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preconditioned proximal point methods and
notions of partial subregularity

Tuomo Valkonen∗

Abstract Based on the needs of convergence proofs of preconditioned proximal point methods, we
introduce notions of partial strong submonotonicity and partial (metric) subregularity of set-valued
maps. We study relationships between these two concepts, neither of which is generally weaker or
stronger than the other one. For our algorithmic purposes, the novel submonotonicity turns out to
be easier to employ than more conventional error bounds obtained from subregularity. Using strong
submonotonicity, we demonstrate the linear convergence of the Primal-Dual Proximal splitting
method to some strictly complementary solutions of example problems from image processing
and data science. This is without the conventional assumption that all the objective functions of
the involved saddle point problem are strongly convex.

1 introduction

What is the weakest useful form of regularity of a set-valued map H? In particular, if 0 ∈ H (û) for
û = (x̂, ŷ) encodes optimality conditions of a saddle point problem

(1.1) min
x ∈X

max
y ∈Y

G(x) + 〈Kx,y〉 − F ∗(y),

in Hilbert spaces X and Y , what regularity property is useful for showing the fast convergence of
optimisation methods? In this work, we study this question in relation to preconditioned proximal
point methods [43].

A starting point for the regularity of set-valued maps is to extend the Lipschitz property of single-
valued maps. One such approach is the Aubin, pseudo-Lipschitz, or Lipschitz-like property of [7]. When
we are interested in the stability of the optimality condition 0 ∈ H (û), it is more bene�cial to study the
Aubin property of the inverse H−1. This is called the metric regularity of H . In this property, at û for
ŵ ∈ H (û), both u and w are allowed to vary in the criterion

κ dist(w,H (u)) ≥ dist(u,H−1(w)) (u ∈ U, w ∈ W),

which is assumed to hold for some κ > 0, and neighbourhoodsU 3 û andW 3 ŵ . We make standard
notation such as “dist” explicit in Section 2. Metric regularity is equivalent to openness at a linear rate
at (û, ŵ), and holds for smooth maps by the classical Lyusternik–Graves theorem; see, e.g., [24]. It is
too strong a property to be satis�ed in many applications. Metric subregularity [25, 14] allows much
more leeway for H by �xing w = ŵ . In other words, we require

(1.2) κ dist(ŵ,H (u)) ≥ dist(u,H−1(ŵ)) (u ∈ U).

The counterpart of metric subregularity that relaxes the Aubin property is known as calmness or the
upper Lipschitz property [39]. We refer to the books [6, 34, 42, 13, 24] for further information on these
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and other related properties. These include the Mordukhovich criterion that allows verifying the Aubin
property or metric regularity through coderivative considerations.

Monotonicity is an important basic property satis�ed by the convex subdi�erential. For general
set-valued maps H : U ⇒ U on a Hilbert space U , it states

〈q − q∗,u − u∗〉 ≥ 0 ((u,q), (u∗,q∗) ∈ graphH ).

Basic monotonicity does not help to achieve fast convergence of optimisation methods. This can be
achieved with strong monotonicity

〈q − q∗,u − u∗〉 ≥ γ ‖u − u∗‖2 ((u,q), (u∗,q∗) ∈ graphH ).

In this work, in the spirit of subregularity, we want to relax strong monotonicity to strong sub-
monotonicity at a point. To study the convergence of optimisation methods on subspaces, we will
formulate both submonotonicity and subregularity in terms of operators: we introduce partial (metric)
subregularity and partial strong submonotonicity. In this theme, our main contributions are:

– In Section 3 we introduce the new concept of (partial, strong) submonotonicity. Expanding from
our previous work in [43], we apply it to the convergence proofs of abstract preconditioned
proximal point methods.

– In Section 4 we introduce partial variants of familiar error bounds and metric subregularity.
Based on them we again formulate convergence results for abstract preconditioned proximal
point methods.

– In Section 5 we study the relationship between submonotonicity and subregularity.
– In Section 6 we apply the work of the previous sections to obtain improved convergence results

for the primal-dual proximal splitting (PDPS) of Chambolle and Pock [8].
Before this, in Section 2, we introduce notation.

There are further properties in the literature, related to our work. Strong metric subregularity is a
strengthening of metric subregularity. Its many properties are studied in [10], along with introducing
q-exponent versions. Particularly worth noting is that strong metric subregularity is invariant with
respect to perturbations by smooth functions, while metric subregularity is not. Minding our focus
on monotonicity, of particular relevance is that for convex functions f , strong metric subregularity
of the subdi�erential amounts to local strong convexity. Indeed, according to [3, 4], the (convex)
subdi�erential ∂ f is strongly metrically subregular at û for ŵ ∈ ∂ f (û) if and only if there exists γ > 0
and a neighbourhoodU 3 û such that

f (u) − f (û) ≥ 〈ŵ,u − û〉 + γ ‖u − û‖2 (u ∈ U).

