Block-proximal methods with spatially
adapted acceleration

Tuomo Valkonen*

September 30, 2016

We propose a class of primal-dual block-coordinate descent methods
based on blockwise proximal steps. The methods can be executed either
stochastically, randomly executing updates of each block of variables, or
the methods can be executed deterministically, featuring performance-
improving blockwise adapted step lengths. Our work improves upon several
previous stochastic primal-dual methods in that we do not require a full dual
update in an accelerated method; both the primal and dual can be updated
stochastically in blocks. We moreover provide convergence rates without
the strong assumption of all functions being strongly convex or smooth:
a mixed O(1/N?) + O(1/N) for an ergodic gap and individual strongly
convex primal blocks. Within the context of deterministic methods, our
blockwise adapted methods provide improvements on our earlier work on
subspace accelerated methods. We test the proposed methods on various
image processing problems.

1. Introduction
We want to efficiently solve optimisation problems of the form

min G(x) + F(Kx), (1.1)

arising from the variational regularisation of image processing and inverse problems.
We assume G : X — R and F : Y — R to be convex, proper, and lower semicontinuous
functionals on Hilbert spaces X and Y, respectively, and K € L(X;Y) to be a bounded
linear operator.

Several first-order optimisation methods have been developed for (1.1), typically with
both G and F convex, and K linear, but recently also accepting a level of non-convexity
and non-linearity [1-4]. Since at least one of G or F is typically non-smooth—popular
regularisers for image processing are non-smooth, such as [5-7]—effective primal algo-
rithms operating directly on the form (1.1), are typically a form of classical forward-
backward splitting, occasionally going by the name of iterative soft-thresholding [8-10].

If G is separable, G(x1,. . .,xm) = 2/_; G;(x;), problem (1.1) becomes

min > Gjlx)) + F(Kx). (1.2)
j=1
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In big data optimisation, various forward-backward block-coordinate descent methods
have been developed for this type of problems, or an alternative dual formulation.
At each step of the optimisation method, they only update a subset of the blocks x;,
randomly in parallel, see e.g. the review [11] and the original articles [12-22]. Typically
F is assumed smooth. Often, in these methods, each of the functions G; is assumed
strongly convex. Besides parallelism, one advantage of these methods is them being
able to exploit the local blockwise factor of smoothness (Lipschitz gradient) of F and
K. This can be better than the global factor, and helps to obtain improved convergence
compared to standard methods.

Unfortunately, primal-only and dual-only stochastic approaches are rarely applicable
to imaging problems that do not satisfy the separability and smoothness requirements
simultaneously, at least not without additional Moreau-Yosida (aka. Huber, aka. Nes-
terov) regularisation. Generally, even without the splitting of the problem of the into
blocks, primal-only or dual-only approaches, as discussed above, can be inefficient
on more complicated problems, as the steps of the algorithms become very expensive
optimisation problems themselves. This difficulty can often be circumvented through
primal-dual approaches. If F is convex, and F* denotes the conjugate of F, the problem
(1.1) can be written in the min-max form

minmax G(x) + (Kx,y) — F*(x), (1.3)
x oy

If G is also convex, a popular algorithm for (1.3) is the Chambolle-Pock method [23,24],
also classified as the Primal-Dual Hybrid Gradient Method (Modified) or PDHGM in [25].
The method consists of alternating proximal steps on x and y, combined with an over-
relaxation step that ensures convergence. The PDHGM is closely-related to the classical
Alternating Direction Method of Multipliers (ADMM, [26]). Both the PDHGM and
ADMM bear close relationship to Douglas—Rachford splitting [27, 28] and the split
Bregman method [29,30]. These relationships are discussed in detail in [25,31].

While early work on block-coordinate descent methods concentrated on primal-only
or dual-only algorithms, recently primal-dual algorithms based on the ADMM and
the PDHGM have been proposed [32-38]. Besides [32, 33, 38] that have restrictive
smoothness and strong convexity requirements, little is known about the convergence
rates of these algorithms. Interestingly, a direct blockwise version of ADMM for (1.2) is
however infeasible [39].

The convergence of the PDHGM can be accelerated from the basic rate O(1/N) to
O(1/N?) if G (equivalently F*) is strongly convex [23]. However, saddle-point formula-
tions (1.3) of important problems often lack strong convexity on the entire domain of G.
These include any problem with higher-order TGV [6] or ICTV [7] regularisation, as
well as such simple problems as deblurring with any regularisation term. Motivated
by this, we recently showed in [3] that acceleration schemes can still produce con-
vergence with a mixed rate, O(1/N?) with respect to initialisation, and O(1/N) with
respect to “residual variables”, if G is only partially strongly convex. This means with
x = (x1,...,%n) for some block k and a factor y; > 0 the condition

G(x') — G(x) = {z.x' — x) + Y—zkux’k ~xl (1.4)

over all x’ and subgradients z € 0G(x). This property can be compared to partial
smoothness on manifolds [40, 41], used to study the fast convergence of standard
methods to submanifolds [42].

Under the condition (1.4), the iterates {x; }{°, of the “partially accelerated” methods
proposed in [3] will convergence fast to an optimal solution X, while nothing is known
about the convergence of non-strongly-convex blocks. In Section 2 of this work, we



improve this analysis to be able to deal with partial steps, technically non-invertible
step-length operators. We also allow the steps to be chosen stochastically. Some of
the abstract proofs that are relatively minor generalisations of those in [3], we have
left to Appendix A. From this abstract analysis, we derive in Sections 3 and 4 both
stochastic and deterministic block-proximal primal-dual methods with the novelty of
having local or blockwise step lengths. These can either be adapted dynamically to the
actual sequence of block updates taken by the method, or taken deterministically with
the goal of reducing communication in parallel implementations. As the most extreme
case, which we consider in several of our image processing experiments in the final
Section 5, our methods can have pixelwise-adapted step lengths.

The stochastic variants of our methods do not require the entire dual variable to be
updated, it can also be randomised under light compatibility conditions on the primal and
dual blocks. In the words of [38], our methods are “doubly-stochastic”. Our additional
advances here are the convergence analysis—proving mixed O(1/N?) + O(1/N) rates
of both the (squared) iterates and an ergodic gap—not being restricted to single-block
updates, and not demanding strong convexity or smoothness from the entire problem,
only individual blocks of interest.

2. A general method with non-invertible step operators

2.1. Background

To make the notation definite, we write £ (X;Y) for the space of bounded linear operators
between Hilbert spaces X and Y. The identity operator we denote by I. For T,S €
L(X;X), weuse T > S to mean that T — S is positive semidefinite; in particular T > 0
means that T is positive semidefinite. Also for possibly non-self-adjoint T, we introduce
the inner product and norm-like notations

(x,z2)r :=(Tx,z), and |x|7:= 1/{x,%)T, (2.1)

the latter only defined for positive semi-definite T. We write T ~ T" if (x,x)p_7 = 0
for all x.

Denoting R := [—00,0], we now let G : X — R and F* : Y — R be given convex,
proper, lower semicontinuous functionals G : X — R and F* : Y — R on Hilbert spaces
X and Y. We also let K € L(X;Y) be a bounded linear operator. We then wish to solve
the minimax problem

minmax G(x) + (Kx,y) — F*(y), (P)
xeX yeY

assuming the existence of a solution # = (X,y) satisfying the optimality conditions
—K*5 € 0G(X), and K% e oF*(3). (0C)

The primal-dual method of Chambolle and Pock [23] for (P) consists of iterating the
system

= (I 4 1;0G) 7 (x' — r;K*yY), (2.2a)
= o (x" — x) 4+ X (2.2b)
yi+1 = (I + 0i+16F*)_1(yi + O'i+1K.fi+1). (2.2C)
In the basic version of the algorithm, w; = 1, 7; = 79, and 0; = 0y, assuming that

the step length parameters satisfy 7y00||K|* < 1. The method has O(1/N) rate for the
ergodic duality gap. If G is strongly convex with factor y, we may accelerate

;= 1/4/1+2y7, Tiy1:= 10, and o041 = 0;/w;, (2.3)



to achieve O(1/N?) convergence rates. To motivate our later choices, we observe that
is never needed if we equivalently parametrise the algorithm by § = 1 — |K|*z09 > 0.

In [3], we extended the algorithm (2.2) & (2.3) to partially strongly convex problems.
For suitable step length operators T; € L(X;X) and 2; € L(Y;Y), as well as an over-
relaxation parameter @; > 0, it consists of the iterations

¥t = (14 T;06) ' (x' — T,K*y"), (2.4a)
J?H_l = a)i(xi—&-l _ xi) + XH_l, (24b)
Y= (L4 2 0F) 7 (Y + 2K, (2.4c)

The diagonally preconditioned algorithm of [43] also fits into this form. For specific
choices of T;, ¥;, and ®;, and under additional conditions on G and F*, we were able to
obtain mixed O(1/N?) + O(1/N) convergence rates of an ergodic duality gap, as well
as the squared distance of the primal iterates within a subspace on which G is strongly
convex.

Let us momentarily assume that the operators T; and X, are invertible. Following
[3,44], we may with the general variable splitting notation

u=(xy)
write the system (2.4) as
0e Hu' ™) + M;(u' ' — u?), (PPo)
for the monotone operator
0G(x) + K*y
H(u) T (aF*(y) —Kx )/’ (2.5)
and the preconditioning or step-length operator
7' —K*
R i
e (T 55, »

With these operators, the optimality conditions (OC) can also be encoded as 0 € H ().

Remark 2.1 (A word about the indexing). The reader may have noticed that the steps
of (2.2) and (2.4) involve T; and X; 4, with distinct indices. This is mainly to maintain
in (2.3) the identity 7;0; = 7;4+10;41 from [23]. On the other hand the proximal point
formulation necessitates x-first ordering of the steps (2.2) in contrast to the y-first order
n [23]. Thus our y**! is their y'.

2.2. Non-invertible step length operators

What if T; and ¥;; are non-invertible? The algorithm (2.4) of course works, but how
about the proximal point version (PPj)? We want to use the form (PP,), because it
greatly eases the analysis of the method.

Defining
(T, 0 B I ~T;K*
Wit = (0 2i+1> , and (fornow) L;i ;= <—55i2i+1K I ), (2.7)
the method (2.4) can also be written
Wit Hu'™ ) + Ly (w1 — ') 50. (PP)



To study the convergence of (PP), we apply the concept of testing that we introduced
in [3]. The idea is to analyse the inclusion obtained by multiplying (PP) by the testing

operator
d; 0
Ziy1:= <0 ‘I’i+1> (2.8)

for some primal test ®; € L(X;X) and dual test ¥;; € L(Y;Y). To employ the general
estimates of Appendix A, we need Z;1L; 1 to be self-adjoint and positive semi-definite.
Therefore, we allow for general L; 1 € £(X x Y;X x Y) instead of fixing the one in
(2.7), and assume that

d; —A*¥
ZiyiLis = <—A- ‘I’+11> > 0 and is self-adjoint, (Co)
1 14

for some A; € L(X;Y), (i € N). If ®; and ¥, are invertible, we can solve L;; from
(C0).
ForT € L(X;X), we define

_ [ 2IT  2TK*
oty (2 ) »
and
Aiy1(T) == Zig1Livy — Zi(Li + E4(T)). (2.10)

In practise, I' will in be given by the partial strong monotonicity or convexity of G that
we will soon discuss in Sections 2.4 and 2.5. The remainder of this manuscript by and
large consists of estimating A; 1. It measures with respect to the tests Z; and Z; 14, the
difference between the local metrics induced by the operators L; 1 and L; + =;(T'). The
first is chosen by practical considerations of algorithm realisability, while the second
one would be the theoretically desired one from the analysis in Appendix A. We begin
this work by expanding A; ;.

Lemma 2.1. Suppose (CO) holds. Then

Oipy — &I +2T,T) A
Ajpp(T) ~ [ 10 ! i+2 ) 2.11
+2(0) ( Aiy2 Yit2 — ¥ipa @1)
for
Aiyz = (Yi1ZiK — Ajyq) + (A — KT @), (2.12)

Proof. Using (C0), we have

= ®;(I + 2T;T 20, T;K* — A*
Zi+1(Li+1 + -’:i+1(r)) = ( l( l ) ili l> .

—2¥i 11211 K — Ay i1

In particular

Mool = [ Bie1 @[+ 2TD) AT = AT, — 20T
T2 i K + A — A Yii2 — ¥it1
N <c1>l-+1 — (I + 2T:T) A%, ) o
Ajt2 Vit —¥ig1) '

Example 2.1. In the standard algorithm (2.2) & (2.3), we have T; = 7;I, ; = Ti_2I, and
I'=yl,aswellas %; = o;] and ¥;.; = 1/(1 — 8) = 1/(r900|K|?). It follows that
Ait1=0.

Remark 2.2. Later on, we will need to force various expectations of A;, to equal zero.
It may already be instructive for the reader to consider how A; will be constrained when
one sets A;12 = 0, as will happen in deterministic variants of our algorithm.



2.3. Stochastic variants

Just before commencing with the i:th iteration of (PP), let us choose T; and ;1 ran-
domly, only based on the information we have gathered beforehand. We denote this
information by O;_1, including the specific random realisations of T;_; and X;. Techni-
cally O;_, is a o-algebra, and satisfies O;_; < O;. For details on the measure-theoretic
approach to probability, we refer the reader to [45], here we merely recall some basic
concepts.

Definition 2.1. We denote by (Q,0,P) the probability space consisting of the set Q
of possible realisation of a random experiment, by O a c-algebra on Q, and by P a
probability measure on (Q,0). We denote the expectation corresponding to P by E,
the conditional probability with respect to a sub-c-algebra O’ O by P[ - |O’], and the
conditional expectation by E[ - |O'].

We also use the next non-standard notation.

Definition 2.2. If O is a o-algebra on the space Q, we denote by R(O; V) the space of
V-valued random variables A, such that A: Q — V is O-measurable.

We frequently abuse notation, and use A as if it were a variable in V. For example,
T; € R(O;; L(X; X)), but we generally think of T; directly as an operator in £(X; X).
Indeed, in our work, random variables and probability spaces only become apparent
in the expectations E, and probabilities P, otherwise everything is happening in the
underlying space V. The spaces R(O;V) mainly serve to clarify the measurability
with respect to different o-algebras O;, that is, the algorithm iteration on which the
realisation of a random variable is known.

O; thus includes all our knowledge prior to iteration i, with the interpretation that
the random realisations of T; and X, are also known just before iteration i begins.
Formally

Ti e R(O;; L(X;X)), and X415 € R(0;; L(Y;Y)).

Assuming that also ®; € R(O;; L(X;X)) and ¥;11 € R(O;; L(Y;Y)), we deduce from
(PP) that x'*1 € R(0;;X) and y'*! € R(O;;Y). We say that any variable, e.g., x'T! €
R(0;; X), that can be computed from the information in O; to be deterministic with
respect to O;. Then in particular E[x'*!|Oy] = x'*! for all k > i.

