𝜀

𝑛+1 < ∞, the inexact optimality condition

−𝜀𝑛+1 ≤ 𝑣𝑛 +𝑤𝑛+1 + ∥𝜇𝑛+1 − 𝜇𝑛 ∥ℳ (Ω)𝜔
𝑛+1 ≤ 𝜀𝑛+1,(3.2a)

where 𝑣𝑛 := 𝐹 (𝜇 ) (𝑥𝑛) and 𝜔𝑛+1,𝑤𝑛+1 ∈ 𝐶0(Ω) satisfy

−1 ≤ 𝜔𝑛+1 ≤ 1, ⟨𝜔𝑛+1, 𝜇𝑛+1 − 𝜇𝑛⟩ = ∥𝜇𝑛+1 − 𝜇𝑛 ∥ℳ (Ω) , 𝑤
𝑛+1 ≤ 𝛼, ⟨𝑤𝑛+1, 𝜇𝑛+1⟩ = ∥𝜇𝑛+1∥ℳ (Ω) .(3.2b)

To solve these conditions, one finds an (approximate) minimiser 𝜉 ∈ Ω of 𝑣𝑛 ∈ 𝐶0(Ω), and writing 𝜇𝑛 =∑𝑚𝑛

𝑖=1 𝛽𝑛,𝑖𝛿𝜉𝑛,𝑖 , forms 𝜇𝑛+1 =
∑𝑚𝑛

𝑖=1 𝛽𝑛+1,𝑖𝛿𝜉𝑛,𝑖 + 𝛽𝑛+1,𝑚𝑛+1𝛿𝜉 by solving a finite-dimensional optimisation
for the escape rates {𝛽𝑛+1,𝑖}𝑚𝑛+1

𝑖=1 . We refer to [31] for further details.

3.2 sliding algorithm

Our second algorithm applies ideas from optimal transport to first transport the Dirac masses of 𝜇𝑛
to new locations using a transport plan 𝛾𝑛+1 =

∑𝑚𝑛

𝑖=1 𝜂𝑛,𝑖𝛿 (𝑥𝑛,𝑖 ,𝑦𝑛,𝑖 ) ∈ ℳ+(Ω2), where 𝜂𝑛,𝑖 is amount
of mass transported from 𝑥𝑛,𝑖 to the predicted new location 𝑦𝑛,𝑖 . The transport or “sliding” of the
locations is based on doing a gradient step on the locations with 𝑣𝑛 . Then the method applies the same
insertion and weight optimisation steps as above at the transported measure. These steps may have to
be repeated several times to satisfy technical curvature and remainder conditions from [30]. As we
will see in the numerical experiments, the transport or “source sliding” can significantly improve the
performance of the algorithm.

To be precise, define the projections 𝜋𝑖 (𝜉) = 𝜉𝑖 , as well as the push-forward measures 𝜋𝑖#𝜇 satisfying
𝜋𝑖#𝜇 (𝐴) = 𝜇 ({𝜉 ∈ Ω | 𝜋𝑖 (𝜉) ∈ 𝐴}). A “sliding” version of (3.1) first replaces 𝜇𝑛 by 𝜇𝑛 = 𝜇𝑛+(𝜋 1

#−𝜋0
# )𝛾𝑛+1

for a transport plan 𝛾𝑛+1 ∈ ℳ+(Ω2). Then it applies (3.1) with 𝜇𝑛 replaced by 𝜇𝑛 and 𝑥𝑛 replaced by
𝑥𝑛 = (𝜇𝑛, 𝑘𝑛, 𝑐𝑛). That is, writing

𝑣𝑛 = 𝐹 (𝜇 ) (𝑥𝑛), and 𝑣𝑛 = 𝐹 (𝜇 ) (𝑥𝑛),

1The Lipschitz factor 𝐿𝑘,𝑐 is denoted 𝐿𝑧 in [31].
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for some sliding parameter 𝜃 > 0, we first construct 𝛾𝑛+1 ∈ ℳ+(Ω2) that satisfies

𝜁 = 𝜉 − 𝜃𝜏∇𝑣𝑛 (𝜉) for 𝛾𝑛+1-a.e. (𝜉, 𝜁 ).(3.3a)

Then we approximately, as in (3.2), update

𝜇𝑛+1 ∈ arg min
𝜇∈ℳ (Ω)