Metric subregularity, on the other hand, amounts of measuring growth away from the entire set
[∂ f ]−1(ŵ) instead of the single point û. This gives the corresponding criterion

f (u) − f (û) ≥ 〈ŵ,u − û〉 + γ dist2(u, [∂ f ]−1(ŵ)) (u ∈ U).

In Section 5 we derive similar correspondences between partial metric subregularity and partial strong
submonotonicity.

Some weaker and partial concepts of regularity have also been considered in the literature. Of
particular note is the directional metric subregularity of [19]. The idea here is to study necessary
optimality conditions by only requiring metric regularity or subregularity to critical directions instead
of all directions. A somewhat similar idea is considered in [37]. We, by contrast, are interested in
regularity on entire subspaces where our objective functions behave better than globally. A form of
directional metric subregularity more closely resembling our partial subregularity has been studied
in [15, 46]. This notion models directionality with subsets, while ours uses operators. Moreover,
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through the use of three rather than two operators, our de�nitions in Section 3 split the partiality or
directionality on two sides of the de�ning inequality. As we show in Section 5, this yields a somewhat
weaker property, su�cient for our needs.

Related to our objectives, partial calmness of bi-level programs with respect to perturbations of
only certain optimality criteria have been studied in [47], see also [23]. We have also ourselves studied
partial strong convexity in [45, 44] for the acceleration of optimisation methods on subspaces of strong
convexity. Moving from subspaces to manifolds, [28, 30] apply smoothness restricted to submanifolds
to prove local linear convergence of optimisation algorithms to such submanifolds.

More generally, local linear convergence can be derived from error bounds, �rst introduced in [31]
for matrix splitting problems, and studied for other methods including the ADMM and the proximal
point method, among others in [21, 5, 27, 29]. An alternative approach to the proximal point method
is taken in [2] based on Lyusternik–Graves style estimates, while [1] presents an approach based on
metric regularity to Newton’s method for variational inclusions. In [48] a uni�ed approach to error
bounds for generic smooth constrained problems is introduced. In Section 4 we will do something
roughly similar, but for nonsmooth optimisation. Robinson stability [38, 20] can also be seen as a
stronger parametric version of error bounds, useful in the study of sensitivity of solution mappings. In
this work, we are primarily interested in the application of our regularity criteria to the convergence
of optimisation methods.

2 notation

Let X and Y be Hilbert spaces. We denote by 〈 · , · 〉 and ‖ · ‖ the corresponding inner products and
induced norms. We use L(X ;Y ) to denote the space of bounded linear operators between X and Y . We
denote the identity operator by I . ForT , S ∈ L(X ;X ), we writeT ≥ S whenT −S is positive semide�nite.
Also for possibly non-self-adjointT ∈ L(X ;X ), we introduce the inner product and norm-like notations

(2.1) 〈x, z〉T := 〈Tx, z〉, and ‖x ‖T :=
√
〈x, x〉T .

For a set A ⊂ X , we write δA for the {0,∞}-valued indicator function and de�ne the distance

distT (z,A) := inf
u ∈A
‖z − u‖T .

We also write dist2T (z,A) := distT (z,A)2.
We denote the {0,∞}-valued indicator function of a set A ⊂ X by δA, and write A ≥ 0 if every

element t ∈ A satis�es t ≥ 0. Also, we write 〈A, x〉 = {〈y, x〉 | y ∈ A} whenever x ∈ X , so that the
inequality 〈A, x〉 ≥ 0 means 〈y, x〉 ≥ 0 for all y ∈ A.

Finally, we write B(x,α) for the open ball of radius α around x ∈ X , and, for a possibly set-valued
H : X ⇒ Y , the graph by graphH := {(x,y) | y ∈ H (x), x ∈ X }.

Let f : X ⇒ R. We write ∂ f for the convex subdi�erential if f convex. If f is locally Lipschitz, we
write ∂C for the Clarke subdi�erential. We write f ∗ for the Fenchel conjugate.

3 submonotonicity and preconditioned proximal point methods

Our objective is to solve the variational inclusion 0 ∈ H (û), where H : U ⇒ U is a set-valued map on
a Hilbert space U . Our strategy is for some iteration-dependent Mi+1 ∈ L(U ;U ) the preconditioned
proximal point method: given an initial iterate u0, iteratively solve ui+1 from

(PP) 0 ∈ H (ui+1) +Mi+1(u
i+1 − ui ).

T. Valkonen Partial subregularity
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In [43] we developed general convergence theory of such methods and more general methods that
include non-linear preconditioners for the modelling forward steps. Here, for simplicity, we only
consider linear preconditioning. By [22], the primal-dual proximal splitting of [8] is of the form (PP).
We will discuss it in Section 6. By [43, 12] many more algorithms are of the form (PP).