2.4. Basic estimates on the abstract proximal point iteration

To derive convergence rate estimates, we start by formulating abstract forms of partial
strong monotonicity. As a first step, we take subsets of operators

T < LIX;X), and Sc L(V;Y).
We then suppose that 0G is partially strongly T -monotone, which we take to mean

(0G(x") = 0G(x), T*(x' —=x)) = [« = x4, (X' €X;TeT) (G-PM)

for some linear operator 0 < I' € £(X;X). The operator TeT actsasa testing operator.
Similarly, we assume that 0F* is S-monotone in the sense

(OF*(y") — 0F*(y).,=*(y' —y)) =0, (3.y eY;ZeS). (F*-PM)

Example 2.2. G(x) = 3||f — Ax|? satisfies (G-PM) withT = A*Aand 7 = L(X;X).
Indeed, we calculate (VG(x') — VG(x),T*(x' — x)) = (A*A(x’ — x),T*(x' — x)) =

" — x||% .
T



Example 2.3. If F*(y) = >.;_, F}(y¢) fory = (y1,...,ya) with each F} convex, then F*
satisfies (F*-PM) with S = {>;_, BrQ¢ | B¢ = 0} for Qry := y;. Indeed, the condition
(F*-PM) simply splits into separate monotonicity conditions for each JF}, (¢ = 1,...,n).

The fundamental estimate that forms the basis of all our convergence results, is the
following. We note that the theorem does not yet prove convergence, but to do so we
have to estimate the “penalty sum” involving the operators A, , as well as the operator
ZN+1Ln+1. This is the content of the much of the rest of this paper. Moreover, to
derive more meaningful “on average” results in the stochastic setting, we will take the
expectation of (2.13).

Theorem 2.1. Let us be givin K e L(X;Y), aid convex, proper, lower semicontinu-
ous functionals G : X — R and F* : Y — R on Hilbert spaces X and Y, satisfy-
ing (G-PM) and (F*-PM) for some 0 < T € L(X;X). Suppose the (random) operators
T;,®; € R(O,,L(X,X)) and Zi—i—l,\Pi-‘rl € R(OZ,L(Y, Y)) satisfy D, T; € R(Ol,T) and
¥, 11211 € R(0;;8S) foreachi € N. If, moreover, (C0) holds, then the iteratesu® = (x',y")
of the proximal point iteration (PP) satisfy for all N > 1 the estimate

N-1 N-1
N_ & : ' ~ i1~
PR S 7 A [T AU Sl At
i=0

i=0
(2.13)

As the proof is a relatively straightforward improvement of [3, Theorem 2.1] to
non-invertible T; and ¥;, we relegate it to Appendix A.

2.5. Estimates on an ergodic duality gap

We may also prove the convergence of an ergodic duality gap. For this, the abstract
monotonicity assumptions (G-PM) and (F*-PM) are not enough, and we need analogous
convexity formulations. We find it most straightforward to formulate these conditions
directly in the stochastic setting. Namely we assume for all N > 1 that whenever
T, € R(0;;7) and x' ™! € R(O;; X) foreachi = 0,...,N — 1, and that >N ' E[T;] = I,
then for some 0 < T € L(X;X) holds

N-1 N-1
S i ~ i Tk (i o L i 2
G (2 E[T*x +1]> ~G(®) > 2 E [<ac<x LT - R) + o fx - xI%F] :

i=0
(G-EC)
Analogously, we assume whenever >;,; € R(0;;S) and y'*! € R(O;;Y) for each
i=0,...,N—1with YN 'E[3;;,] = I that

N-1 N-1
F* (2 [E[i;:lyl‘“]) ~F'§) > 3 E[@F (), 35,0 - 9] Q)
i=0 i=0

If everything is deterministic, (G-EC) and (F*-EC) with N = 1 imply (G-PM) and
(F*-PM).

Example 2.4. If iiﬂ = 0;4+1] for some (random) scalar &;, 1, then it is easy to verify
(F*-EC) using Jensen’s inequality. We will generalise this example in Section 3.2.

Further, we assume for some 7; > 0 that
E[Tf®;] = fil, and E[¥i 2] =ml, (i>1), (CG)
and for

N-1
Inv = ) 7 (2.14)
i=0



define the ergodic sequences

N—1 N—1
Xy ={y'E [Z Ti*CI’fol] , and Py = 'E [Z Z;-“H‘I’i";ly”l] . (2.15)
i=0

i=0

These sequences will eventually be generated through the application of (G-EC) and
(F*-EC) with T; := ®;T; and X; := ¥;3;. Finally, we introduce the duality gap

G(x,y) == (G(x) + {(3.Kx) = F(3)) — (G(X) + (y.KX) — F*(y)). (2.16)
Then we have:

Theorem 2.2. Let us be given K € L(X;Y), and convex, proper, lower semicontinuous
functionals G : X — R and F* : Y — R on Hilbert spaces X and Y, satisfying (G-PM),
(F*-PM), (G-EC) and (F*-EC) for some 0 < T € L(X;X). Suppose the (random) operators
T;,®; € R(Oi; L(X;X)) and 241, %41 € R(Oi; L(Y;Y)) satisfy ©;T; € R(O;;T ) and
¥ 112i+1 € R(O;; S) for each i € N. If, moreover, (C0) and (CG) hold, then the iterates
u' = (x',y") of the proximal point iteration (PP) satisfy for all N > 1 the estimate

N-1

E HxN - 5C\HZZN+1LN+1 T Z Hui-H o uiHZZi-HLi+1 T é‘/Ng(%N’)N/N)
i=0

N—-1
< u® = alZp, + D) E[e™ —al} ol (@17)
i=0

Again, the proof is in Appendix A.

Remark 2.3. The difference between A;,(I'/2) and A;;»(T) in (2.17) and (2.13) corre-
sponds to the fact [23,46] that in (2.2) we need slower w; = 1/4/1 + y7; compared to
(2.3), to get O(1/N?) convergence of the gap. The scheme (2.3) is only known to yield
convergence of the iterates.

2.6. Estimates on another ergodic duality gap

The condition (CG) does not hold for the basic non-stochastic accelerated method (2.2)
& (2.3), which would satisfy 7;¢; = o; for a suitable constant { and ¢; = T;z; see
Example 2.1. We therefore assume for some 7j; € R that

[E[Tl*q);k] = ﬁ,‘I, and [E[‘I’,Zl] = ﬁ,‘[, (l Z 1), (CQ*)
and for
N—1
Len = ) Tl (2.18)
i=1
define

N-1 N-1
Xe N 1= {;}V[E [Z Tl-*CD;-kxi“] , and Jy N = {;}\,[E [Z ZT‘I’;"yi] . (219)
i—1

i=1

These variables give our new duality gap. Our original ergodic variables will however
turn out to be the only possibility for doubly-stochastic methods. The convergence
result is:

Theorem 2.3. In Theorem 2.2, let us assume Eq. (CG.) in place of Eq. (CG). Then (2.17)
holds with {4 NG (X4 N, Y«.N) in place of (NG (XN, YN )-



Once again, the proof is in Appendix A.

Remark 2.4. Technically, in Theorems 2.1 to 2.3, we do not need T;, ®;, ¥;;1, and
¥+ deterministic with respect to O;. It is sufficient that T;,®; € R(O; L(X;X)) and
Sit1,¥ir1 € R(O; L(Y;Y)) satisfy &,;T; € R(O; T ) and ¥ 41241 € R(O;S) for each
i € N. For consistency, we have however made the stronger assumptions, which we will
start needing from now on.

2.7. Simplifications and summary so far

We assume the existence of some fixed § > 0, and bounds bi+2(f) dependent on our
choice of T € £(X;X) such that

oD; 0
E[Zit2Lit2|O0i] = < (;H 0>, and (C1)
E[Ju'"" - LA‘HZHZ@] <E[Ju™ — '3, 1, ]+ bie(D), (ieN).  (C2)

Then we obtain the following corollary.

Corollary 2.1. Let us be given K € L(X;Y), and convex, proper, lower semicontinuous
functionals G : X — R and F* : Y — R on Hilbert spaces X and Y, satisfying (G-PM)
and (F*-PM) for some 0 < T € L(X;X). Suppose (C0), (C1), and (C2) hold for some
random operators T;,®; € R(O;; L(X;X)) and 211, ¥i+1 € R(O;; L(Y;Y)) with ®;T; €
R(0;;T ) and ¥ 11341 € R(O;; S) for each i € N. Assuming one of the following cases
to hold, let

07
N = L ING(XNLIN),
g*,Ng(%*,N$5}/*,N)’

b

/2;(G-EC), (F*-EC) and (CG) hold
/2;(G-EC), (F*-EC) and (CG.) hold.

1R R
Il
— =

Then the iterates u’ = (x',y") of the proximal point iteration (PP) satisfy

N-—-1
SE [N — %3] +gn < |u® =%, + D, bisa(T) (2.20)
i=0

Proof. We take the expectation of the estimate of Theorem 2.1, and directly use the
estimates of Theorems 2.2 and 2.3. Then we use (C1) and (C2). O

2.8. Interpreting the conditions

What do the conditions (C0), (C1) and (C2) mean? The condition (C1) is actually a
stronger version of the positivity in (C0). If ®;,, is self-adjoint and positive definite,
using (C0), for any é € (0,1) we deduce

®;; —A* 011 0
. ) = B . @21
it2Llita <_Ai+1 ¥y 0 Yiio — ﬁAi"‘l@i-‘:lAEl ( )

Thus the positivity in (C0) is verified along with (C1) if for some & € (0,1) holds
(1—68)¥ip1 =A@, 'AT and ®; >0, (ieN). (Cc1)

Regarding (C2), we expand

2
Ai2(T)
(2.22)

O il A P S Ui U DI Ul

( (



Standard nesting properties of conditional expectations, since u'*! € R(0;; X x Y) and
u' € R(O;_1;X x Y), show
i+1 2 _ i+l ig2 R
E [Hu uHA +z(f)] [E[Hu “ H[E[AiJrz(TﬂOi]
+ 2<ul+1 — ul’ul — a>E[A;+2(f)|O;] (2,23)
i o2 ~
* Ju u”[E[AH—Z(r)‘Oi—I]]‘
Further using (2.11), we see for O’ = 0;,0;_, that
E[®;, — ®:(I + 2T,T)|0'] E[A*,,|0'] >
E 0 i+ 1 i i+2 .
@0 = (7 20O e 4 oy

If the off-diagonal satisfies

E[Ai+20:](x"*! —x") =0, (2.24a)
E[AT,,|0:(y"" —y') =0, and (2.24b)
E[A};,]0i-1] = 0, (2.24c)

we may simplify (2.23) into

E [””iﬂ iy, +z(f)] - [E[me = e, —a,reamiyion

+ [y -y H[E[\IIHZ—‘I'HMOJ

+adx = xl 5C\>[E[q)i+1_q)i(1+2’]‘if)|0i]
+ 2" =Ly = DEw w01

i o2
+ Hx xH[E[q)i+1—¢ (I+2T:1)| 0]

BEPNIP
v = y‘|[E[‘Pi+2_“Pi+l|Oi71]]'
For any operator M € L(X;X), defining 0 < |M| € L(X;X) as satisfying
Gexoan < lxlpn [ lag, - (o € M),

we obtain by Cauchy’s inequality for any «;, f; > 0 that

E |:Hui+1 uHZ N ] < [E|:Hxi+1 _ xiHZ

A; +z(r) q>l+1 (I) (I+2T, )|O ]+0{,||E[q)l+1 (I) (I+2Tl )|O ]l

i1 g2

+ 1y y ||[E[‘Fi+z—‘l’i+1|0i]+/3i|[E[‘1’i+2—‘I’i+1|0i]|
D

+xi =% N B ~

N2
v y”[E[‘I’i+2*‘1’i+1|0i71]+ﬁf1|[E[‘1’i+2*‘1’i+1\Oi]l].
(2.25)

Recalling the definition of A;; in (2.12), the off-diagonal conditions (2.24) may be
written

E[\Pi+12i+1K — Ai+1 + Ai — KTI*(DT’O,] (XH_I i) =0, (CZ/.a)
E[K*S5 ,¥F, — AT + AT — &, TK|O;]y" ' —y') =0, (C21.b)
|E[\Ill+1zl+1K Al+1 + A KT (D*|Ol 1] 0. (CZ/C)
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Using (2.21) on the right hand side, and (2.25) on the left hand side of (C2), we see that
(C2) is satisfied if in addition to (C2/.a)-(C2/.c), we have some bounds b7, ,(T'),b) , € R
such that
i1 2
Eflx X 0,1y (127, O+ s E[ 13— (12T, D) 1] =5

i o2 x (T
- XH[E[cbiJrl_CDI‘(I"FZTif)loifl]-i—a;l||E[(Di+l—®i(1+2Tif)‘Oi]|] < bip,(T), (C2r.d)

and

i+1 P2
[E[Hy -y ||[E[‘I’i+z—‘1’i+1|0i]+ﬁi|[E[‘1’i+z—‘I’i+1|0i]|

<b)

o (C2re)

i 52
vt = yHE[‘PHz—‘PHl|0i71]+l3f1|fE[‘1’i+z—‘1’i+1|0i]|]
The bounds b +2(IN") and bY '+, clearly exist if the iterates stay bounded, or if the con-
ditional operator expectations stay negative semi-definite. The achieve the latter, we
need to choose the testing operators ®; and ¥; suitably. We do this in the following
sections for practical block-coordinate descent algorithms. First, to conclude the present
derivations:

Corollary 2.2. We may in Corollary 2.1 replace (C1) and (C2) by (C1’) and (C2/).

3. Block-proximal methods

To derive practical algorithms, we need to satisfy the conditions of Corollary 2.2. To do
this, we employ ideas from the stochastic block-coordinate descent methods discussed in
the Introduction (Section 1). We construct T; and X;,; to select some sub-blocks of the
variables x and y to update. This way, we also seek to gain performance improvements
through the local properties of G, F*, and K.