𝐹 (𝜇 ) (𝑥𝑛) + ⟨𝐹 (𝜇 ) (𝑥𝑛), 𝜇 − 𝜇𝑛⟩ + 𝛼 ∥𝜇∥ℳ (Ω) + 𝛿≥0(𝜇) +
1

2𝜏 ∥𝜇 − 𝜇
𝑛 ∥2

ℳ (Ω) ,(3.3b)

and
(𝑘𝑛+1, 𝑐𝑛+1) := prox𝜃𝑅𝑘,𝑐 ((𝑘

𝑛, 𝑐𝑛) − 𝜃∇𝑘,𝑐𝐹 (𝑥𝑛)).(3.3c)

This construction may have to be repeated several times until 𝛾𝑛+1 satisfies further restrictions. We
typically

1. Start with the source marginal 𝜋0
#𝜆

𝑛+1 = 𝜇𝑛 , constructing the target marginal 𝜋 1
#𝛾

𝑛+1 using (3.3a).
Then 𝜇𝑛 is simply 𝜇𝑛 transported along the negative gradient 𝑣𝑛 (𝜉).

2. We reduce the mass transported by 𝛾𝑛+1, repeating (3.3b) and (3.3c) until further conditions given
in [30] are satisfied.

For details, we refer to [30].

4 aspects of numerical implementation

In this section we describe aspects of numerical implementation of the convection–diffusion equation
(2.3), as well as its adjoint. We first describe the implementation of the laser observation operator 𝐴 in
Section 4.2. We then apply the finite element method (FEM) and forward Euler steps to discretize (2.3)
and obtain the corresponding discrete system (Section 4.1). Finally, we describe some details of the
optimisation algorithm in Section 4.3. Further details are available in our software implementation
[16].
We introduce a temporal grid 0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑁𝑇

=𝑇 with time step lengths Δ𝑖 := 𝑡𝑖+1 − 𝑡𝑖 , for
𝑖 = 0, . . . , 𝑁𝑇 − 1. For simplicity of presentation, we assume that both the laser observation times and
time discretisation agree with this grid.

4.1 discretisation of the convection–diffusion equation

Discretisation of the concentration (state) We write 𝐼𝑖 = [𝑡𝑖 , 𝑡𝑖+1], for 𝑖 = 0, . . . , 𝑁𝑇 − 1 with 𝑡0 = 0,
𝑡𝑁𝑇

= 𝑇 . For space discretisation, we choose a finite element basis {𝜑𝑚}𝑁𝜑

𝑚=1 that forms 𝕃2 ⊂ 𝐿2(Ω).
Then we define the space of discretised concentrations by

𝕌 :=
{
𝑢 ∈ 𝐿2(𝐼 × Ω)

���� 𝑢 ( · , 𝑡𝑖) ∈ 𝕃2 for all 0 ≤ 𝑖 ≤ 𝑁𝑇 ,

𝑢 (𝑥, · ) |𝐼𝑖 = constant for all 𝑥 ∈ Ω, 𝑖 = 0, . . . , 𝑁𝑇 − 1

}
.

Denoting the indicator function of 𝐼𝑖 by 𝜒𝑖 , each 𝑢 ∈ 𝕌 admits for some coefficient vectors u𝑖 =

(𝑢𝑖1, . . . , 𝑢𝑖𝑁𝜑
) ∈ ℝ𝑁𝜑 , (𝑖 = 0, . . . , 𝑁𝑇 − 1) the representation

𝑢 (𝜉, 𝑡) =
𝑁𝑇 −1∑︁
𝑖=0

𝑁𝜑∑︁
𝑚=1

𝑢𝑖𝑚 𝜒𝑖 (𝑡) 𝜑𝑚 (𝜉).

We discretize the continuous problem (2.3) in space and time. Let𝑎(·, ·) be the bilinear form associated
with the operator −Δ + 𝑐 · ∇, that is

𝑎(𝑢, 𝑣 ;𝑥) =
∫
Ω
𝑘 ∇𝑢 · ∇𝑣 + (𝑐 · ∇𝑢) 𝑣 d𝜉 .
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First, the forward Euler scheme on each time interval 𝐼𝑖 = [𝑡𝑖 , 𝑡𝑖+1] yields

(4.1)
〈
𝑢 ( · , 𝑡𝑖+1) − 𝑢 ( · , 𝑡𝑖)