We improve the results of [43] to require weaker regularity ofH by only asking for convergence to the
set of rootsH−1(0) instead of a speci�c (unique) root. In this section, we speci�cally use submonotonicity
that we de�ne in Section 3.2 while in Section 4 we look at subregularity and error bounds. Before this,
in Section 3.1, we provide the fundamental estimate for such convergence results.

3.1 a convergence estimate

The next lemma is the basis of our convergence results. The testing operators Zi+1 combined with the
preconditioners Mi+1 form local metrics that measure the rate of convergence.
Lemma 3.1. Let H : U ⇒ U on a Hilbert space U with H−1(0) non-empty. Also let Mi+1,Zi+1 ∈ L(U ;U )
with Zi+1Mi+1 self-adjoint for all i ∈ N. Suppose (PP) is solvable for the iterates {ui+1}i ∈N given u0 ∈ U .
If

(3.1) 1
2 ‖u

i+1 − ui ‖2Zi+1Mi+1
+ inf

u∗∈H−1(0)

(
1
2 ‖u

i+1 − u∗‖2Zi+1Mi+1
+ 〈H (ui+1),ui+1 − u∗〉Zi+1

)
≥

1
2 dist2Zi+2Mi+2

(ui+1;H−1(0))

for all i ∈ N, then

(3.2) 1
2 dist2Zn+1Mn+1

(uN ,H−1(0)) ≤ 1
2 dist2Z1M1

(u0,H−1(0)) (n ≥ 1).

Proof. Let u∗ ∈ H−1(0) be arbitrary. Inserting (PP) into (3.1), we obtain

(3.3) 1
2 ‖u

i+1 − ui ‖2Zi+1Mi+1
+ inf

u∗∈H−1(0)

(
1
2 ‖u

i+1 − u∗‖2Zi+1Mi+1
− 〈ui+1 − ui ,ui+1 − u∗〉Zi+1Mi+1

)
≥

1
2 dist2Zi+2Mi+2

(ui+1;H−1(0)).

We recall for general self-adjoint M the three-point formula

(3.4) 〈ui+1 − ui ,ui+1 − u∗〉M =
1
2 ‖u

i+1 − ui ‖2M −
1
2 ‖u

i − u∗‖2M +
1
2 ‖u

i+1 − u∗‖2M .

Using this with M = Zi+1Mi+1, we rewrite (3.3) as

1
2 dist2Zi+1Mi+1

(ui ;H−1(0)) ≥ 1
2 dist2Zi+2Mi+2

(ui+1;H−1(0)).

Summing over i = 0, . . . ,n − 1, we obtain the claim. �

In the present work, we concentrate on Zi+1Mi+1 ≥ 0 growing fast enough that (3.2) yields conver-
gence rates. If such growth is not present, then under some technical assumptions, it is still possible to
obtain weak convergence. Since this is not our focus, we merely refer to [43] for arguments applicable
when dist2ZN+1MN+1

(uN ,H−1(0)) is replaced by ‖uN − û‖2ZN+1MN+1
for some �xed û ∈ H−1(0).

T. Valkonen Partial subregularity
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3.2 submonotonicity

Suppose Zi+1H is strongly monotone with respect to the operator Zi+1Ξi+1 for some Ξi+1 ∈ L(U ;U ) in
the sense that

(3.5) 〈H (u) − H (u ′),u − u ′〉Zi+1 ≥
1
2 ‖u − u

′‖2Zi+1Ξi+1 (u,u
′ ∈ U ).

Then, by taking u ′ = u∗ ∈ H−1(0), we see (3.1) to hold if
1
2 ‖u

i+1 − ui ‖2Zi+1Mi+1
+ inf

u∗∈H−1(0)

1
2 ‖u

i+1 − u∗‖2Zi+1(Mi+1+Ξi+1)
≥

1
2 dist2Zi+2Mi+2

(ui+1;H−1(0)).

By the de�nition of dist2Zi+2Mi+2
, this holds if we secure Zi+1(Mi+1 + Ξi+1) ≥ Zi+2Mi+2. This limits the

growth of i 7→ Zi+1Mi+1 through the available strong monotonicity, and hence the convergence rates
(3.2) can yield.

We do not, however, need the full power of strong monotonicity. Indeed, since u ′ = u∗ ∈ H−1(0)
was arbitrary above, we are led to think we can take the in�mum in (3.5) over u ′ ∈ H−1(0). However,
we have to be careful to keep this in�misation compatible with dist2Zi+2Mi+2

(ui+1;H−1(0)). We therefore
introduce the following concept.
Definition 3.2. Let U be a Hilbert space and N ,M,Ξ ∈ L(U ;U ) with M ≥ 0. We say that T : U ⇒ U
is (Ξ,N ,M)-partially strongly submonotone at (û, ŵ) ∈ graphT (or at û for ŵ ∈ T (û)) if there exists a
neighbourhoodU 3 û with

(PSM) inf
u∗∈T −1(ŵ )

(
〈w − ŵ,u − u∗〉N + ‖u − u

∗‖2M−Ξ
)
≥ dist2M (u,T

−1(ŵ)) (u ∈ U, w ∈ T (u)).