3.1. Structure of the step length operators

Let Py,...,P, be a collection of projection operators in X, with ij:l P; = I and
P;P; = 0ifi # j. Likewise, suppose Qs,...,Q, are projection operators in Y such
that >, Q¢ = I and Q;Qx = 0 for k # . With this, for j € {1,...,n} and a subset
S c {1,...,m}, we denote

V(j) == {€e{1,....n} | QKP; # 0}, and V(S) =[]V

jeS
For some {¢;:}7L . {e,i+1}7_, = R(Oy;(0,00)), we then define
;= Z $;iPj, and ¥y := Z Ve,iv1Q¢- (S-@¥)
j=1 =1

We take random subsets S(i) < {1,...,m},and V(i + 1) < {1,...,n}, deterministic
with respect to O;, and set

Tyo= Y. 5Py and Sigi= > 00iQe (i 20). (S-T%)
JjeS(i) eV (i+1)

We assume that the blockwise step lengths satisty {7 ;+1}7 . {o¢,i+2}7_; = R(O;;(0,00)).
Then all ®;, ¥; 1, T;, and X; are self-adjoint and positive semi-definite.
Finally, we introduce 7;; := 7;,; xs(;)(j) and 6¢,; := o, xv(;)(£), as well as denote by

Tj,i = [FD[] € S(l) ’ Oi—l]s and Vei+1 = P[f € V(l + 1) ‘ Oi—l]a

the probability that j will be contained in S(i) and, respectively, that £ will be contained
in V(i + 1), given what is known at iteration i — 1.
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3.2. Structure of G and F*

We assume that G and F* are (block-)separable in the sense

G(x) = > G;(Px), (S-G)
j=1
and "
F*(y) = > F}(Qey). (S-F*)
=1

With 7 := {372, ;P; | t; > 0}, and S := {33;_, 5¢Q¢ | s¢ > 0}, the conditions (G-PM)
and (F*-PM) then reduce to the strong monotonicity of each 0G; with factor y;, and
the monotonicity of each 0F,. In particular (F*-PM) is automatically satisfied. Thus
[ =37, y;Pj. We also write I = DUt YiP.

Let us temporarily introduce T; := L1 T = 0, satisfying SN VE[] = 1 for
each j = 1,...,m. Splitting (G-EC) into separate inequalities over all j = 1,...,m, and
using the strong convexity of G;, we see that (G-EC) holds if

N-1 N-1
G (Z E[?j,ipjxi“]) —Gi(PR) = Y E[% (G = G®)], (i=1....m).

i=0 i=0
(3.1)
The right hand side can also be written as §,x G;(Pjx'()) — G;(P;x) dp™ (i,w) for the
measure gV :=7; YN 1 8; x P on the domain QN := {0,...,N — 1} x Q. Using our
assumption YN ' E[Z;;] = 1, we deduce gV (QN) = 1. An application of Jensen’s
inequality now shows (3.1). Therefore (G-EC) is automatically satisfied. By similar
arguments we see that (F*-EC) also holds.

We now need to satisfy the conditions of Corollary 2.2 for the above structural setup.
Namely, we need to satisfy (C0), (C1"), and (C2/) to obtain convergence estimates of the
primal iterates, and we need to satisfy either (CG) or (CG.) to obtain gap estimates. We
divide these verifications into the following subsections Sections 3.3 to 3.6, after which
we summarise the results in Section 3.7.

3.3. Satisfaction of the off-diagonal conditions (C27.a)-(C2/.c) and either (CG) or (CGx)

Expanded, L;;1 solved from (C0), and the proximal maps inverted, (PP) states

K= (T4+ T00) 7 (¢ + & AT (v = y') = iK™y, (3.22)
Y = (14 T dF) 0 YA ) Sk (32b)

To derive an efficient algorithm, we have to be able to solve this system easily. In
particular, we wish to avoid any cross-dependencies on x'*! and y’*!
steps. One way to avoid this, is to make the first step independent of y'*!. To do this,
we could enforce <I>l._1A’lf‘ = T;K*, but this can be refined a little bit, as not all blocks of
y'*1 are updated.

Moreover, to simplify the treatment of (C2/.a) and (C2/.b), and for S(i) and V(i + 1)
to correspond exactly to the coordinates that are updated, as one would expect, we
enforce

between the two

x;+1 = x}, (j¢S(i)), andlikewise (C-cons.a)
)’éﬂ — ¥, (¢ V(i+1)). (C-cons.b)
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Let us take

Z Z Ag,j,ngKPj for some Ag’j’i € R(Oi, [0,00)) (S-A)
J=1eeV(j

If (C-cons) and (S-A) hold, then (C2/.a)-(C2/.c) follow if

N . je S(i),
El[A¢,j,i+1|0:i] = Veiv16¢,i+1 + Aejii — )it i { Jge (\(/()j) (3.3a)
. N teV(i+1),
E[A¢j,i+110i] = Ye,iv16¢i+1 + Aeji — 95T { je (V(fl(f)? (3.3b)
R j=1,...,m,
E[Acj.i+110i-1] = E[Yriv16¢,i11 + Aeji — $j.iz;,|0i1), teV() (3.3¢)
We set

Aeji+1 = Yeit16¢i+1 + Aeji — 9jitjis

and using (3.3a) and (3.3b), compute

E[Ae.j.i+1]0i-1] = E[E[A¢,),i+1|0:]|0i-1]
[ [Afj i+1|0']XV(i+1)(€)|Oi 1]
E[E[Ae,1,i+1]0:](1 = Xv(i41)(€)) Xs5(1) (/) |Oi-1]
E[E[Ac,j,i+1]0:](1 = xv(it1) (5))(1 = xs@)U))[0i—1]  (3.4)
= [E[Afji+1XV(i+1 (0)|0i-1]
+ [E[/VJ i+1(1 = xv(i+1)(€)) xs(i) () |Oi-1]
E[E[Ac,j,i+10:](1 = xv(i+1) (€) (1 = xs(1) (1) Oi-1].
If
Aeji =0, (jgS@)ort¢V(i+1)), (3.5a)

we obtain

E[Ac,.i+1]0i-1] = E[Ae,, i+1Xv(i+1) (€)|Oi-1]
+ E[Aeji41(1 = xv(i+1) () xs(o) 6)|Oia]-
Together this and (3.4) show that (3.3¢) holds if (3.3a) and (3.3b) do along with
E[E[A.7,i4110:](1 = xv(i+1)(€) (1 = x5y (1)0i-1] =
From this, it is easy to see that (3.3) holds if (3.5a) does, and
E[A¢,j,i+1|10i] = Veiv16ei+1 + Aeji — ¢jitie, (=1,...,m; £ € V(j)). (3.5b)
For a specific choice of A ;, we take S(i) = S(i), V(i+1) € V(i + 1), and set
Mg = bitiaxsy ) — Veisidtantin (@ (VG ®RD)
For A j,; to take values that allow the straightforward computation of (3.2), we assume
VIV(i+1) n VHV(S3))) = 0. (C-nest.a)
It is then easy to see that (C-cons) and the easy computability of (3.2) demand

S(H)=SG) vV (V(i+1)), and V(i+1)=V(i+1) uV(S(@). (Cnestb)
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Assuming (C-nest) to hold, clearly the choice (R-1) satisfies (3.5a), while (3.5b) follows
if
Elde.i+110i] = Yeit160i41(1 = xy(i44)(0) = $iifi(1 = x5y ), (€€ V().
Inserting (R-1), we see this to be satisfied if for some 7,11 € R(O;; (0,00)) holds
Elds.i+187i41 X501 DO = Mis1 — ¢1.i%5.i(1 = x5, () =0, and  (C-step.a)
E[Ye.iv26eivaXi(iye) (OO0 = niv1 = Yeir16ei41(1 = xy(4q)(£)) = 0, (C-step.b)
withj=1,...,m;{=1,...,n;and i > —1, taking
S(=1) ={1,...,m}, and V(0) = {1,...,n}. (C-step.c)

If the testing variables ¢; ;11 and ¥, ;12 are known, (C-step.a) and (C-step.b) give
update rules for 7 ;1 and oy ;2 when j € S(i+1) and, respectively, £ € V(i+2). To cover
JES(i+1)\S(i + 1) and £ € V(i + 2)\V (i + 2), for some %, ,,n% ., € R(O;:[0,0)),
we demand

E[¢7.i15,41(1 = X5, U))O] = 117511, and (C-step.d)
E[Y¢,i+26¢,i+2(1 — XV (i+2) (0))|0i] = ’7#,141- (C-step.e)

Then
E[¢).i18i41] = E[Mit1 + niyy — 7], and (3.6a)
EYe,i262,i+2) = E[Miv1 + Mg iy — Nei)- (3.6b)

The condition (CG) is satisfied if E[¢; ;1+17},i+1] = f: = E[Yr,i+26¢,i+2]- This follows
if
ﬂf[nii — ryii] = 77L := constant. (C-n)
We therefore obtain the following.

Lemma 3.1. Let us choose A; according to (S-A) and (R-A). If (C-nest), (C-step), and
(C-n") are satisfied, then (C2/.a)~(C2/.c) and (CG) hold, as does (C-cons).

We will frequently assume for some € € (0,1) that

o : eni - min; (7m0 — 7) = 07
i—n; are non-decreasing, and . . St (C-n)
i ’71- i -ming(veip1 — Veiv1) = No.i

o,i

This ensures the non-negativity conditions in (C-step.a) and (C-step.b), while simplifying
other derivations to follow. In fact, the condition suggests to take either both ryii and
ni’i as constants, or to take ’7#,141 = ryi-’l. =: cn; for some ¢ > 0 such that the non-
negativity conditions in (C-step.a) and (C-step.b) are satisfied. Note that (C-7) guarantees
7i = E[ni]. ]

If we deterministically take V(i + 1) = (&, then (C-step.e) implies r]ii = 0. But
then (C-step.b) will be incompatible with (3.6b). Therefore V(l + 1) has to be chosen
randomly to satisfy (CG). The same holds for S (i). Thus algorithms satisfying (CG) are
necessarily doubly-stochastic, randomly updating both the primal and dual variables, or
neither.

The alternative (CG..) requires E[¢; i+17ji+1] = fi+1 = E[¥¢,i+16¢,i+1]. This holds
when

1L 1
[E[’Yi+1 + Ui_,i-i-l - Ui_,i] =ni= [E[’7i + N5 — ’70,1’—1]-
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It does not appear possible to simultaneously satisfy this condition and the non-negativity
conditions in (C-step.a) and (C-step.b) for an accelerated method, unless we deterministi-
cally take V(i+1) = (& for all i. Then (C-step) and (C-nest) imply V(i+1) = {1,...,n},
S(i) = S(i), as well as qii = 0, and Ué_,i-&-l = n;. This choice satisfies (C-) if i — n; is
non-decreasing and positive. Conversely, choosing ryf{i and ni’ ; this way, and taking
the expectation with respect to O;_; in (C-step.b), we see that V(i + 1) = . This says
that to satisfy (CG.), we need to perform full dual updates. This is akin to most existing
primal-dual coordinate descent methods [32,34,35]. The algorithms in [36-38] are more
closely related to our method. However only [38] provides convergence rates for very
limited single-block sampling schemes under the strong assumption that both G and F*
are strongly convex.
The conditions (C-step) now reduce to

¢j,i+1Tj,i+17Tj,i+1 = Ni+1, (j =1,... ,m), and (C—step’.a)
Ve.iv106i+1 = Ni+1 (¢=1,...,n). (C-step’.b)

Moreover Az j; = ¢j.itj,i X3(i) (j). Clearly this satisfies (C-cons) through (3.2). In sum-
mary:

Lemma 3.2. Let us choose A; according to (S-A) and (R-1). If we ensure (C-step’), take
;ﬁi = 0 and ni i+1 = i, and force

o

S(i)=5S3G), V(i+1)=¢, and V(i+1)={1,....,n},

then (C-nest) and (C-step) hold, as do (C2/.a)~(C2/.c), (CG..), and (C-cons). Ifi — n; > 0
is non-decreasing, then (C-1) holds.

3.4. Satisfaction of the primal penalty bound (C2/.d)

Split into blocks, the conditions asks for each j = 1,...,m the upper bound

Eqziv2(7) %" = 12 + hyiva (7)) %] — %1] < 0342 (7), (3.7)
where
Give(¥5) == (Eljivr — 97.:(1 + 22;,:77)|O4] (35)
+ aiE[¢jiv1 — 4. (1 + 22,,:77)|0i]] — 8¢.4) xs iy )
and
hjiv2 (Vi) o= E[$jir1 — ¢1.i(1 + 22;,:77)[O0i—1] 59)
+ o [E[ggie1 — 9ii(1 + 225,7)|04] .
We easily obtain from (3.7) the following lemma.
Lemma 3.3. Suppose for some Cy > 0 either
Hx]’:le — %P <Cy, or (C-xbnd.a)
hjiva(y;) <O and gqjiv2(y;) <O, (C-xbnd.b)

forallj =1,...,mandi€ N. Then (C2/.d) holds with bf+2(f) =0 b i12(¥)) for any

bii42(Vi) = 4CxE[max{0,q;,i12(y;)}] + CxE[max{0, hj;+2(¥;)}]- (3.10)
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Nlbx

.,(T'), we define for convenience

Since Corollary 2.2 involve sums ) ;

N—

Z (7). (3.11)

We still need to bound E[max{0,q; ;+2(Y;)}] and E[max{0,h; ;1(y;)}]. We do this
through primal test update rules, constructing next two possibilities.

Example 3.1 (Random primal test updates). For some constant p; > 0, let us take

i = $ii(1 + 275%7.0) + 2057 x5 (i) () (R-¢rnd)

Note that ¢; ;11 € R(O;; (0,00)) instead of just R(O;1; (0,00)), as we have assumed so
far. If we set p; = 0 and have just a single deterministically updated block, (R-¢rnd) is
gives the standard update rule (2.3) with the identification ¢; = 7, *. The role of p; > 0
is to ensure some (slower) acceleration for non-strongly-convex blocks with y; = 0.
This is necessary for convergence rate estimates.

We compute

Qi+2(¥) =201+ @) = 8¢50) xsy () < 2(1 + @)z xs(iy (j),  and
(3.12a)

hjis2(¥7) = 2057, Elxs (i) (1)10i—1] + 207 pjm; Bl xs (o) ()O3]. (3.12b)

This implies that (C-xbnd.b) holds if p; = 0. Taking the expectation, we compute

E[max{0,q;;+2(y;)}] < 2(1 + @;)p;, and (3.13a)
E[max{0,h;,i+2(7)}] = 2(1 + & ") p;. (3.13b)

Choosing «; = 1/2 and using (3.13) in (3.10), we obtain:

Lemma 3.4. If (C-xbnd.a) holds, take p; = 0, otherwise take pj = 0, (j = 1,...,m). If we

define ¢;,i+1 € R(O;; (0,00)) through (R-¢rnd), then we may take b7, ,(y;) = 18Cxpj.

~

In particular (C21.d) holds, and dJ’.fN(yj) = 18Cxp;N

Remark 3.1. In (R-¢rnd), we could easily replace rj; = pjﬁj_ll)(s(~) (j) by a split version
rii = pjT;, )(5( )( )+ p; L — )7t Xs(in\§(i )( j) without destroying the property
[E[rj,i]Oi,l] = pj+p; =i pj.

The difficulty with the rule (R-¢rnd) is, as we will see in Section 4, that 1,1 will depend
on the random realisations of S(i) through ¢; ;1. This will require communication in a

parallel implementation of the algorithm. We therefore desire a deterministic update
rule for 77;,1. As we will see, this can be achieved if ¢; ;1 is updated deterministically.