Δ𝑖

, 𝑣

〉
+ 𝑎(𝑢 ( · , 𝑡𝑖), 𝑣 ;𝑥) = ⟨𝜇, 𝑣⟩ +

∫
Γ1

𝑔(𝑡𝑖) 𝑣 d𝜎 d𝑡, , 𝑢 ( · , 𝑡0) = 𝑢0,

for all 𝑣 ∈ 𝕍𝑚 ⊂ {𝑣𝑚 ∈𝑊 1,𝑝 (Ω) : 𝑣𝑚 |Γ1 = 0}. Taking 𝑢, 𝑣 ∈ 𝕌, we can write this in terms of coefficients
as

𝑁𝜑∑︁
𝑚,𝑟=1

(
𝑢𝑖+1
𝑚 − 𝑢𝑖𝑚
Δ𝑖

⟨𝜑𝑚, 𝜑𝑟 ⟩𝑣𝑖𝑟 + 𝑢𝑖𝑚𝑎(𝜑𝑚, 𝜑𝑟 ;𝑥)𝑣𝑖𝑟
)
=

𝑁𝜑∑︁
𝑟=1

⟨𝜇, 𝜑𝑟 ⟩𝑣𝑖𝑟+
𝑁𝜑∑︁

𝑚,𝑟=1
𝑔𝑖𝑚 ⟨𝜑𝑚, 𝜑𝑟 ⟩Γ1 𝑣

𝑖
𝑟 for all v𝑖 ∈ ℝ𝑁𝜑

with 𝑢𝑚,0 = [𝑢0]𝑚 for all𝑚 = 1, . . . , 𝑁𝜑 . That is,

(4.2) Mu𝑖+1 = (M − Δ𝑖K(𝑥)) u𝑖 + Δ𝑖f𝑖 for all 𝑖 = 0, . . . , 𝑁𝑇 − 1,

where

f𝑖 =
(
⟨𝜇, 𝜑𝑟 ⟩ +M|Γ1 𝑔

𝑖
)
𝑟
, M =

(
⟨𝜑𝑚, 𝜑𝑟 ⟩

)
𝑚,𝑟

K(𝑥) =
(
𝑎(𝜑𝑚, 𝜑𝑟 ;𝑥)

)
𝑚,𝑟

with 𝑚, 𝑟 ∈ {1, . . . , 𝑁𝜑 }.

Discretisation of the adjoint variable and equation The discrete adjoint system arises from the same
space–time Galerkin discretization as the state equation and is therefore adjoint consistent. The adjoint
variable 𝑤 ∈ 𝑈0 := {𝑣 ∈ 𝑈 : 𝑣 |Σ1 = 0} is discretised in the same space 𝕌 as the concentration. The
weak adjoint equation 𝑒𝑢 (𝑥)∗𝑤𝑥 = 𝐽 (𝑢 ) (𝑆𝑢 (𝑥), 𝑥). recalling the adjoint equation (2.14), write 𝑎(·, ·;𝑥)
for the bilinear form associated with the operator −Δ − c · ∇, that is

𝑎(𝑤, 𝑣 ;𝑥) =
∫
Ω
𝑘 ∇𝑤 · ∇𝑤 − (𝑐 · ∇𝑢) 𝑣 d𝜉 .

Similarly to (4.1), we then obtain the system〈
𝑤 ( · , 𝑡𝑖+1) −𝑤 ( · , 𝑡𝑖)

Δ𝑖

, 𝑣

〉
+ 𝑎(𝑤 ( · , 𝑡𝑖), 𝑣 ;𝑥) = 𝐽 (𝑢 ( · ,𝑡𝑖 ) ) (𝑆𝑢 (𝑥), 𝑥) 𝑣, 𝑤 ( · , 𝑡𝑁𝑇

) = 0 for all 𝑣 ∈ 𝑈0.

for all 𝑖 = 1, . . . , 𝑁𝑇 . Taking𝑤, 𝑣 ∈ 𝕌, similarly to (4.2), this becomes

Mw𝑖 = (M + Δ𝑖L(𝑥))w𝑖+1 + Δ𝑖Mb𝑖 for all 𝑖 = 0, . . . , 𝑁𝑇 − 1,

where the matrix and vector

(4.3) L(𝑥) =
(
𝑎(𝜑𝑚, 𝜑𝑟 ;𝑥)

)
𝑚,𝑟

and b𝑖 (𝑥) =
(
𝐽 (𝑢

𝑖
𝑟 ) (𝑆𝑢 (𝑥), 𝑥)

)
𝑟

with 𝑚, 𝑟 ∈ {1, . . . , 𝑁𝜑 }.