If Ξ = M , we say thatT is (N ,M)-strongly submonotone. If Ξ = 0, we say thatT is (N ,M)-submonotone.
The idea is that Ξ is the “part” of M with respect to which T is strongly submonotone. If we �x

the element u∗ ∈ T −1(ŵ) in both the in�misations and the dist in (PSM), then M cancels out and the
inequality reduces to a variant of the operator-relative strong monotonicity (3.5). The in�misation is
the reason for calling the concept submonotonicity.
Remark 3.3 (Submonotonicity from local monotonicity). (Ξ,M,N )-partial strong submonotonicity for
any M ≥ 0 is implied by

〈w − ŵ,u − u∗〉N ≥ ‖u − u
∗‖2Ξ (u ∈ U, w ∈ T (u), u∗ ∈ T −1(ŵ)).

Remark 3.4 (Limited dependence on base point). Submonotonicity only depends on û throughU.
Returning to the preconditioned proximal point method (PP), the next result shows how Zi+2Mi+2

can be made to grow based on partial strong submonotonicity, and therefore how this can help us
obtain convergence rates.
Theorem 3.5. On a Hilbert space U , let H : U ⇒ U , and Mi+1,Zi+1,Ξi+1 ∈ L(U ;U ) with Zi+1Mi+1 ≥ 0
self-adjoint for all i ∈ N. SupposeH−1(0) is non-empty and (PP) is solvable for the iterates {ui+1}i ∈N given
u0 ∈ U . IfH is (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partially strongly submonotone at some (û, 0) ∈ graphH with
a uniform neighbourhoodU for all i ∈ N, and

(3.6) Zi+1(Mi+1 + Ξi+1) ≥ Zi+2Mi+2 (i ∈ N),

then (3.2) holds provided {ui }Ni=0 ⊂ U for the neighbourhoodU of partial strong submonotonicity.

Proof. By the assumed partial strong submonotonicity, for all u∗ ∈ H−1(0), we have

〈H (ui+1),ui+1 − u∗〉Zi+1 +
1
2 ‖u

i+1 − u∗‖Zi+2Mi+2−Zi+1Ξi+1 ≥
1
2 dist2Zi+2Mi+2

(ui+1;H−1(0)).

Using (3.6) and taking the in�mum overu∗ ∈ H−1(0), we obtain (3.1). Then we just apply Lemma 3.1. �

T. Valkonen Partial subregularity
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Remark 3.6. If the testing operators Zk+1 ≡ I , then Theorem 3.5 requires (Ξi+1, 2I ,Mi+2)-partial strong
submonotonicity, roughly speaking, submonotonicity with respect to the the part Ξi+1/2 of Mi+2/2.

3.3 transformation of submonotonicity

Before looking at more concrete examples, we provide results to transform submonotonicity with
respect to one triple of operators to another triple of operators. The �rst result is basic:
Proposition 3.7 (Scaling invariance). On a Hilbert space U , suppose T : U ⇒ U is (Ξ,N ,M)-partially
strongly submonotone at (û, ŵ) ∈ graphT in a neighbourhoodU. Then for any α > 0, at the same point
(û, ŵ) in the same neighbourhoodU,

(i) T is (αΞ,αN ,αM)-partially strongly submonotone.
(ii) T is (Ξ,N , (1 + α)M)-partially strongly submonotone.

Proof. (i) is obvious. For (ii) using the (Ξ,N ,M)-partial strong submonotonicity we obtain

inf
u∗∈T −1(ŵ )

(
〈w − ŵ,u − u∗〉N + ‖u − u

∗‖2
(1+α )M−Ξ

)
≥ inf

u∗∈T −1(ŵ )

(
〈w − ŵ,u − u∗〉N + ‖u − u

∗‖2M−Ξ
)
+ α inf

u∗∈T −1(ŵ )
‖u − u∗‖2M

≥ dist2
(1+α )M (u,T

−1(ŵ)) (u ∈ U, w ∈ T (u)). �

The following results will require the following concept, which will also be central Section 5:
Definition 3.8. On a Hilbert space U , for linear operators M ≥ M ′ ∈ L(U ;U ), a set A ⊂ U , and a point
û ∈ U , we write (M,M ′) ∈ P(A, û) if there exists a neighbourhoodU ′ 3 û such that each u ∈ U ′ has
a common projection u∗ to the set A with respect to both of the norms ‖ · ‖M and ‖ · ‖M ′ :

argmin
u′∈A

‖u − u ′‖M = u
∗ = argmin

u′∈A
‖u − u ′‖M ′ .