Example 3.2 (Deterministic primal test updates). Let us assume (C-step) and (C-7) to
hold, and for some p; > 0 and j; € [0,1)}; take

i1 = Pji + 2(1jmi + py)- (R-¢det)
Since n; € R(Oi—1;(0,0)), we see that ¢; ;11 € R(O;—1;(0,0)). In fact, ¢;j ;1 is

deterministic as long as n; is chosen deterministically, for example as a function of
{$).i}j,. Since i — ryii is non-decreasing by (C-7), (C-step) gives

E[1.177.410i—1] = mi + s — 0iyp = i (3.14)
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Abbreviating y; ; := }7j+pj17i_1, we can write ¢ ;11 = @; ; +2y; ;1;. With this, expansion
of (3.9) gives
hiive(¥7) = 2Elygimi — Vi9y.i%3.:10i-1] + 205 ' [Elyims — ¥ighital Ol

2(yj.i — Vi + 20 |yin: — Vir.itsil

201+ a; Dps +2(7 = ¥i)mi + 20 i — Vidyatyal.

NN

Forcing
a; |y = Vidratial < (7 = 7i)mis (3.15)
and taking the expectation, this gives
E[max{0.h; i12(7))}] < 2(1 +; ')p;- (3.16)
If )7]?], > 7j¢j,ifj,is (3.15) holds when we take
a; = 0(1',1 = n’%}ln )7]/(?] — )7]) (317)

Otherwise, if y;jn; < yj¢;.i%},i, for (3.15) to hold, we need

V-V D
I ;’) ni. (3.18)

$j,itji < <a,~ —

Yi Vi

~ o1 -
YiTtii — Vi
ap =02 =max | ———— | »
J Vi — Vi

we see that (3.18) holds if ¢; ;7j,; < 7"[;1.117,-. We have to consider the cases j € S(l) and
j € S(i)\S(i) separately. The conditions (C-step.a) and (C-step.d) show that

Taking

b1.itiimni g U) < mi and @ity — 25.0) (1= x5 0) < 1

Using (C-7) in the latter estimate, we verify (3.18) (provided or not that 7; ; > 0).
Next, we expand (3.8), obtaining

@.i+2(75) = (2E[yz.imi — ¥i9).i%7.:10:] + 2a:|Elys.imi — ¥Vi$1.i%.:10:]] — 865.i) xsiy ()
= (2(yjimi — Vi$jitii) + 2ailyiimi — ¥idjitiil — 665.:) xs( ()
< (21 + ai)pj + 2(7mi — Vidyitii) + 2ailpini — Viditiil — 865.:) xs() (U)-

Again, as n; and ¢; ;7;; will be increasing, we want

2(yimi — Vibj.ityi) + 2ealyini — ¥igiitiil < 8¢j.i,  (j € S(i)). (3.19)
Then
Elgj.i+2(75)] < 2(1 + ai)p;. (3.20)

We only need to consider the case y;n; > Y;¢;.i%j,i, as (3.19) is trivial in the opposite
case. Then «; is given by (3.17). With this the condition (3.19) expands into

ViV
ji=7=0 or

m <8¢y (eSG)ieN). (C-det)

Vi J

In summary:
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Lemma 3.5. Suppose (C-step), (C-n), and (C-pdet) hold. If (C-xbnd.a) holds, take pj = 0,
otherwise take p; = 0, (j = 1,...,m). Let ¢; ;11 € R(Oi—1; (0,0)) be defined by (R-¢det).

Then we may take

biio(7) = max (2(1+4a ")piCx + 8(1+ a)p;Cy).

aA=0xi,1,%i,2

In particular, if rj; > € > 0 foralli € N, and some € > 0, then there exists a constant
Cy > 0 such that (C2/.d) holds with dij(Y]) = pjCxCyN.

Proof. We see from (3.16) and (3.20) that (C-xbnd.b) holds if we take p; = 0. Therefore
(C-xbnd) always holds. The expression for b7, ,(y;) now follows from Lemma 3.3. For
the expression of d]’.“ ~(¥7), we note that the condition 7 ; > € > 0 bounds a; 5. O

Remark 3.2. In the rule (R-¢det), we could replace n; by n; + r]f’i — ’#—1,& cf. (3.14).
3.5. Satisfaction of the dual penalty bound (C2/.e)

To satisfy this bound, we make assumptions similar to Lemma 3.3.

Lemma 3.6. Suppose

E[e,i+2|0i] = E[Yr,i+1]0i], (€ =1,...,n). (C-yinc)
as well as either
ly, "t =9e? < ¢y, or (C-ybnd.a)
E[Yeive — Yeit1|0i] =0, (j=1,....miieN), (C-ybnd.b)
Then (C2/.€) holds with b _, = >.7_, b;{,iﬂ where
bi{-ﬂ := 9C, E[Yr,ive — Ye,iv1] (3.21)

For convenience, we also define the sum
N—-1
& = Db, = 9CE[Yen i1 — Yrol- (3.22)
i=0

Proof. (C-yinc) implies |E[¥;+2 — ¥i+1|0i]| = E[¥it2 — ¥i41]|0;i] = 0, so (C2/.e) be-
comes
i+1 P2 —1\|,,i _ 52 y
[E[(l + Bi)y -y |‘|E[q/i+2_\lji+l|oi] +(1+ /3,- Ny' — Y"[E[\yi+2_\yi|oi_l]] < bi+2-

In other words, for each block £ = 1,...,n should hold
i+1 P N AP y
[E[(l +‘Bi)Hy‘l’ _yéH[E[l//f,Hz—W,HﬂOi] +(1 +’Bi )H)’é _yeH[E[‘//(’,iwLZ_\P(?,i'Oi—l]] < bt”Hz'

Taking f5; = 1/2 and estimating (3.23) with (C-ybnd) gives (3.21). O

3.6. Satisfaction of the positivity condition (C1’)
This requires (1 — §)¥; 41 = Aid)i_lAf, which can be expanded as

n

n m
(1-96) Z Yeiv1Qc = Z At jitkji$;; QeKPiK* Q. (3.23)
=1 Jj=1¢k=1

To go further from here, we require the functions x, introduced next. After a general
lemma that follows from the properties of the k., we look at specific constructions.
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Definition 3.1. Writing # := {Py,...,Pp},and Q := {Q1,...,0Qn}, we denote (k1,...,k,) €
K (K,P,Q) if each k¢ : [0,00)™ — [0,00), (( = 1,...,n), is monotone and we have

(i) (Estimation) The estimate

Z Z }/f i/zQ KP,K*Q < Z ke(zeas- - 2em) Qe (C-k.a)

£,k=1 =1

(ii) (Boundedness) For some k > 0 the bound
Ke(Z1s- - s2Zm) <EZ z;. (C-x.b)
j=1

(ili) (Non-degeneracy) There exists k > 0 and ¢*(j) € {1,...,n} with
Kzjx < Kex(j) (210 02Zm),  (J€{L....m}). (C-k.c)
Lemma 3.7. Let (ky,...,k,) € K(K,P,Q). The condition (C1’) then holds if

(1=08)riv1 = xe(.. )L%Jl ]_l, ), (=1,...,n). (C-ky)

Proof. Clearly ®;, is self-adjoint and positive definite. The remaining condition in

(C1') is equivalent to (3.23), which follows from (C-«.a) with z¢ j := {,] lqﬁj_l . O
Example 3.3 (Simple structural k). Using Cauchy’s inequality, we deduce
n n
3 225 0KPK Qe < Y 205a0Qe (= 1...m), (3.24)
6,k=1 =1

for acj := ||Q¢KP;j||* - #V (j). Thus (C-x.a) and (C-x.b) hold with ¥ = max; a,; if we
take

m

K[(Zl,. .. ,Zm) = Z zjae,j.

j=1
Clearly x, is also monotone. If min;#V(j) > 0, then also (C-x.c) is satisfied with
k = min; maxeq(j) ac,j > 0 and £*(j) := argmin,qy ;) a,;-

Example 3.4 (Worst-case k). If #V(j) is generally large, the previous example may
provide very poor estimates. In this case, we may alternatively proceed with z, :=
max; zj ¢ as follows:

m n n n

1/2 1/2 2—1 2 —
30 gl tok ke < Y 7/ 5 P0kK 0 < Y 2 K[
Jj=1¢k=1 €,k=1 =1

Therefore (C-k.a) and (C-x.b) hold with ¥ = | K]||? for the monotone choice
ke(z1s. .o nzm) = |K|* max{z,...,zm}.
Clearly also k = x for any choice of ¢*(j) € {1,...,n}.

Example 3.5 (Balanced k). One more option is to choose the minimal x, satisfying
(C-x.a) and the balancing condition

ke(zeas zem) = Kie(Zk1s -0 2kem),  (Gk=1,...,n).

This involves more refined use of Cauchy’s inequality than the rough estimate (3.24),
but tends to perform very well, as we will see in Section 5. This rule uses the data {z¢ , }
non-linearly.

19



3.7. Summary so far

We now summarise our findings so far, starting with writing out the proximal point
iteration (PP) explicitly in terms of blocks. We already reformulated it in (3.2). We
continue from there, first writing the A, ; from (R-1) in operator form as

A; = KT ®] — ¥;113i44K,

° N A 3 4 ~ .
where T; := >, X3 (/)%,iPj, and ¥iyy = 355, X{’/(i+1)(€)0&iQf' Also defining
TiL =T; — f‘,-, and Zl.lﬂ =21 — EOJiH, we can therefore rewrite (3.2) non-sequentially
as

VIt = OTIKSE W (yT — ) + KRy, (3.252)
= (14 T;06) 7 (x! — TK*y! — o', (3.25b)
2= L KTFOF (o — &) 4+ 2 K, (3.25¢)
Y= (T4 3,10F) (Y + 3 Kx' + 2111, (3.25d)
Let us set
0= 3 > 00 QKP; with Oy i= _Gibii
0L,i+1¥¢,i+1

jes(i) eV (j)

Then thanks to (C-nest), we have ZiL+1@i+1 =y lK f"l.*CI);.". Likewise,

i+1
. ori+1¥e,i+1
Bi = Z Z b[’j’iQ[KPj Wlth bf,j,i+1 = ’l[—gbl,
eV (i+1) jeV—1(¢) J Y )0
satisfies TI.LB;"+1 = CI)i_IK*ZoliJrl‘IfiJrl. Now we can rewrite (3.25) as
o= THB, (0 - ) + KRy, (3.262)
X (14 T;06) H(x' — TiK*y! — o'™), (3.26b)
2= 3 [0 (6T — xP) + Kx'T, (3.26¢)
Y= ([ + 210F%) "1y + S Kxh 4 2071, (3.26d)

Observe how (3.26b) can thanks to (S-G) be split into separate steps with respect to T;
and T;", while (C-nest.a) guarantees z'*! = 31 | [0;41(x" ! — x7) + Kx'*]. Therefore,
we obtain

= (I + T,06) 71 (x' — TiK*y'), (3.27a)
wtli= @, (X" — %) + X', (3.27b)
Y= (14 2410F") Uy + 3K + 35 with), (3.27¢)
vi-‘rl = B;k+1(yi+l _ yl) + yi+1, (327d)
= (1 + THOG) 1 (xH! — Thot Y, (3.27¢)

In the blockwise case under consideration, in particular the setup of Lemma 3.1
together with (S-G) and (S-F*), the iterations (3.27) easily reduce to Algorithm 1. There
we write

xj:=Pjx, yr:=Qey, and Kg;:= Q¢KP;.

In particular (C-step.a) can be written

$jit1Elziinali € SG+ D]jien = mivs — (1 — x5y U)-
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Therefore, if j € S (i), shifting indices down by one, we obtain the formula

ni — ¢j,i—1Tj,i—1)(S(,-,1)\5"(,-,1) (J)

Tji = 5
7 $j.imj,i

Similarly we obtain the other step length formulas in Algorithm 1.

Algorithm 1 Block-stochastic primal-dual method: general form

Require: Convex, proper, lower semi-continuous functions G : X — R and F* :
Y — R with the separable structures (S-G) and (S-F*). Rules for Bji» Ve,iv1,
’7i+1”7i_,i+1”7é_,i+1 € R(0;;[0,00)), as well as sampling rules for S(i) and V(i + 1),
G=1,....m€=1,...,n;i € N).

1: Choose initial iterates x’ € X and y° € Y.
2: for all i > 0 until a stopping criterion is satisfied do
3. Sample S(i) © S(i) © {1,...,m}and V(i + 1) < V(i + 1) < {1,...,n} subject
to (C-nest).
4. Foreachj¢ S(i), set sz:+1 = xJ’
5. For each j € S(i), compute
'Ii—¢j,i—1Tj,i—l)(s(i_l)\g(i_l)(J)

Ti; = - and
I Pj,i7j,i ’

x}“ = (I + TjJ&GJ)il (le — Tj,i Zfe(V(j) szyé) .

6. Foreachje S(i)and € € V(j), set
LIRLJN

~itl
orit1i¥eivt’

(il i i+1
W= 0 x;) +x

j with 6’5,]-,,-“ =

7. Foreach{ ¢ V(i+1),sety,! =yl
8 Foreach (e V(i+ 1), compute

Ui_I//j,in,iXV(,-)\{/(i) ()
Vi it1Ve,i+1

yithi= (I 4 0,i410FF) ™! <y¢l; +0rit1 2jey-1() K[’jx;) ’

, and

0j,i+1 =

9. Foreach € V(i+1)\V(i + 1) compute
1
r]o',i

Viit1(veit1—Vveiv1)’

yé-H = (I + O'g,i_;,_l(aF;)_l (yé + 0¢,i+1 Zje(vﬂ([) Kg,vaZ;l) .

and

Oj,i+1 =

10: Foreach e V(i+1)andje V1(f), set

~it+1 o,

i+1 i i . . orit1¥e.i+1
Oy = bejini(y,T —yp) +yp with bejigg o= =g

Tj.iP).i
11:  For each j € S(i)\S(i), compute
1
Ur,i
$j.i (70— 75,1)°

i1 —1 (4i oitl
X = (I + 740G;) ™! (x} ~ i Zeev(n K70 ) '

Tji = and

12: end for

One way to simplify the algorithm in concept, is to alternate between the two x-y
and y—x update directions through the random alternating choice of S(i) = & and
V(i + 1) = ¢J. We will discuss this in more detail in Section 4.10. Alternatively, if

o

S(i) = S(i), the last two steps of (3.27) vanish, giving x'*1 := x!T1, If this choice is
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deterministic, then also V(l + 1) = &, so we are in the full dual updates setting of
Lemma 3.2. The result is Algorithm 2.