We will refine the expression for b𝑖 (𝑥) in Section 4.2, after fixing 𝐽 and the observation operator 𝐴
within it.

Discretisation of the parameters We now consider the discretisation of the parameters 𝑥 = (𝜇, 𝑘, 𝑐).
Practically, the algorithms of Section 3 ensure that on each iteration 𝑛, the measure 𝜇𝑛 =

∑𝑚𝑛

𝑖=0 𝛽𝑛,𝑖𝛿𝜉𝑛,𝑖
is a weighted sum of Dirac measures. We do not enforce the source points 𝜉𝑛,𝑖 to lie on any specific
grid: aside from the discretisation of 𝑢, and of 𝐹 (𝜇 ) (𝑥), our algorithm is partially grid-free.

In our numerical experiments, the convection and diffusion field 𝑘 and 𝑐 are scalars, 𝑐 (𝑥) ≡ (𝑐1, 𝑐2) ∈
ℝ2 and 𝑘 (𝑥) ≡ 𝑘0 ∈ ℝ.
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4.2 laser observation operator

The observation model for gas emission detection is based on path-integrated measurements obtained
via Laser Diode Spectroscopy (LDS). Each laser beam provides a path-averaged signal proportional to
the line integral of the gas concentration along its trajectory. At each time step 𝑡𝑖 , 𝑖 = 0, . . . , 𝑁𝑇 − 1,
the concentration field 𝑢 (𝜉, 𝑡) is observed through 𝑁ℓ laser beams {𝛾ℓ }𝑁ℓ

ℓ=1 (see Figure 1) reflected back
to their origin from mirrors. This leads to the linear observation model

𝐴 : 𝐿2(Ω𝑇 ) → ℝ𝑁ℓ×𝑁𝑇 , [𝐴𝑢]ℓ,𝑖 =
∫
𝛾ℓ

𝑢 (𝜉, 𝑡𝑖) d𝑠,

where ℓ = 1, . . . , 𝑁ℓ runs over the laser beams, and 𝑖 = 0, . . . , 𝑁𝑇 − 1 over the observation times
𝑡0, . . . , 𝑡𝑁𝑇 −1 ∈ [0,𝑇 ). Thus the path-averaged LDS maesurements

𝑏𝑡 = 𝐴𝑢 + 𝜈,

for the ground truth concentration 𝑢 ∈ 𝐿2(Ω𝑇 ), and (Gaussian) noise 𝜈 .
For 𝑢 ∈ 𝕌 with the coefficient vectors u1, . . . , u𝑁𝑇 ∈ ℝ𝑁𝜑 as in Section 4.1, we get

[𝐴𝑢]ℓ,𝑖 =
∫
𝛾ℓ

𝑢 (𝜉, 𝑡𝑖) d𝑠 =
𝑁𝜑∑︁
𝑚=1

𝑢𝑖𝑚

∫
𝛾ℓ

𝜑𝑚 (𝜉) d𝑠 =
(∫
𝛾ℓ
𝜑1(𝜉) d𝑠, . . . ,

∫
𝛾ℓ
𝜑𝑚 (𝜉) d𝑠

)
u𝑖 .

For each observation time index 𝑖 = 1, . . . , 𝑁𝑇 − 1, the ideal discretisation of 𝑢 ↦→ [𝐴𝑢] · ,𝑖 ∈ ℝ𝑁ℓ is,
therefore,

A ∈ ℝ𝑁ℓ×𝑁𝜑 with Aℓ,𝑚 =

∫
𝛾ℓ

𝜑𝑚 (𝜉) d𝑠 .

Taking 𝐽 (𝑢, 𝑥) = 1
2 ∥𝐴𝑢 − 𝑧𝑑 ∥2

2, we now have

𝐽 (𝑢, 𝑥) =
𝑁𝑇 −1∑︁
𝑖=0

1
2 ∥Au

𝑖 − 𝑧𝑖
𝑑
∥2

2 when 𝑢 ∈ 𝕌.