Example 3.9 (Unique solution on a subspace). Let H : U ⇒ U with U = X × Y . Write u = (x,y).
Take M ≥ Ξ :=

( α I 0
0 0

)
for some α > 0. If u∗ = (x∗,y∗) ∈ H−1(0) implies x∗ = x̂ for some �xed x̂ ,

then (M,M − Ξ) ∈ P(H−1(0), û).

With this, we can show that strong submonotonicity implies partial strong submonotonicity for a
large class of M .
Proposition 3.10. On a Hilbert spaceU , let T : U ⇒ U , and Ξ,N ,M ∈ L(U ;U ) withM ≥ Ξ ≥ 0.

If (Ξ,M−Ξ) ∈ P(T −1(ŵ), û), then (N ,Ξ)-strong submonotonicity at (û, ŵ) ∈ graphT implies (Ξ,N ,M)-
partial strong submonotonicity at the same point.
IfT −1(ŵ) = {û} is a singleton, these two properties are equivalent; moreover (Ξ,M−Ξ) ∈ P(T −1(ŵ), û)

automatically holds.

Proof. The condition (PSM) for (N ,Ξ)-strong submonotonicity reads

(3.7) inf
u∗∈T −1(ŵ )

〈w − ŵ,u − u∗〉N ≥ dist2Ξ(u,T
−1(ŵ)) (u ∈ U, w ∈ T (u)).

Since (Ξ,M − Ξ) ∈ P(T −1(ŵ), û), we have

dist2Ξ(u,T
−1(ŵ)) + dist2M−Ξ(u,T

−1(ŵ)) ≥ dist2M (u,T
−1(ŵ)) (u ∈ U ′).

T. Valkonen Partial subregularity
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Adding dist2M−Ξ(u,T −1(ŵ)) on both sides of (3.7), we therefore obtain

inf
u∗∈T −1(ŵ )

〈w − ŵ,u − u∗〉N + dist2M−Ξ(u,T
−1(ŵ)) ≥ dist2M (u,T

−1(ŵ)) (u ∈ U ∩U ′, w ∈ T (u)).

Using inf + inf ≤ inf on the left hand side, we (Ξ,N ,M)-partial strong submonotonicity following the
de�ning (PSM).

If T −1(ŵ) = {û}, retracing the steps above using the uniqueness of u∗ = û ∈ T −1(ŵ) establishes the
equivalence claim. �

The next example shows that if T −1(ŵ) is not a singleton, the converse implication may not hold.

Example 3.11. Let f : R→ R, f (u) := 1
2 min{|u+1|2, |u−1|2}. Then ∂C f is (γ I , I , I )-partially strongly

submonotone for any γ ∈ (0, 1) at (û, 0) when û ∈ {1,−1}, but is not (I ,γ I )-strongly submonotone.

Veri�cation. Clearly [∂ fC ]−1(0) = {−1, 0, 1}. We take for simplicity û = 1 and U ⊂ (0,∞). The case
û = −1 is similar. Then ∂C f (u) = {u − 1} for u ∈ U. For the (γ I , I , I )-partial strong submonotonicity,
(PSM) consequently expands as

min
u∗∈{−1,0,1}

(
(u − 1)(u − u∗) + (1 − γ )|u − u∗ |2

)
≥ min{|u − 1|2, |u |2} (u ∈ U).

For u∗ = 1 the inequality is obvious. For the rest, by Young’s inequality, it su�ces if

min
u∗∈{−1,0}

(1 − γ − α−1)(u − u∗)2 ≥ (1 + α/4)(u − 1)2 (u ∈ U)

for some α > 0. Taking γ ∈ (0, 1), α > 1/(1−γ ), and a correspondingly small neighbourhoodU around
û = 1, we prove the partial strong submonotonicity.

For the (γ I , I )-strong submonotonicity we would need

min
u∗∈{−1,0,1}

(u − 1)(u − u∗), ≥ γ min{|u − 1|2, |u |2} (u ∈ U).

The left-hand side is negative for u < 1, so no neighbourhoodU of û = 1 satis�es the condition. �

3.4 examples: the basic proximal point method

We next provide examples regarding the basic proximal point method. We return to primal-dual
methods in Section 6. We �rst consider the non-operator case of partial strong submonotonicity, and
afterwards use the full power of the operator formulation of partial strong submonotonicity to study
convergence on subspaces.

Example 3.12 (Basic proximal point method, submonotonicity). Suppose for somem > γ > 0 that
H : U ⇒ U is (γ I , 2I ,mI )-partially strongly submonotone at (û, 0) ∈ graphH in the neighbourhood
U. Let {ui+1}i ∈N be generated by the basic proximal point method

(3.8) 0 ∈ H (ui+1) + τ−1(ui+1 − ui )

for some u0 ∈ U and a step length parameter τ ≥ 1/(m − γ ). If {ui }i≥n ∈ U for large enough n,
then dist2(ui ;H−1(0)) → 0 at a linear rate.