Algorithm 2 Block-stochastic primal-dual method: full dual updates

Require: Convex, proper, lower semi-continuous functions G : X — R and F* :
Y — R with the separable structures (S-G) and (S-F*). Rules for GjisVeiv1Nit1 €
R(0;;(0,00)), as well as a sampling rule for the set S(i), G = 1,....,m; € = 1,...,n;
ieN).
Choose initial iterates x° € X and y° € Y.
for all i > 0 until a stopping criterion is satisfied do
Select random S(i) < {1,...,m}.
For each j ¢ S(i), set x’Jrl : xJ’
For each j € S(i), W1th Tji = r],-nj?l.lgb;il, compute

x]?“ i= (I + 17;,:0G;)~! ( = Th.i 2eev () Kcﬁ’z)

g oo

6:  Foreach j e S(i) set

i
Tj,ili+1

citl, i+1 i i+1 : .
X; i i1 (x x; xj) +x; with 641 :=

7. Foreach ¢ € {1,...,n} using o¢ ;41 := r7,-+1¢;i1+1, compute

yti= (I 4 07,i410FF) ™ <y£’; + 02,141 2jev-1(0) Kf,jf;“) :
8: end for

We have not yet specified n; and 1/, ;. We have also not fixed ¢; ;, giving the options
in Example 3.1 and Example 3.2. We will return to these choices in the next section, but
now summarise our results so far by specialising Corollary 2.2.

Proposition 3.1. Let § € (0,1) and (k1,. .. ,k,) € K(K,P,Q). Then the conditions (C0),
(C1'), and (C2/) hold when we do the following for each i € N.

(i) Sample S(i) = S(i) < {1,...,m} and V(i +1) € V(i + 1) < {1,....n} subject to
(C-nest).

(ii) Define ®; 1 through (S-0¥), satisfying (C-xbnd) for y; = 0 to be specified.
(iii) Define ¥;11 through (S-®Y), satisfying (C-i/inc), (C-ybnd), and (C-x)).
(iv) TakeT; andX; of the form (S-TX) with the blockwise step lengths satisfying (C-step).
(v) Define A; through (S-A) and (R-1).
(vi) Either (Lemma 3.1 or Lemma 3.2)
(a) Take ryi"i and rﬁ;’i satisfying (C-n™") and (C-step). In this case (CG

)
(b) Satisfy (C-step’), forcing S(i) = S(i), V(i + 1) = &, V(i + 1) {1,...,n}.
In this case (CG.) holds, as do (C-nest) and (C-step) with t]m. = 0, and

holds; or

”:Jf_,i-&-l = Ni-
Let then G and F* have the separable structures (S-G) and (S-F*). Foreachj = 1,...,m,
suppose G; is (strongly) convex with corresponding factor y; > 0, and pick y; € [0,y;].
Then there exists Cy > 0 such that the iterates of (PP) satisfy

m

1 ~ ~
5 ———— E[JxY — %]’ + v < Co+ Z Vi) + Z &)y (330)
k=1 [E[¢k,N]
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where d7  (y;) is defined in (3.11) d? \, is defined in (3.22), and we set

> e N
ING(XN,YN), (CG) holds andy; < y;j/2 for all j,
N = | (NG (XN, Ve N), (CG) holds and y; < yj/2 for all j,
0, otherwise.

Here { and the ergodic variables XN and yn in (2.15), and the gap G in (2.16). The
alternatives {, N, Xx N and y. N are defined in (2.19).

Proof. We have proved all of the conditions (C0), (C1’), (C2/) and (CG), alternatively
(CG.), in Lemmas 3.1 to 3.3, 3.6 and 3.7. Only the estimate (3.30) demands further
verification.

In Corollary 2.2, we have assumed that either I' = T or I' = T/2, that is J; € {y;,y;/2}.
However, G, is (strongly) convex with factor y]f for any yjf € [0,y;j], so we may relax this
assumption to 0 < y; < y; with the gap estimates holding when y; < y;/2.

Setting Co := 1[u’ — 4 HZZO 1,» Corollary 2.2 thus shows

N—
5[E[HXN - J?H?DN] + 9N < Z i2(V)) l+2)

By Holder’s inequality
m m
E[|xN — %3] = Z [genlxy = %el?] = D Ellxy — % 1°/Elgy y -
k=1 k=1

The estimate (3.30) is now immediate. O
Specialised to Algorithms 1 and 2, we obtain the following corollaries.

Corollary 3.1. Let § € (0,1) and (k1,...,k,) € K(K,P,Q). Suppose the primal bound
(C-xbnd), and the dual test conditions (C-j/inc), (C-ybnd), and (C-xy/) hold along with
(C-n"), (C-n). Then the iterates of Algorithm 1 satisfy (3.30) with gy = (NG (XN.IN)
when y; < yj/2 for all j, and gn = 0 otherwise.

Proof. Algorithm 1 satisfies the structural assumptions (S-®¥), (S-TZ), and (S-A), the
conditions (C-nest) and (R-1), as well as the alternative condition (a) of Proposition 3.1,
provided the non-negativity conditions in (C-step) are satisfied. They are indeed ensured
by us assuming (C-7). The remaining conditions of Proposition 3.1 we have also assumed.

O

Corollary 3.2. Let § € (0,1) and (k1,...,kn) € K(K,P,Q). Suppose (C-xbnd) and the
dual conditions (C-/inc), (C-ybnd), and (C-x/) hold. Then the iterates of Algorithm 2
satisfy (3.30) withgn = (4 NG (X, N, Vs, N) Wheny; < y;j/2 forallj, and gn = 0 otherwise.

Proof. Algorithm 2 satisfies the structural assumptions (S-®¥), (S-T%), (S-A) and (R-4),

as well as (b) of Proposition 3.1. Its remaining conditions we have assumed. O

4. Dual tests and penalty bounds for block-proximal methods

We now need to satisfy the conditions of Corollaries 3.1 and 3.2. This involves choosing
update rules for n; 1, ’7i_,i+1’ Ui_,i+1> ¢j.i+1 and Yy ;1. Specifically, for both Corollaries,
we have to verify the primal bound (C-xbnd). For Corollary 3.1, we moreover need
(C-), (C-n), and the non-negativity conditions in (C-step.a) and (C-step.b). At the
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same time, to obtain good convergence rates, we need to make dJ’.f ~(7j) and dt}{ N =
E[¢e.N+1 — Ye0] small in (3.30).

We concentrate on the deterministic primal test update rule of Example 3.2, which
also provide estimates on d]’.f ~(7;) if the conditions of 3.5 are satisfied. In addition to
the verifications above, we need to verify (C-¢det). To satisfy (C-xbnd), we have to take
pj = 0 unless the bound (C-xbnd.a) holds for the specific problem under consideration.

We begin with general assumptions, after which in Section 4.2 we calculate expectation
bounds on ¢; ;. In Sections 4.3 to 4.8 we give useful choice of n; and ; that finally
yield specific convergence results. We finish the section with choices for ryi ; and ryi ; in
Section 4.9, and sampling patterns in Section 4.10. The difficulty of (fully) extending our
estimates to the random primal test update of Example 3.1, we discuss in Remark 4.2.

4.1. Assumptions and simplifications

Throughout this section, we assume for simplicity that the probabilities stay constant
between iterations,

JoTj,i = 707.']' > 0, and lj[’i = 1;[. (R-?TV)
Then (C-nest) shows that
Tj,i = Tj > 0, and Vei = Ve > 0.

We assume (C-7) to hold. As we recall from Lemma 3.2, this is the case for Algorithm 2
if
i—n; >0 isnon-decreasing.

Finally, aside from the non-negativity conditions that will be verified through the
choice of ’7?,1' and qi’i, we note that (C-step) holds in Algorithms 1 and 2. It is therefore
assumed.

4.2. Estimates for deterministic primal test updates

We consider the deterministic primal test updates of Example 3.2. To start with, from
(R-¢det), we compute

N-1
$in = Gin—1 +2(FN-1 + p;) = bjo + 20N + 275 Y mi. (4.1)
i=0

The following lemma lists the fundamental properties that this update rule satisfies.

Lemma 4.1. Suppose (C-1), (C-¢det), and (R-v) hold. If (C-xbnd.a) holds with the
constant C = 0, take p; = 0, otherwise take p; = 0, supposingy;i+p; > 0,(j = 1,...,m).
Define ¢; ;11 according to Example 3.2. Suppose n; = b;(i + 1)?, for some p,b; > 0. Then
for somec; > 0, and C, > 0 holds

$j.N € R(On-1;(0,20)), (C-¢bnd.a)
N-—1

El¢;n] = 0 + 20N +27; > E[n;]. and (C-¢bnd.b)
i=0

Elg;n] <gNTHL (N >1). (C-¢pbnd.c)

Moreover, the primal test bound (C-xbnd) holds, and with C, = 18 we have

di (V) = pjCxCaN. (C-¢bnd.d)
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Suppose moreover that n; > b; min; gbfl.,for some p,b; > 0. Then for some ¢; = 0 holds

_r
E[¢; x]

Proof. The conditions of Lemma 3.5 are guaranteed by our assumptions. It directly
proves (C-¢bnd.a) and (C-¢bnd.d). Since we assume i — p; to be increasing, clearly
$jn = 2Npj for pj := p;j +¥jno > 0. Then d)j}v < ﬁ. Taking the expectation proves
(C-¢bnd.c), while (C-¢bnd.b) is immediate from (4.1). Clearly (C-¢bnd.e) holds if y; = 0,
so assume y; > 0. Under our assumption on 1;, Lemma B.1 shows for some B; > 0 that

¢;J{, < m. Taking the expectation proves (C-¢bnd.e) for a ¢; := B;/y;. O

> 7,6 NPT, (N = 4). (C-¢bnd.e)

Remark 4.1. From (4.1), we see that ; > b;(i + 1)? if n; > EJ min; gzﬁfi for some E] > 0.

Remark 4.2. Propositions 4.1 and 4.2 to follow, will generalise to any update rule
for ¢; i+1 that satisfies (C-¢bnd). The conditions (C-¢bnd.a)-(C-¢bnd.d) can easily be
shown for the random primal test updates of Example 3.1. The estimate (C-¢bnd.e)
however is challenging, with any derivation likely dependent on the exact sampling
patterns employed. The estimate (C-¢bnd.e) is, however, only needed to estimate
1/E [(j)]_]{]] from below in the first term of the general estimate (3.30), and therefore only
affects convergence of the iterates, not the gap. Hence the estimates in the upcoming
Propositions 4.1 and 4.2 on the ergodic duality gap, but not the iterates, do hold for the
random primal test update rule of Example 3.1.

4.3. Dual bounds—a first attempt

We now need to satisfy the conditions (C-i/inc), (C-ybnd), and (C-xi/) on the dual
updates. By the construction of A/ ; ; in (R-1), the step length condition (C-step), and
the constant probability assumption (R-7v), we have

Al,j,i < Ui(ﬁj-_l)(g(i)(j) + ‘o’g_l)({/(iH)(g)) =: Uiﬁf,j,i, (5 € (V(j))-

Therefore (C-x/) holds if we take

2
lﬁf,i—i—l = 1_15K[(""ﬁ§,j,i ;il,...). (42)

With this, the condition (C-¢/inc) would require for all £ = 1,...,n that

E[n7, 1xe(. "’ﬁi,j,i+1¢j_,il+l" .)[0i] = E[nixe(. ..,ﬁi’j,i ;il,. .)]0i] (4.3)

Since n;4+1 € R(O;; (0,00)), and n; € R(O;; (0,0)), we can take n; and ;41 outside the
expectations in (4.3). A first idea would then be to take 7;; as the smallest number
satisfying (4.3) for all £. In the deterministic case, the resulting rule will telescope, and
reduce to the one that we will follow. In the stochastic case, we have however observed
numerical instability, and have also been unable to prove convergence. Therefore, we
have to study “less optimal” rules.

4.4. Worst-case conditions

For a random variable p € R(Q; R) on the probability space (Q,0,P), let us define the
conditional worst-case realisation with respect to the o-algebra O’ = O as the random
variable W[p|O'] € R(O’; R) defined by

p<W[plO']<q P-ae forall geR(O;R) st. p<q P-ae

25



We also write W[p] := W[p|O’] when O’ = {Q, &} is the trivial o-algebra.
Following the derivation of (4.2), the condition (C-x/) will hold if

n?

Vv = Wkl 97 )0l (4.4)
Accordingly, we take
ni := min G )Wlﬂ (R-n)

£=1,...,n W[K[(...,,u[]l ],, - )|0;i- 1]

By the construction of W, we get ; € R(O;—_1; (0,00)) provided also ¢/;+1 € R(O;_1; (0,00)).
It is our task in the rest of this section to experiment with different choices of ¥/ ;1.
satisfying (C-1/inc) and (C-ybnd). Before this we establish the following important fact.

Lemma4.2. Let§ € (0,1) and (k1,. ..,kn) € K(K,P,Q). Suppose (R-7v) holds, and that
bothi ¢;; andi — Yy ; are non-decreasing forallj =1,...,mand{ = 1,...,n. Then
i — n; defined in (R-1) is non-decreasing.

Proof. We fix ¢ € {1,...,n}. The condition (R-7v) implies that (g1, .., fle.m,i) are
independently identically distributed for all i € N. Since ¢;; € R(O;—1;(0,0)), we
can for some random (fi1,. .., fim) on a probability space (P,,Q,,0,), distinct from
(P,Q,0), write

W[Kf(""l/[fjl ]z’ : )‘Ol 1]~W[ ("’:u_] ji"")]’ (IGN),

where ~ stands for “identically distributed”. Since i — ¢; ; is non-decreasing and «,
monotone, this implies

W(ke(. .. ,,ugj ; J 5o )]0im1] = Wk . ,ﬁf,’j’l.ﬂgbj_’ilﬂ,. .)|0i], P-ae.

Since i — ¥ ; is also non-decreasing, the claim follows. O

4.5. Partial strong convexity: Bounded ¢/

In addition to the assumptions in Section 4.1, from now on we assume (C-¢bnd) to hold.
As we have seen, this is the case for the deterministic primal test update rule of both
Example 3.2. For the random primal test update rule of (3.1), the rest of the conditions
hold, but we have not been able to verify (C-¢bnd.e). This has the implication that only
the gap estimates hold.

As a first option for ¥, ;, let us take ¢ ; = ¥¢0. Then both (C-¢/inc) and (C-ybnd.b)
clearly hold, and dZ ~ = 0. Moreover Lemma 4.2 shows that i — 7; is non-decreasing,
as we have required in Section 4.1. To obtain convergence rates, we still need to
estimate the primal penalty d7 ~(7j) as well as { and ¢ n. Presently the dual penalty
dtj’/,N = E[Yen — Yeo] = 0.