Thus, b𝑖 (𝑥) defined in (4.3) can be written

b𝑖 (𝑥) = (A⊤(Au𝑖 − 𝑧𝑖
𝑑
))𝑖 , 𝑖 = 0, . . . , 𝑁𝑇 − 1.

Approximate ray tracing via cell-locator quadrature Due to limitations in the documented API
(Application Programming Interface) of the Fenicsx PDE solver and modelling library, we use a
simplified and numerically efficient approach, instead of full ray-tracing, to approximate the line
integrals. Specifically, A is approximated via a quadrature-free method as follows:

1. Beam segmentation: Partition each beam path 𝛾ℓ into 𝑛seg equal-length segments with mid-
points 𝜉𝑝 ∈ Ω, (𝑝 = 0, . . . , 𝑛seg − 1).

2. Cell location: For each midpoint 𝜉𝑝 , identify the containing triangular element 𝑇𝑝 .
3. Uniform quadrature: Distribute each segment length 𝑙𝑝 =

∫
𝛾ℓ
𝑑𝑠/𝑛seg uniformly over the

degrees-of-freedom (DOFs) ℎ ∈ 𝒟𝑝 the cell 𝑇𝑝 , updating Aℓ,ℎ := Aℓ,ℎ + 𝑙𝑝/|𝒟𝑝 |.
This yields a sparse matrixAwhose 𝑖-th row approximates the beam integral via midpoint quadrature

with uniform cell-DOF averaging. Further details are available in our software implementation [16].
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Figure 1: Illustration of the laser and mirror placements. The thick blue lines on the boundary indicate
the mirrors, the red stars the laser sources, and the dimmed thin red lines the beams.

4.3 the optimisation algorithm

The implementation of the optimisation algorithm is described in [30, 31]. Our present application
shares most of the codebase, with the changes related to the implementation and treatment of the
forward operator, which in [30, 31] was a simple convolution. In particular, 𝑣 = 𝐹 (𝜇 ) (𝑥) now belongs
to a P2 (second order polynomial) finite element subspace of 𝐶0(Ω). Therefore, we do not need to
use a branch-and-bound algorithm to find—what were—grid-free minimisers of this function. We
can, instead, solve the minima exactly by minimising the function on each element, and taking a best
elementwise minimiser as the global minimiser.

5 numerical results

We now describe our numerical experiments on leak detection. The details of the numerical implemen-
tation of the model (2.1)–(2.3), which is available in [16], are as in Section 4. We describe the specific
experimental setup and algorithm parametrisation in Sections 5.1 and 5.2, and then discuss the results
in Section 5.3.

5.1 experimental setup

We divide the time interval 𝐼 = [0, 1] into 50 uniform segments. The domain is Ω = [0, 0.5]2 with a
uniform grid of 32 × 32 nodes. The laser sources are at {(0.1, 0.1), (0.1, 0.4), (0.4, 0.1), (0.4, 0.4)}, and
each edge of the domain has 10 uniformly spaced mirrors, as illustrated in Figure 1. Further details can
be found in our numerical implementation [16]. This gives 4 · 10 · 4 = 160 data points for each time
step, altogether 160 · 50 = 8000 data points, to be compared with altogether 32 · 32 · 50 = 51200 nodal
values for the diffusion field.

We perform two experiments with different atmospheric conditions and leak sources. In experiment
#1, the true convection field is 𝑐 ≡ 0.5(cos(30◦), sin(30◦)), and the true diffusion field 𝑘 ≡ 0.01 with
the true source measure

𝜇 = 0.08𝛿 (0.1,0.3) + 0.05𝛿 (0.4,0.25) + 0.06𝛿 (0.25,0.13)

In experiment #2, the true convection field is 𝑐 ≡ 0.1(cos(120◦), sin(120◦)), and the true diffusion field
𝑘 ≡ 0.02 with the true leaks modelled by the measure

𝜇 = 0.15𝛿 (0.2,0.3) + 0.04𝛿 (0.4,0.1) .

(The latter leak coincides with one of the laser sources). The measurements 𝑘̃ and 𝑐𝑖 have, respectively,
2% and 20% Gaussian noise: the PDE is much more sensitive to the diffusion parameter 𝑘0, and cannot
tolerate higher levels of noise. The laser line-of-sight measurements 𝑏 have 1% Gaussian noise.
The boundary conditions are 𝑢 = 𝑔 := 0 on Γ1 = {0, 1} × [0, 1] and 𝜕𝑢/𝜕𝑛 = 0 on Γ2 = (0, 1) × {0, 1}.