T. Valkonen Partial subregularity
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Veri�cation. We take Mi+1 ≡ τ−1I , Ξi+1 := γ I , and Zi+1 := ϕi I for ϕi+1 := ϕi (1 + γτ ), ϕ0 := 1.
Then (PP) describes (3.8), (3.6) holds as an equality, and the (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partial strong
submonotonicity required by Theorem 3.5 is by Proposition 3.7 (i) equivalent to (γ I , 2I , (τ−1 + γ )I )-
partial strong submonotonicity. By Proposition 3.7 (ii) this follows from the assumed (γ I , 2I ,mI )-
partial strong submonotonicity when τ−1 + γ ≥ m, that is, τ ≥ 1/(m − γ ). Thus by Theorem 3.5,
dist2(uN ;H−1(0)) ≤ (ϕ0/ϕN ) dist2(u0;H−1(0)) for large enough N . This yields the claimed convergence
rate. �

Remark 3.13 (Superlinear convergence). With iteration-dependent step lengths τk→∞, it is also possible
to obtain superlinear convergence. Under basic strong monotonicity this is proved in [41]; in the “testing”
framework, which is also our overall approach to convergence proofs, in [43, Example 2.2] or [12,
Theorem 10.1].
Remark 3.14 (Reaching the local neighbourhood). IfU is �nite-dimensional, the condition {ui }i≥n ∈ U
can be guaranteed by standard convergence results [32] for large n ∈ N and some û ∈ H−1(0) with the
corresponding neighbourhoodU.

A basic application of Example 3.12 is to H = ∂G for a convex function G. As basic building blocks,
we next show on R that the subdi�erentials of the indicator of the unit ball, and of the absolute
value function are strongly submonotone. None of these subdi�erentials are strongly monotone in the
conventional sense. With (x̂, q̂) ∈ graph ∂G, we will �nd a neighbourhoodU 3 û such that we have
the (I ,γ I )-strong submonotonicity

(3.9) inf
x ∗∈[∂G]−1(q̂)

〈q − q̂, x − x∗〉 ≥ γ inf
x ∗∈[∂G]−1(q̂)

‖x − x∗‖2 (x ∈ U, q ∈ ∂G(x)).

We recall from Proposition 3.10 that (I ,γ I )-strong submonotonicity, i.e., (γ I , I ,γ I )-partial strong sub-
monotonicity, implies (γ I , I , I )-partial strong submonotonicity,and by Proposition 3.7, further (2γ I , 2I , 2mI )-
partial strong submonotonicity for anym > 1.
Lemma 3.15. LetG := δclB(0,α ) onRn . Then ∂G is (I ,γ I )-strongly submonotone at (x̂, q̂) ∈ graph ∂G with

U := domG and γ :=
{
‖q̂‖/(2α), q̂ , 0,
∞, q̂ = 0.

Proof. We need to prove (3.9). If q̂ = 0, then [∂G]−1(q̂) = clB(0,α), so (3.9) trivially holds by the
monotonicity of ∂G as a convex subdi�erential [40].

Otherwise, if q̂ , 0, necessarily q̂ = βx̂ for some β > 0, and ‖x̂ ‖ = α . Moreover, [∂G]−1(q̂) = {x̂},
and 〈−q, x̂ − x〉 ≥ G(x) −G(x̂) = 0. Therefore (3.9) holds if β 〈x̂, x̂ − x〉 ≥ γ ‖x − x̂ ‖2. In other words
(β − γ )‖x̂ ‖2 ≥ γ ‖x ‖2 + (β − 2γ )〈x̂, x〉. Clearly x ∈ dom ∂G implies ‖x ‖ ≤ α . Since ‖x̂ ‖ = α , this
condition holds for β ≥ 2γ . Since q̂ = βx̂ and ‖x̂ ‖ = α , the maximal choice is γ = ‖q̂‖/(2α). �

Lemma 3.16. Let G := | · | on R. Then ∂G is (I ,γ I )-strongly submonotone at (x̂, q̂) ∈ graph ∂G for any
γ > 0 in the neighbourhood

U :=


[−2γ−1,∞), q̂ = 1
(−∞, 2γ−1], q̂ = −1,
([−1, 1] − q̂)γ−1, |q̂ | < 1.

Proof. We need to prove (3.9). We have q̂ ∈ [−1, 1]. Consider �rst q̂ = 1. Then [∂G]−1(q̂) = [0,∞), so
(3.9) reduces to

inf
x ∗≥0, q∈∂G(x )

(q − 1)(x − x∗) ≥ γ inf
x ∗≥0
|x − x∗ |2

T. Valkonen Partial subregularity
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If x ≥ 0, this holds for any γ ≥ 0 by the monotonicity of ∂G. Otherwise, if x < 0, we have q = −1, so
need −2x ≥ γ |x |2, which, because x < 0, is to say 2 ≥ γ |x |. This is guaranteed by our choice ofU.