With %0 = ming=1,. . » Yr0, We compute

(1=0)%o
man:L___,nW[Kg(...,yt,]l “, 0]

Let us define

w; = fénq%{)w[wj il0i—1] = fén(ggc)\/\\/[ﬂ] X5y U) + 7, )(V i+1) 0) ] 0i4],
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which is independent of i > 0; see the proof of Lemma 4.2. Since fig j; = 0 for £ ¢ V(j),
using (C-x.b) and ¢; ; € R(O;—1; (0,0)), we further get

(1=38)¥o 1
ni = = R (4.5)
KmaXKE(V(]) W[Z] llu{] irj,i |O’ 1] Z] 1 b] Jri

for bj := (1 — 8)yo/(kw?). Jensen’s inequality thus gives

E[n:] = ([E[ i1 b; gSj : ]) > <Z}’:1 bfl[E[gﬁ;il])_l/z. (4.6)

Using (C-¢bnd.c), it follows

1/2
E[n] = Cyit/? for C,:= (2’" b1 ) . (4.7)

j=1"7j

We recall (C-7) guaranteeing 7j; = E[n;]. Consequently, we estimate { from (2.14)
by

N-1 N—1 N-1 N_2 oC
v= Y= Y Enlzc, Y s c,,f 2 > ZI(N - 2)
i=0 i=0 i=0 0 (48)

= ﬁNS/Z <u>3/2 - i]\ﬁ/z (N = 4)
Vis o

Similarly {, n defined in (2.18) satisfies

(232 —1)C C
3/2_ T T I ag3/2 o T 632
LN = ; > 1(N=2)2-1) > T >2\/1,8N , (N> a4).
(4.9)
For the deterministic primal test update rule of Example 3.2, by Lemma 3.5, we still
need to satisfy (C-¢det), that is 2y;y;n; < 8¢;:(y; — ¥;) for j € S(i) and i € N. The
non-degeneracy assumption (C-x.c) applied in (R-1) gives ; < 4/ (1 — 8)Yr,0;,1/(kw;).
Since under both rules Examples 3.1 and 3.2, ¢; ; is increasing in i, it therefore suffices
to choose j; > 0 to satisfy

o 2yjv;  [1-9
V=7, =0 or —L <5y, P9l (C-¢det’)
Vi — Vi Wj

These findings can be summarised as:

Proposition 4.1. Letd € (0,1) and (k1,. . .,kn) € K(K,P,Q). Pick pj = 0 andy; € [0,y;],
(G=1,...,m). In Algorithm 1 or Algorithm 2, take

(i) the probabilities 1; ; = m; and (in Algorithm 1) ve; = Ve constant over iterations,
(ii) n; according to (R-1), and (in Algorithm 1) ryi’i,r]é,i > 0 satisfying (C-n) and (C-n),

(iii) ¢jo > 0 by free choice, and ¢; ; fori > 1 following Example 3.2, taking 0 < y; <'¥;
oryj = 0, and satisfying (C-¢det’),

(iv) Ye.i := Yr,0 for some fixed Yo >0, (€ = 1,...,n).
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Suppose for each j = 1,...,m that pj +y; > 0 and either p; = 0 or (C-xbnd.a) holds with
the constant Cy. Let ¢y be the constant provided by Lemma 4.1. Then

m
~ _ ~ 2
DTG TkE [Ixy — ] + —=gn < , (N=4), (410)

P V13 N3/2
where
G (XN IN)s Algorithm 1, y; < y;/2 for all j,
9N =3 3G(Xe N, Ve N), Algorithm 2,y; < y;j/2 for all j,

(=T ST

, otherwise.

Proof. By (4.5), we have n; > b;/z min; ¢]1/12 for each j = 1,...,m, so (C-¢bnd.e) holds
with p = 1/2. Therefore, (4.10) is immediate from (C-¢bnd.e), Corollaries 3.1 and 3.2,
and the estimates (4.8) and (4.9), whose assumptions follow from Lemmas 4.1 and 4.2
and (C-¢det’). i

Remark 4.3 (Practical parameter initialisation). In practise, we take 7, 17;, and § €
(0,1) as the free step length parameters. Then (C-step.a) and (C-step.b) give ¢jo =
1m0/ (Tj,07j0)- As o we take a value reaching the maximum in (R-7). In practise, we
take 9 = 1/ min; 7;,o. This choice appears to work well, and is consistent with the basic
algorithm (2.2) corresponding to ¢; = rj,_oz. For the deterministic update rule (R-¢det),
we use (C-¢det’) to bound ;.

4.6. Partial strong convexity: Increasing ¢/
In (R-7), let us take ¥ ;11 := Yr,on;. Then

L (1- )Wo
ni = mn
:1,..,nW[K[(...,}1L;Jl 119 . >|Oz 1]

(R-n?)

Adapting Lemma 4.2, we see that i — 7; is non-decreasing. Thus i — i/, ; is also in-
creasing, so (C-i/inc) holds. As (C-ybnd.b) does not hold, we need to assume (C-ybnd.a).
To obtain convergence rates, we need to estimate both the primal and the dual penalties
d7\(yj) and dg,/N, as well as {y and E[¢x ]

Slmllarly to the derivation of (4.7), we deduce with the help of (C-¢bnd.c) that

Eln:] = Cii. (4.11)
Consequently
N-1 N-— N—1 N—2 2
Z Z lZC%j xdx = —(N —2)
=0 =0 L ° (4.12)
G (N=2\*_ G,
= —N° — ) =N (N >4)
Similarly
N—-1 CZ §C2
Gon = Y E[n] = 7”((1\7 —22—1) = %N{ (N = 4). (4.13)

We still need to bound ¥, y+1 to bound dz N- To do this, we assume the existence of
some j* with y;+ = 0. With the help (C-«.c), we then deduce from (R-;”) that

(1- )W*

’71 xS j*,i'
6’*( *)
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Since y;x = 0, a referral to (C-¢bnd.b) shows that

[E[¢j*,N] = gbj*,g + ij*

Consequently
(1= 8)Yex ()0

2
KW
KW

Eldy /] = eo(Elav]=1) < Y ( Elg=.~n] — 1) < Y0 (CruN +65)

(4.14)
for
(1= ) (jxy,0p5% (1 = 8) e (j*),095%.0

Cpx = and Jy := —1. (4.15)

For the deterministic primal test update rule of Example 3.2, we still need to satisfy
(C-¢det). Similarly to the derivation of (C-$det’), we obtain for y; > 0 the condition

2y;¥; (1—8)yeo
YVi—V¥i  kw;

Vi=vi=0 <6, (LeV())). (C-pdet”)

In summary:

Proposition 4.2. Letd € (0,1) and (k1. .. ,k,) € K(K,P,Q). Pick p; > 0 andy; € [0,y;],
G =1,...,m). In Algorithm 1 or Algorithm 2, take

(i) the probabilities 1t;; = n; and (in Algorithm 1) vg,; = V¢ constant over iterations,
(ii) n; according to (R-n?), and (in Algorithm 1) ryi"i,iyi‘,i > 0 satisfying (C-n) and
(Cnh),
(iii) $j,0 > 0 by free choice, and ¢; ; fori > 1 following Example 3.2, taking 0 < y; < ¥;
ory; = 0, and satisfying (C-¢det’),
(iv) Ve := nieo for some fixed Yo > 0, (€ = 1,...,n).

Suppose for eachj = 1,...,m that p; +; > 0 and either pj = 0 or (C-xbnd.a) holds with
the constant Cy. Also assume that y;= = 0 for some j* € {1,...,m}, and that (C-ybnd.a)
holds with the corresponding constant C,,. Let ¢y be the constant provided by Lemma 4.1.
Then

2 C Co + CxCo (X121 pj)N +9Cy, 37— Y60 (Cpe N + 85)
SETE [ — 2]+ gy < - =1 VoG
> SaE [xY — &l + g IN e
k=1
for N = 4 with
G(XN,IN), Algorithm 1, y; < y;/2 for all j,
gN = { 3G(XeN.VuN), Algorithm 2, §; < y;/2 for all j,
0, otherwise.

Proof. Similarly to the derivation of (4.5), by (R-7%), n; = b;min; ¢, ;, so (C-¢bnd.e)
holds with p = 1. Therefore, the claim is immediate from (C-¢bnd.e), Corollaries 3.1

and 3.2, and the estimates (4.12)—(4.14), whose assumptions are provided by Lemmas 4.1
and 4.2 and (C-¢det”). O

Remark 4.4. Note from (4.15) and the estimates of Proposition (4.2) that the factors p; for
such j that y; = 0 are very important for the convergence rate, and should therefore be
chosen small. That is, we should not try to accelerate non-strongly-convex blocks very
much, although some acceleration is necessary to obtain any estimates on the strongly
convex blocks. As we will next see, without any acceleration or strong convexity at all,
it is still however possible to obtain O(1/N) convergence of the ergodic duality gap.
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4.7. Unaccelerated algorithm

If pj =0andy; = 0forallj = 1,...,m, then ¢;; = ¢;,. Consequently (R-7) shows
that n; = no. Recalling {y from (2.14), we see that {; = Nno. Likewise {; n from (2.18)
satisfies {x N = (N — 1)n,. Inserting this information into (3.30) in Proposition 3.1, we
immediately obtain the following result.

Proposition 4.3. Let§ € (0,1) and (ky,...,k,) € K(K,P,Q). In Algorithm 1 or 2, take
(i) ¢j,i = $j0 > 0 constant between iterations,
(ii) the probabilities 77 ; = 7; and (in Algorithm 1) V¢ ; = vV, constant over iterations,

(iii) Yr.i = Y0 for some fixed Ypo > 0, (€ = 1,...,n), and

(iv) ni = no, and (in Algorithm 1) n-,nt > 0 satisfying (C-7).

Then
(I) The iterates of Algorithm 1 satisfy G(¥n.9n) < Cony '/N, (N = 1).
(I) The iterates of Algorithm 2 satisfy G (%« N, Vu.N) < Cong '/(N — 1), (N > 2).

Remark 4.5. The obvious advantage of this unaccelerated algorithm is that in a parallel
implementation no communication between different processors is necessary for the
formation of #;, which stays constant even with the random primal test update rule of
Example 3.1.

4.8. Full primal strong convexity

Can we derive an O(1/N?) algorithm if G is full strongly convex? We still concentrate
on the deterministic primal test updates of Example 3.2. Further, we follow the route of
constant i, ; = ¢, in Section 4.5, as we seek to eliminate the penalties dz, N that any
other choice would include in the convergence rates.

To eliminate the penalty d7 \ (y;), we take p; = 0 and suppose y := min; 7; > 0. This
ensures (C-xbnd) as well as p; + 7; > 0. The primal test update rule (R-¢det) then gives

N-1 N-1
§bj,N = 2, +X Z;) ni = éo +K z;) ni with ¢0 = Il’l]_inqﬁj,o > 0.
i= i=

Continuing from (4.5), therefore

N-1
Ny = bg, + by 2 ni with b:= mjinbj.
i=0

Otherwise written this says 73, > 7j3,, where

N-1
Ay = b, +by D i =My + yiin-t = Ty + by -
i=0

This implies by the estimates in [23] for the acceleration rule (2.3) that for some Q, > 0
holds n; = 1j; = Qji. Replacing C, by Q,, repeating (4.12), (4.13) and (C-¢det’), and
finally inserting the fact that now p; = 0, we deduce:

Proposition 4.4. Let § € (0,1) and (k1,...,k,) € K(K,P,Q). Assume min; y; > 0, and
pick 0 <y; <y, (= 1,...,m). In Algorithm 1 or Algorithm 2, take
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(i) the probabilities 1t;; = ; and (in Algorithm 1) vg,; = V¢ constant over iterations,
(ii) n; according to (R-1), and (in Algorithm 1) ryf{i,r]ii > 0 satisfying (C-n) and (C-™-),

(iii) ¢jo > 0 by free choice, and ¢; ;11 := ¢; (1 + 2f;7;;), (i = 1), for some fixed
7i€(0,75), (= 1,....,m), and

(iv) Ye.i := Yro for some fixed Yy > 0, (€ = 1,...,n), satisfying (C-pdet’).

Let ¢y be the constant provided by Lemma 4.1. Then

= 2 8C
~ - 0
2 0%kE [[x — %]+ gn < ot N=9)
k=1 n
where
G(XN,IN), Algorithm 1, y; < y;j/2 for all j,
gN = 1G(Xe.N.Ve.N), Algorithm 2, y; < y;/2 for all j,

S Bmw

, otherwise.

Remark 4.6 (Linear rates under full primal-dual strong convexity). If both G and F* are
strongly convex, then it is possible to derive linear rates using the ¢; ; ;1 update rule
of either Example 3.1 or Example 3.2, however fixing 7; to a constant. This will cause
E[¢; ;] to grow exponentially. Thanks to (C-step) exponential growth will also be the
case for E[n;]. Through (4.4), also E[y,;+1] will grow exponentially. To counteract this,
throughout the entire proof, starting from Theorems 2.1 and 2.2 we need to carry the
strong convexity of F* through the derivations similarly to how the strong convexity of
G is carried in T within Z;,1(I') and A; 41 (I').

4.9. Choices for ryf{i and ’7#,1'

We have not yet specified how exactly to choose ni ; and r]ii in Algorithm 1, merely
requiring the satisfaction of (C-7) and (C-7).

Example 4.1 (Constant I’]i"i and I’]é"i). We can take 77, = nt and r]ii = nZ for some
nE,nt > 0. This satisfies (C-7). Since our constructions of i ~— ; are increasing, and
we assume fixed probabilities (R-7v), the condition (C-7) is satisfied for some € € (0,1)
if

o - min(r; — ) > 0z, and o - min(ve = V) > 1.

Example 4.2 (Proportional Ui"l. and t]i,i). For some a € (0,1) let us take ryii = r;f;’i =
an;. With the fixed probabilities (R-77v), this choice satisfies (C-7). The condition (C-7)
holds for some € € (0,1) if moreover

min (7; — ;) > a, and mfin (ve —ve) = a.
j

4.10. Sampling patterns

Since we for simplicity make the fixed probability assumption (R-7v), the only fully
deterministic sampling patterns allowed are to consistently take S(i) = {1,...,m} and
V(i+1) = &, or alternatively S(i) = (S and V(i+1) = {1,...,n}. Regarding stochastic
algorithms, let us first consider a few options for sampling S(i) in Algorithm 2.

Example 4.3 (Independent unchanging probabilities). If all the blocks {1,...,m} are
chosen independently of each other, we have P({j,k} < S(i)) = mjm for j # k, where
T € (0,1]
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(a) True image (b) Noisy image (c) Blurry image (d) Dimmed image

Figure 1: We use sample image (b) for TGV? denoising, (c) for TV deblurring, and (d)
for TV undimming experiments.

Example 4.4 (Fixed number of random blocks). If we have a fixed number M of processors,
we might choose a subset S(i) < {1,...,m} such that #5(i) = M.

The next example gives the simplest way to satisfy (C-nest.a) for Algorithm 1.