The initial concentration is 𝑢0 = 0.
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For the regularisation paramater of the measure, by trial and error, we take 𝛼 = 1.5 ·10−6, while we use
a combination ofe box constraints and quadratic fitting with weighting discovered by trial-and-error in

𝑅𝑘,𝑐 (𝑘, 𝑐) = 𝛿 [0.001,1] (𝑘0) +
3
2 (𝑘0 − 𝑘̃)2 +

∑︁
𝑖=1,2

(
𝛿 [−1,1] (𝑐𝑖) +

0.0005
2 (𝑐𝑖 − 𝑐𝑖)2

)
,

where we recall that we take the convection and diffusion fields 𝑐 ≡ (𝑐1, 𝑐2) ∈ ℝ2 and 𝑘 ≡ 𝑘0 ∈ ℝ to be
constant throughout the domain. Theeir respective measurements are 𝑘̃ , 𝑐1, and 𝑐2.

5.2 algorithm parametrisation

We take as the primal step length parameter 𝜏 = 0.99𝐿, where 𝐿 = 4 is manually fine-tuned compared
to the factor estimate given by Corollary 2.20 The theoretical parameter 𝐿 ≈ 14.9 gives an algorithm
with comparable optimisation performance, but more superfluous sources (leaks) 𝑥𝑘,𝑖 of very low
release rate 𝛽𝑘,𝑖 ≈ 0.

The sliding step length parameter is 𝜃 = 100, likewise based on manual fine-tuning. We use a merging
strategy to reduce the number of sources in the measure iterates 𝜇𝑛 =

∑𝑚𝑛

𝑖=1 𝛽𝑛,𝑖𝛿𝜉𝑛,𝑖 : every 10 iterations,
we replace any two sources 𝑖 ≠ 𝑗 with ∥𝜉𝑛,𝑗 − 𝜉𝑛,𝑖 ∥ ≤ 0.1 with (𝛽𝑛,𝑗 + 𝛽𝑛,𝑖)𝛿𝜉𝑛,𝑗 if this does not increase
the objective function value, within a decreasing tolerance. This helps to keep the number of sources
controlled, and, therefore, avoid the per-iteration computational demands growing.
As initial iterates, we take measured values 𝑐0 = 𝑐 and 𝑘0 = 𝑘̃ of the convection and diffusion

parameters. A priori, we assume there to be no leaks, taking as initial iterate of the leak-modelling
measure 𝜇0 = 0.

5.3 numerical results

The reconstructed and true concentration 𝑢 and measure 𝜇 for experiments #1 and #2 are in Figures 2
and 3, respectively. The performance of both optimisation algorithms (basic and sliding) is graphed in
Figure 4 for both experiments. In both cases, the sliding method almost perfectly recovers the true
sources, hence the true concentration, while the basic method appears to get stuck at a local stationary
point. Although very report the reconstruction after 20000 iterations to ensure good recovery of the
sources, in terms of function value, both algorithms are very close to the final value of the objecitve
function already after 5000 iterations.
Overall, we can say that the sliding method performs well at leak detection with simulataneous

refinement of the scalar convection (wind) parameter (measured with high 20% noise), and diffusion
(affected e.g. by temperature) parameter (measured with low 2% noise). It appears that the sliding helps
to avoid local stationary points in this nonconvex optimisation problem.
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(b) Sliding method reconstruction of concentration 𝑢 and measure 𝜇
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Figure 2: Reconstructions, experiment #1. Time runs from left to right, with the reconstructions shown
for 𝑡 = 0.0, 0.2, 0.5, 0.7, 1.0. The shading indicates the concentration field 𝑢. The red dots
indicate the reconstructed measure, and the white crosses the ground true measure. The size
of the dots corresponds to the escape rate.
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(b) Sliding method reconstruction of concentration 𝑢 and measure 𝜇
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Figure 3: Reconstructions, experiment #2. Time runs from left to right, with the reconstructions shown
for 𝑡 = 0.0, 0.2, 0.5, 0.7, 1.0. The shading indicates the concentration field 𝑢. The red dots
indicate the reconstructed measure, and the white crosses the ground true measure. The size
of the dots corresponds to the escape rate.
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Figure 4: Algorithm performance. Top row: Function value in terms of iteration count (left) and CPU
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