The case q̂ = −1 is analogous.
Consider then |q̂ | < 1. Then [∂G]−1(q̂) = {x̂} = {0}, so (3.9) holds if

(3.10) inf
q∈∂G(x )

(q − q̂)x ≥ γx2.

If x = 0, this is clear. If x > 0, ∂G(x) = {1}, so (3.10) holds if 1 − q̂ ≥ γx . This holds if x ≤ (1 − q̂)/γ .
Similarly, if x < 0, we obtain for (3.10) condition −1 − q̂ ≤ γx . This holds when x ≥ (−1 − q̂)/γ . The
conditions x ≤ (1− q̂)/γ and −1− q̂ ≤ γx give the expression forU in the statement of the lemma. �

Example 3.17. Let F (x,y) := |x | + δ[−1,1](y). Then ∂F is (I ,γ I )-strongly submonotone at ((x̂, ŷ), 0)
for any (x̂, ŷ) ∈ {0} × [−1, 1] and γ > 0. Consequently the iterates of the proximal point method of
Example 3.12 for H = ∂F and any τ > 0 converge linearly to {0} × [−1, 1]

Veri�cation. Clearly {0} × [−1, 1] = H−1(0). We combine Lemmas 3.15 and 3.16 to show the (I ,γ I )-
strong submonotonicity. By Propositions 3.7 and 3.10 we then obtain (2γ I , 2I , 2mI )-partial strong
submonotonicity for any m > 1. By taking m > γ large enough that τ ≥ 1/(2m − 2γ ), we obtain the
claim from Example 3.12 provided the iterates are in the neighbourhood of submonotonicityU. By
Remark 3.14 the convergence is, in fact, global. �

3.5 examples: varying behaviour on subspaces

The next examples demonstrate the word “partial” in the de�nitions.

Example 3.18 (Partial convergence of a preconditioned proximal point method). SupposeH : X×Y ⇒
X ×Y is (Ξ, 2I ,M)-partially strongly submonotone at (û, 0) ∈ graphH in the (�xed) neighbourhood
U with Ξ = diag(γ I , 0) for some �xed γ > 0 and M = diag(mx I ,my I ) for any mx > γ andmy > 0.
For any τ ,σ0 > 0 and initial u0 = (x0,y0) ∈ X × Y , let {ui+1 = (x i+1,y i+1)}i ∈N be generated by the
preconditioned proximal point method

0 ∈ H (ui+1) +Mi+1(u
i+1 − ui ) where Mi+1 =

(
τ−1I 0
0 σ−1i I

)
and σi+1 := (1 + γτ )σi .

If {ui }i≥n ∈ U for large enough n, then dist(x i , {x̂ | (x̂, ŷ) ∈ H−1(0)}) → 0 at a linear rate.

Veri�cation. We take Zi+1 = ϕi I and Ξi+1 = diag(γ I , 0) for ϕi+1 := ϕi (1 + γτ ) and ϕ0 := 1. Then
σi+1 = σiϕi+1ϕ

−1
i . We use Theorem 3.5. The condition (3.6) holds with our choices. Moreover,

Zi+2Mi+2 =

(
ϕi (τ

−1 + γ )I 0
0 ϕiσ

−1
i I

)
and Zi+1Ξi+1 =

(
ϕiγ I 0
0 0

)
.

Thus the required (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partial strong submonotonicity amounts to

(diag(ϕiγ I , 0), 2ϕi I , diag(ϕi (τ−1 + γ )I ,ϕiσ−1i ))-partial strong submonotonicity.

By the scaling invariance Proposition 3.7, this is implied by our assumptions withmx = τ
−1 + γ and

my = σ
−1
i . Now {ϕi }i ∈N grows exponentially, so (3.2) established by Theorem 3.5 shows the claim. �

T. Valkonen Partial subregularity
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Figure 1: The function F from Example 3.19 with some contour lines plotted. The function is sub-
monotone at any ((x̂, 0), 0) ∈ graph ∂F strongly in the x direction, but non-strongly in the y
direction.

Example 3.19 (Varying behaviour along subspaces). With u = (x,y) ∈ R2 and µ > 0, let

F (u) := G(x) + 1
2 (x

2 + y2)y2 with G(x) :=


0, |x | ≤ µ,

x − µ, x > µ,

x + µ, x < −µ .

This is illustrated in Figure 1. Letγ > 0. Then ∂F is (Ξ, 2I ,M)-partially strongly submonotone at any
((x̂, 0), 0) ∈ graph ∂ f in the neighbourhoodU = (µ + 2γ−1)[−1, 1] × R with M = diag(mx I ,my I )
and Ξ = diag(γ I , 0) for anymx ≥ γ andmy ≥ 0.