Example 4.5 (Alternating x-y and y-x steps). Let us randomly alternate between S(z) =
& and V(l + 1) = &, choosing the non-empty set by a suitable sampling rule, such as
those in Example 4.3 or Example 4.4. That is, with some probability p,, we choose to
take an x-y step that omits lines 11 and 10 in Algorithm 1, and with probability 1 —p,, an
y-x step that omits the lines 6 and 9. If 7; = P[j € SIS # &), and ¥y = P[£ € V|V # ]
denote the probabilities of the rule used to sample S = S(i) and V = V(i + 1) when
non-empty, then (C-nest) gives

7 = PR, 7 = Pty + (1—px)Plj € VT(V)|V £ &,
ve = (1= px)7es ve = (1 —px)V; + pxP[€ € V(S)]S # &].

To compute 7; and v, we thus need to know V and the exact sampling pattern.

Remark 4.7. Based on Example 4.5, we can derive an algorithm where the only random-
ness comes from alternating between full x-y and y-x steps.

5. Numerical experience

We now apply several variants of the proposed algorithms to image processing problems.
We generally consider discretisations, as our methods are formulated in Hilbert spaces,
but the space of functions of bounded variation—where image processing problems are
typically formulated—is only a Banach space. Our specific example problems will be
TGV? denoising, TV deblurring, and TV undimming. In the latter, we solve

- — . + s
uemBm( : 2Hf y-ul®+ aTV(u)

for a dimming mask y : Q — R. In TGV? denoising and TV deblurring, we likewise use
the L2-squared fidelity term, modelling Gaussian noise in the discretised setting.

We present the corrupt and ground-truth images in Figure 1, with values in the range
[0,255]. We use the images both at the original resolution of 768 x 512, and scaled
down to 192 x 128 pixels. To the noisy high-resolution test image in Figure 1b, we have
added Gaussian noise with standard deviation 29.6 (12dB). In the downscaled image, this
becomes 6.15 (25.7dB). The image in Figure 1c we have distorted with Gaussian blur of
standard deviation 4. To avoid inverse crimes, we have added Gaussian noise of standard
deviation 2.5. The dimmed image in Figure 1d, we have distorted by multiplying the
image with a sinusoidal mask y. The details of our construction beyond that seen in
Figure 1c can be found in the source code that will be archived per EPSRC regulations
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Table 1: Algorithm variants. The letters indicate how to read names like A-PRBO (P:
only the primal variable x is randomly updated; R: the update rule for ¢ is
the random one, and I, the increasing 7 rule of Proposition 4.2 is used; O:
“Balanced” k from Example 3.5).

Letter: | 1st 2nd 3rd 4th

Randomisation ¢ rule n and ¢ rules Kk choice

A- | D: Deterministic | R: Random, Ex. 3.1 | B: Bounded, Pr. 4.1 O: Balanc., Ex. 3.5

P: Primal only D: Determ., Ex. 3.2 | I: Increasing, Pr. 4.2 | M: Max., Ex. 3.4

B: Primal & Dual | C: Constant

when the final version of the manuscript is submitted. Again, we have added the small
amount of noise to the blurry image.

Besides the basic unaccelerated PDHGM (2.2)—note that our example problems are
not strongly convex and hence the basic PDHGM cannot be accelerated—we evaluate our
algorithms against the relaxed PDHGM of [44,46], denoted in our results as ‘Relax’. In
our precursor work [3], we have evaluated these two algorithms against the mixed-rate
method of [47], and the adaptive PDHGM of [48]. To keep our tables and figures easily
legible, we also do not include the algorithms of [3] in our evaluations. It is worth noting
that even in the two-block case, the algorithms presented in this paper will not reduce
to those of that paper: our rules for o, ; are very different from the rules for the single
o; therein.

We define abbreviations of our algorithm variants in Table 1. We do not report the
results or apply all variants to all example problems. This would not be informative. We
generally only consider the deterministic variants, as our problems are not large enough
to benefit from being split on a computer cluster, where the benefits of the stochastic
approaches would be apparent. We demonstrate the performance of the stochastic
variants on TGV? denoising only.

To rely on Propositions 4.1 and 4.2 for convergence, we still need to satisfy (C-ybnd.a)
and (C-xbnd.a), or take p; = 0. The bound C), in (C-ybnd) is easily calculated, as in all
of our example problems, the functional F* will restrict the dual variable to lie in a ball
of known size. The primal variable, on the other hand, is not explicitly bounded. It is
however possible to prove data-based conservative bounds on the optimal solution, see,
e.g., [49, Appendix A]. We can therefore add an artificial bound to the problem to force
all iterates to be bounded, replacing G by G(x) := G(x) + 3B(0,c,)(x). In practise, to
avoid figuring out the exact magnitude of Cy, we update it dynamically, so as to avoid the
constraint ever becomeing active. It therefore does not affect the algorithm itself at all.
In [49] a “pseudo duality gap” based on this idea was introduced. It is motivated by the
fact that the real duality gap is also in practise infinite in numerical TGV? reconstructions.
We will also use this type of dynamic duality gaps in our reporting: we take the bound
Cy as the maximum over all iterations of all tested algorithms, and report the duality
gap for the problem with G replacing G.

For each algorithm, we report the pseudo-duality gap, distance to a target solution, and
function value. The target solution # we compute by taking one million iterations of the
basic PDHGM (2.2). In the calculation of the final duality gaps comparing each algorithm,
we then take as Cy the maximum over all evaluations of all the algorithms. This makes
the results fully comparable. We always report the pseudo-duality gap in decibels
10log,,(gap?/gap?) relative to the initial iterate. Similarly, we report the distance to
the target solution # in decibels 10 log,,(|u’ — u]|*/|u]|*), and the primal objective value
val(x) := G(x) + F(Kx) relative to the target as 10log,,((val(x) — val(x))?/val(x)?).
Our computations were performed in Matlab+C-MEX on a MacBook Pro with 16GB
RAM and a 2.8 GHz Intel Core i5 CPU.
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5.1. TGV? denoising

In this problem, for regularisation parameters «,f > 0, we have x = (v,w) and

y = (4.y), with

6t = Guo) K= (7 &) and F0) = uo®) + dmap (¥

where the balls are pointwise in L, and & the symmetrised gradient. Since there is no
further spatial non-uniformity in this problem, it is natural to take as our projections
Pix = v, P,x = w, 01y = ¢, and Q,y = ¢. It is then not difficult to calculate the optimal
k¢ of Example 3.5, so we use only the “xxxO’ variants of the algorithms in Table 1.

As the regularisation parameters (f, ), we choose (4.4,4) for the downscaled image.
For the original image we scale these parameters by (0.2572,0.257!) corresponding
to the image downscaling factor [50]. Since G is not strongly convex with respect to
w, we have y, = 0. For v we take }; = 1/2, corresponding to the gap versions of our
convergence estimates.

We take § = 0.01, and parametrise the standard PDHGM with oy = 1.9/|K| and
70 ~ 0.52/| K| solved from 1500 = (1 — &)|K|?. These are values that typically work
well. For forward-differences discretisation of TGV? with cell width A = 1, we have
|K||? < 11.4 [49]. For the ‘Relax’ method from [46], we use the same oy and 7o, as well
as the value 1.5 for the inertial p parameter. For the increasing-y ‘xxIx’ variants of our
algorithms, we take p; = p; = 5, 71,0 = 79, and 750 = 379. For the bounded-¢ “xxBx’
variants we take p; = py = 5, 71,0 = 79, and 720 = 87¢. For both methods we also take
no = 1/70,1. These parametrisations force ¢1 o = 1/77, and keep the initial step length 71 o
forv consistent with the basic PDHGM. This justiﬁés our algorithm comparisons using
just a single set of parameters. To get an overview of the stability of convergence with
respect to initialisation, we experiment with both initialisations v° = 0 and v° = f the
noisy image. The remaining variables w°, ¢°, and y/° we always initialise as zero.

The results for the deterministic variants of our algorithms are in Table 2 and Fig-
ure 2. For each algorithm we display the first 5000 iterations in a logarithmic fashion.
To reduce computational overheads, we compute the reported quantities only every
10 iterations. To reduce the effects of other processes occasionally slowing down
the computer, the CPU times reported are based on the average iteration_time =
total_time/total_iterations, excluding time spent initialising the algorithm.

Our first observation is that the variants ‘xDxx’ based on the deterministic ¢ rule
perform better than the “random” ¢ rule “xRxx’. Presently, with no randomisation, the
only difference between the rules is the value of y. The value 0.0105 from (C-¢det’) and
the value 0.0090 from (C-¢det”) appear to give better performance than the maximal
value y; = 0.5. Generally, the A-DDBO seems to have the best asymptotic performance,
with A-DRBO close. A-DDIO has good initial performance, although especially on the
higher resolution image, the PDHGM and ‘Relax’ perform initially the best. Overall,
however, the question of the best performer seems to be a rather fair competition
between ‘Relax’ and A-DDBO.

5.2. TGV? denoising with stochastic algorithm variants

We also tested a few stochastic variants of our algorithms. We used the alternating
sampling based on Example 4.4 with M = 1 and, when appropriate, Example 4.5. We
took all probabilities equal to 0.5, thatis py = 7y = T, = V] =V, = O 5. In the doubly-
stochastic ‘Bxxx’ variants of the algorithms, we have taken rym. =t o0 = 0.9-0.5n;.
The results are in Figure 3. To conserve space, we have only included a few descriptive
algorithm variants. On the x axis, to better describe to the amount of actual work
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Figure 2: TGV? denoising performance of fully deterministic variants of our algorithms
with pixelwise step lengths, 5000 iterations, high (hi-res) and low (lo-res)
resolution images.Two different initialisations: x° = 0 (0-init) and x° = (f,0)
(f-init). The plots are logarithmic.

performed by the stochastic methods, the “iteration” count refers to the expected number
of full primal-dual updates. For all the displayed stochastic variants, with the present
choice of probabilities, the expected number of full updates in each iteration is 0.75.
We run each algorithm 50 times, and plot for each iteration the 90% confidence interval
according to Student’s ¢-distribution. Towards the 5000th iteration, these generally
become very narrow, indicating reliability of the random method. Overall, the full-dual-
update ‘Pxxx’ variants perform better than the doubly-stochastic ‘Bxxx’ variants. In
particular, A-PDBO has performance comparable to or even better than the PDHGM.

5.3. TV deblurring

We now want to remove the blur in Figure 1c. We use TV parameter o = 2.55 for the high
resolution image and the scaled parameter @ = 2.55  0.15 for the low resolution image.
We parametrise the PDHGM and ‘Relax’ algorithms exactly as for TGV? denoising above,
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Table 2: TGV? denoising performance: CPU time and number of iterations (at a resolu-
tion of 10) to reach given duality gap, distance to target, or primal objective

value.
low resolution / f-init low resolution / 0-init
gap < —60dB |tgt < —60dB|val < —60dB gap < —60dB|tgt < —60dB|val < —60dB
Method |iter time |iter time |iter time iter time |iter time | iter time
PDHGM (190 1.29s|100 0.67s|110 0.74s 30 0.21s|100 0.72s|110 0.79s
Relax 130 1.21s| 70 0.64s| 70 0.64s 20 0.20s| 70 0.71s| 70 0.71s
A-DRIO |140 0.83s| 80 0.47s|140 0.83s 40 0.26s|230 1.55s| 180 1.22s
A-DRBO [140 0.83s|110 0.65s(120 0.71s 80 0.54s|890 6.07s|500 3.41s
A-DDIO |130 0.78s| 50 0.29s|110 0.66s 20 0.14s| 50 0.36s|110 0.80s
A-DDBO|120 0.70s| 50 0.29s| 90 0.53s 30 0.19s| 50 0.32s| 90 0.58s
high resolution / f-init high resolution / 0-init

gap < —50dB|tgt < —50dB|val < —50dB gap < —50dB |tgt < —50dB |val < —50dB
Method |iter time| iter time| iter time iter time| iter time| iter time
PDHGM (250 32.17s| 870 112.26s| 370 47.67s 50 6.31s| 870 111.83s| 370 47.49s
Relax 170 29.29s| 580 100.34s| 250 43.15s 40 6.93s| 580 102.89s| 250 44.25s
A-DRIO (640 83.20s (2740 356.64s|1040 135.28s 70 9.17s|2750 365.525|1050 139.48s
A-DRBO (300 38.89s| 790 102.63s| 410 53.20s 80 10.56s| 860 114.81s| 420 56.00s
A-DDIO (570 77.735 (2130 290.84s| 900 122.81s 60 7.37s(2140 267.29s| 900 112.34s
A-DDBO (260 34.23s| 600 79.16s| 340 44.80s 60 7.85s| 600 79.67s| 340 45.09s
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Figure 3: TGV? denoising performance of stochastic variants of our algorithms: 5000
iterations, low resolution images, initialisation both by zero and noisy data.
Logarithmic plots with iteration counts scaled by the fraction of variables
updated on average. We plot for each iteration the 90% confidence interval
according to the t-distribution over 50 random runs.

with the natural difference of using the estimate 8 > |K|? for K = V [51]. We write
the forward blur operator as elementwise multiplication by factors a = (ay,...,an)
in the discrete Fourier basis; that is G(x) = 1|f — F*(aF x)|? for ¥ the discrete
Fourier transform. We then take as P; the projection to the j:th Fourier component,
and as Qy the projection to the ¢:th pixel. This is to say that each dual pixel and each
primal Fourier component have their own step length parameter. We initialise this as
Tj.0 = 70/(A+ (1—A)y;), where the componentwise factor of strong convexity y; = |a;|*.
For the bounded-y/ ‘xxBx"‘ algorithm variants we take A = 0.01, and for the increasing-y/
‘xxIx’ variants A = 0.1.
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Figure 4: TV deblurring performance of fully deterministic variants of our algorithms
with pixelwise step lengths, first 5000 iterations, high (hi-res) and low (lo-res)
resolution images.Two different initialisations: x° = 0 (0-init) and x° = f
(f-init). The plots are logarithmic.

We only experiment with deterministic algorithms, as we do not expect small-scale
randomisation to be beneficial. We also use the maximal x ‘xxxM’ variants, as a more
optimal ¥ would be very difficult to compute. The results are in Table 3 and Figure 4.
Similarly to A-DDBO in our TGV? denoising experiments, A-DDBM performs reliably
well, indeed better than the PDHGM or ‘Relax’. However, in many cases, A-DRBM and
A-DDIM are even faster.

5.4. TV undimming

For TV undimming, our setup is exactly the same as TV deblurring, with the natural
difference that the projection P; are no longer to the Fourier basis, but to individual
image pixels. The results are in Figure 5, and Table 4. They tell roughly the same story
as TV deblurring, with A-DDBM performing well and reliably.
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Table 3: TV deblurring performance: CPU time and number of iterations (at a resolution
of 10) to reach given duality gap, distance to target, or primal objective value.

low resolution / f-init low resolution / 0-init
gap < —30dB | tgt < —60dB | val < —60dB  gap < —60dB | tgt < —60dB | val < —60dB
Method | iter time | iter time | iter time iter time | iter time | iter time
PDHGM | 60 0.38s | 280 1.78s| 60 0.38s 30 0.18s | 330 2.05s| 70 0.43s
Relax 40 0.23s | 190 1.14s| 40 0.23s 20 0.11s | 220 1.30s| 50 0.29s

A-DRIM | 30 0.22s | 220 1.67s| 80 0.60s 20 0.14s | 280 2.08s| 80 0.59s
A-DRBM | 50 0.38s| 310 2.42s| 90 0.70s 20 0.14s | 490 3.58s| 90 0.65s
A-DDIM | 30 0.22s | 140 1.07s| 70 0.53s 20 0.14s | 170 1.25s| 70 0.51s
A-DDBM | 40 0.32s | 140 1.12s| 60 0.48s 20 0.15s | 180 1.37s| 60 0.45s

high resolution / f-init high resolution / 0-init
gap < —5dB | tgt < —40dB | val < —40dB  gap < —50dB | tgt < —40dB | val < —40dB
Method |iter time | iter time | iter time  iter time | iter time | iter time
PDHGM 70 5.93s (330 28.25s | 110 9.36s 60 5.04s | 330 28.12s | 110 9.31s
Relax 60 5.46s | 220 20.25s| 90 8.23s 50 4325220 19.30s| 90 7.84s

A-DRIM | 40 4.44s|280 31.77s | 310  35.19s 30 3.27s|280  31.41s|320  35.92s
A-DRBM | 80 8.97s 1240  27.14s|220  24.87s 60 6.48s|240  26.27s|220  24.07s
A-DDIM | 40 4435|260  29.43s|230  26.02s 30 3.17s | 260  28.35s|230  25.06s
A-DDBM | 70 7.84s (230  26.00s|150  16.92s 50 5.56s 230  25.98s5|150  16.90s

Table 4: TV undimming performance: CPU time and number of iterations (at a resolu-
tion of 10) to reach given duality gap, distance to target, or primal objective

value.
low resolution / f-init low resolution / 0-init
gap < —80dB | tgt < —60dB | val < —60dB  gap < —80dB | tgt < —60dB | val < —60dB
Method |iter time | iter time | iter time  iter time | iter time | iter time
PDHGM | 110 0.30s | 200 0.54s| 120 0.32s 70 0.18s| 200 0.51s| 120 0.30s
Relax 70 0.16s| 130 0.30s| 80 0.18s 50 0.16s| 130 0.41s| 80 0.25s

A-DRIM | 50 0.13s | 150 0.39s| 80 0.21s 30 0.10s | 160 0.57s| 80 0.28s
A-DRBM | 40 0.10s | 170 0.45s| 60 0.16s 20 0.05s | 170 0.47s| 60 0.16s
A-DDIM | 50 0.13s | 100 0.25s| 60 0.15s 30 0.08s | 110 0.30s| 60 0.16s
A-DDBM| 30 0.07s| 70 0.18s| 40 0.10s 20 0.05s| 70 0.18s| 40 0.10s

high resolution / f-init high resolution / 0-init
gap < —80dB | tgt < —60dB | val < —60dB  gap < —80dB | tgt < —60dB | val < —60dB
Method | iter time | iter time | iter time iter time | iter time | iter time

PDHGM | 170 5.75s | 290 9.83s| 210 7.11s 100 3.41s|300 10.31s|210 7.21s
Relax 110 4.42s | 200 8.07s | 140 5.64s 70 3.03s | 200 8.73s | 140 6.10s
A-DRIM | 320 13.44s | 750  31.56s | 630  26.50s 80 3.525| 760  33.82s| 640  28.48s
A-DRBM | 240 9.87s|370  15.24s|380  15.65s 90 3.95s|370 16.39s|380  16.84s
A-DDIM | 240 10.03s | 570  23.88s|420  17.58s 70 3.05s| 580  25.57s|430 18.94s
A-DDBM | 140 5.84s | 230 9.61s | 200 8.35s 60 2.63s| 230  10.22s | 200 8.88s

Conclusions

We have derived from abstract theory several accelerated block-proximal primal-dual
methods, both stochastic and deterministic. So far, we have primarily concentrated
on applying them deterministically, taking advantage of blockwise—indeed pixelwise—
factors of strong convexity, to obtain improved performance compared to standard
methods. In future work, it will be interesting to evaluate the methods on real large
scale problems to other state-of-the-art stochastic optimisation methods. Moreover,
interesting questions include heuristics and other mechanisms for optimal initialisation
of the pixelwise parameters.
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Figure 5: TV undimming performance of fully deterministic variants of our algorithms
with pixelwise step lengths, 5000 iterations, high (hi-res) and low (lo-res)
resolution images.Two different initialisations: x° = 0 (0-init) and x° = f
(f-init). The plots are logarithmic.
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A. Proofs of the general estimates

Here, we prove Theorems 2.1 to 2.3. In fact, as the technique streamlines the proof, we
consider instead of (PP) for convex V;;; : X x Y — R the general iteration

0€ Zip Wi tHw'™™) 4 Vi (u't). (B-PP)
Our motivation is that under (C0), Z;;1L;4; is self-adjoint, which has the effect
) ) ) 1 )
Zigilipn ('™ —u') = Vi (') for Vigy(u) := EH“ - ul||ZZ,-+1L,-+1' (A1)

In (B-PP), we therefore take V; to be an arbitrary convex function satisfying for each
ieNforsomeA; ;€ L(X xY;X xY)and§; > 0 the condition

(ue XxY, pedvi(u)).
(B-C0)

i 1 i
Vig1(u)+0i11 < Vi(u)+<{p,u —u>+5Hu—u ||zzi5i(r)+Ai+1(r)’

Example A.1. For the choice (A.1), using (2.10) in (B-C0), we obtain the requirement
1 . ; 1 .
0< EHu —u' L+ put —uy — EHu —u'|5 . (weXxY), (A.2)
where p = L¥Z*(u’ — u’~'). We observe for self-adjoint M the identity
i i—1 i Lo i—12 Ly 2 1 2
@ —u'" o —wn = EHu —u |y — EH“ —uly + 5”” — uly-

Applying this to M = Z;L;, we verify (A.2) for §; := |[u’ — ui_1|\ZZiLi. By (C0), §; = 0.

Example A.2 (Bregman distances, cf. [52]). Suppose that V is a Bregman distance, that
is, for some convex function J and some p; € dJ(u') to be fixed, we take

Vier(u) = J(w) = (piu — ') = J ().

Then (B-C0) is satisfied A;1(T) = Z;E;(T) if

J(w) = prou— ™) = J@') < J(u) = pimru—u) = J(u') + pou —u). (A3)
We have p € 0V;(u') if and only if p € 0J(u') — p;—;. Taking p; == p + pi_1, (A.3)
becomes

p+puu™ —uy— JW) < ~lpru—u') — J@') + {put —u).
In other words _ . ‘ _
](ul) + <pi’ul+1 _ u1> < ](ul+1)‘

This automatically holds by the convexity of J. Since there is no acceleration, Theo-
rem A.1 will not give any kind of convergence rates for this choice of V;. We at most
obtain obtain the convergence of the ergodic gap from Lemma A.1.

For better rates, we need more structure, and to incorporate acceleration parameters
in V;. Normally in the algorithm (2.2) & (2.3), we would for ¢ = |K]||?/(1 — &) have

—2 —11 %
.1 —1, 'K
ZigaLiga = 1 i

This suggests to use
Viei(u) = T,-_ZVx,iH(x) + CVy,z’H()’) - rl._1<K(x - xi)y)’ - Yi>

for Vy ;41 and V), ;1 the Bregman distances corresponding to some J, and J, at x! and
y'. If ] and J, possess sufficient strong convexity, V;;; will also be strongly convex. In
that case, we could by adapting (C1) and the analysis of Example A.2, get convergence
similar to [52].
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We have the following abstract convergence estimate. To keep the necessary setup
short, and to avoid introducing additional notation, we do not represent the result in
the full generality of Banach spaces. Such a generalisation is, however, immediate.

Theorem A.1. Let us be given K € L(X;Y), and convex, proper, lower semicontinuous
functionals G : X — R and F* : Y — R on Hilbert spaces X and Y, satisfying (G-PM)
and (F*-PM) for some 0 < T € L(X;X). Suppose (B-PP) is solvable, and that (B-C0) is
satisfied for each i € N for some operators T;,®; € L(X;X) and 341, ¥;i+1 € L(Y;Y),
with ®;T; € T and ¥; 113,41 € S. Then the iteratesu' = (x',y") of (B-PP) satisfy

NSRS

N-1 N-1
Voas@) 4 3 Gres <T@ 5 3 0l o (V2D (A
1= 1=

Proof. We take p;; € H(u'™!) such that —Z; 1 W;1p;+1 € OVip1(u't1), guaranteed to
exist by the iteration (B-PP) being by assumption solvable. Using the expansion

C(aT 0
ZigiWip1 = < 0 ‘I’i+1zi+1> ,

and the fact that 0 € H(u), we deduce

pivt, Wi ZE, (™ =) < (HW'™) — H(@), W4, 27 (w1 — )
= (0G(x""") = 0G(R). Ty @} (""" — X))
+(OF (y"™) = OF* (9).Z7 5 0" = 9))
K (YT =) T (T - X))
— (K(x" 3?)’2?+1\F?+1(yl+1 -y
An application of (G-PM) and (F*-PM) consequently gives

Prat Wi ZE (™ =) > [ = X[ 1p
+ (@ TK* (" = 9). " = %)
_ <\Pi+12i+1K(xl+1 _ )’C\),yl-i-l _ 5}\> (A.5)

1

— _Hui-i-l _
2

12
uHZi+15i+1(r) ’

Next, (B-C0) at u = u gives

~ ~ 1, ~ ; ~
Vig1(@) = Visa(U) — i1 + EHulH *u||ZZ,-+1Ei+1(F)+A,-+2(r) > (ZiaWipipivr,u' ™ — ).

(A.6)
Combining (A.5) with (A.6), we thus deduce
. o1, R
Vita(U) + it1 < Vipa(u) + EH“IH - “”iHZ(F)- (A.7)
Summing (A.7) over i = 0,...,N — 1, we obtain (A.4). O

Proof of Theorem 2.1. Insert V; from (A.1) into (A.4), and use Theorem A.1 and Exam-
ple A.1. m]

Lemma A.1. LetX and Y be Hilbert spaces, K € £(X;Y),andG : X — RandF*: Y - R
be convex, proper, lower semicontinuous. Take 0 < T € L(X;X). Suppose (B-PP) is
solvable, and that (B-C0) is satisfied for each i € N for some T;,®; € L(X;X) and
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Tir1, ¥is1 € L(Y;Y), with®;T; € T and ¥;1 1% 41 € S. Then the iterates u’ = (x',y")
of (B-PP) satisfy

N—
Z i+1 AHZIHF/Z) (N =>1) (A8)

l\JIr—l

N-1
Vn+1(u) + Z i+1 t dit1) <
i=0

for
Gir =G (") TF O] (™ = %)) — "™ = X[, 1.r
+(OF* (y'™), ZT+1T;k+1(yiH -
— G, (KT} @} — ¥in1 21 K)E) — 'L Wi 1 2 KX) + QKT O x ™).
Proof. Similarly to the proof of Theorem 2.1, we take p; . ; € H(u'™!) such that —Z;  1pi+; €
OVi+1(u'™1), guaranteed to exist by the iteration (B-PP) being by assumption solvable.
Then
(ZigaWiripiviu' ™ =) = (OG(x"), T} @} (x! = %))
+ P (y™ ), 31 ¥ 0 = 9))
+ (KL TR O) (x T = %)) — (K, ZT+1\P?+1(yi+1 -y
=gi+1 + Hxi—H - 5C\H<ZI>,»T,~F/2
+ QL (KT O] — Wi i K)x'™ )
— (YTLKTFOFX) + (9, ¥ 1% Kx' ).

for
gir1 = OG(x" ), TF@F (x" 1 =%)) = |x" =X 1.0y HCOF* (v ), BE ¥ (07T =9)).

A little bit of reorganisation and referral to the expression for A; 4 in (2.9) gives

<Zi+1Wi+1Pi+i,ui+l —U) = giv1+ HxiH - ’?”?Dinr/z

+ <yi+1 - (KTi*CD;'k - ‘Pi+12i+1K)(xi+1 - 7?)>
— {3, (KT*CD* = ¥it12in1K)x)
— Y18 KX) + (P KT @)

1, -
_“ul-‘rl HZ

A
=Gint; i1 (T/2)°

Combining (A.6) and (A.9), we obtain

1, ~
Vz+2( )+ gz+1 +8it1 < l+1( )+ EH“IH - “HZHZ(F/Z)-

Summing this for i = 0,...,N — 1 gives (A.8). ]
Proof of Theorem 2.2. We use Lemma A.1. We already verified (B-C0) in Example A.1,
so it remains to derive (2.17). Using (CG), (G-EC), and (F*-EC), we compute

1 N-1

N—
> EIGLa]i= X B[O, Trop (¢ = £)) — I =212 |

i=0 i=0
+ E[OF*(y" ). 25 % (0 = 9] — INOINGKR) + {IN(DLKRN)
= ING(XN,IN) — INGINLKX) + INCY, KXN ).

We therefore obtain (2.17) by taking the expectation in (A.8). O
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Proof of Theorem 2.3. Using (G-PM) and (OC), we deduce
G = (OF*(y').Z1¥7 (v' = 9)) + 9. 1iZiK%) — (¥, Y1 Z1KX).
Likewise (F*-PM) and (OC) give
Gy = OG(N), Ty @3y (2 = 2)) = |2V = R[5 1 e
— (JKT{ X1 %) + G, KT @y x™).
Shifting indices of ¥’ by one compared to G/ +1» we define
g;,i-&-l 5:<5G(xi+1)’Ti*‘D?(xiH — X)) — %"

+ OF*(y"), 2595 (y' — )
— 3,(KT; @ — ¥;3,;K)%) — (¥, U2 KX) + (P, KT i x' ),

P
- xH@J,T/z

Correspondingly reorganising terms, we observe

N-2 —1

N-—-1 N
DG =G+ Y Gt 6y = ) G
i=0

i=1 i=1

We now estimate >N " E[G. ;1) analogously to the proof of Theorem 2.2. i

B. An inequality

We needed the following for convergence rates in Section 4.2.

Lemma B.1. Suppose g = ¢o + b S~ (i + 1)? for each N = 0 for some constants
p = 0and ¢o,b > 0. Then pn = ¢y + CNPH! for some constant C = C(b, po,p) > 0.

Proof. We calculate

N N
¢N>¢O+b21p>¢0—|—bf xpdx>¢0+p_1b(NP+1_2)'
2

i=1

The lower bound ¢n = ¢ for 0 < N < 2, and suitably choice of C > 0 verify the
claim. ]
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