Veri�cation. Let Q(u) := 1
2 (x

2 + y2)y2. The function Q is convex as veri�ed by the positivity of the
Hessian, hence is ∇Q monotone. Clearly [∂F ]−1(0) = [−µ, µ] × {0} with ∇Q(u∗) = 0 for u∗ ∈ [∂F ]−1(0).
We use the notation u = (x,y) and u∗ = (x∗,y∗). We have ∂F (u) = {(w, 0) + ∇Q(u) | w ∈ ∂G(x)} and,
by the monotonicity of ∇Q ,

inf
u∗∈[∂F ]−1(0)

(
〈(w, 0) + ∇Q(u) − 0,u − u∗〉2I + ‖u − u∗‖2M−Ξ

)
≥ inf

u∗∈[∂F ]−1(0)

(
2w(x − x∗) + ‖u − u∗‖2M−Ξ

)
.

Consequently, the claimed partial strong submonotonicity at ((x̂, 0), 0) ∈ graph ∂F holds if

(3.11) min
x ∗∈[−µ ,µ]

2w(x − x∗) + (mx − γ )(x − x
∗)2 +myy

2 ≥ min
x ∗∗∈[−µ ,µ]

mx (x − x
∗∗)2 +myy

2

for all u = (x,y) in a neighbourhoodU of û = (x̂, 0), and all

w ∈ ∂G(x) =



0, |x | < µ,

1, x > µ,

[0, 1], x = µ,

−1, x < −µ,

[−1, 0], x = −µ .

If x ≥ µ, then w ≥ 1 and x > x∗. Withmx ≥ γ , clearly both sides of the inequality in (3.11) have the
same minimiser x∗ = x∗∗ = µ. So (3.11) holds if 2(x − µ) ≥ γ (x − µ)2, which is to say with x ≤ µ + 2γ−1.

The case x ≤ −µ is analogous.
If |x | < µ, we have w = 0, so with mx ≥ γ , both sides of (3.11) are minimised and are equal with

x∗∗ = x∗ = x . �
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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4 rates from error bounds and subregularity

We now study an approach alternative to submonotonicity: the error bounds that we discussed in the
introduction. Their essence is to prove for some κ > 0 that

(EB) κ‖ui+1 − ui ‖ ≥ ‖ui+1 − û‖.

One can see how this would improve (3.1) by allowing Zi+1Mi+2 to grow faster. However, we generally
cannot �x û, so would take the in�mum over û ∈ H−1(0) above. We also want a partial, operator-relative,
variant, to deal with primal-dual methods, and even block-adapted methods [44, 33].

4.1 partial error bounds and subregularity

We generalise error bounds to be operator-relative:
Theorem 4.1. On a Hilbert space U , let H : U ⇒ U , and Mi+1,Zi+1, Pi+1 ∈ L(U ;U ) with Zi+1Mi+1 ≥ 0
self-adjoint for all i ∈ N. Suppose H−1(0) is non-empty and (PP) is solvable for the iterates {ui+1}i ∈N
given u0 ∈ U . If for some δ ∈ [0, 1] the partial error bound

(PEB) δ ‖ui+1 − ui ‖2Zi+1Mi+1
+ dist2Zi+2Mi+2−Zi+1Pi+1(u

i+1,H−1(0)) ≥ dist2Zi+2Mi+2
(ui+1,H−1(0))

holds and

(4.1) 1 − δ
2 ‖u

i+1 − ui ‖2Zi+1Mi+1
+

1
2 ‖u

i+1 − u∗‖2Zi+1(Mi+1+Pi+1)−Zi+2Mi+2
+ 〈H (ui+1),ui+1 − u∗〉Zi+1 ≥ 0

for all i ∈ N and u∗ ∈ H−1(0), then (3.2) holds.

Proof. By (4.1) for all u∗ ∈ H−1(0) it holds

δ

2 ‖u
i+1 − ui ‖2Zi+1Mi+1

+
1
2 ‖u

i+1 − u∗‖Zi+2Mi+2−Zi+1Pi+1 ≥
1
2 dist2Zi+2Mi+2

(ui+1;H−1(0)).

Summing this with (4.1), and taking the in�mum over u∗ ∈ H−1(0), we obtain (3.1). Then we just apply
Lemma 3.1. �

An essential ingredient in proving the basic error bound (EB) is the metric subregularity of H at û
for ŵ = 0: the existence of a neighbourhoodU 3 û and κ > 0 such that

(4.2) κ dist(ŵ,H (u)) ≥ dist(u,H−1(ŵ)) (u ∈ U).

We refer to [18, 24, 26, 13, 36] for more on error bounds and metric subregularity. To prove (PEB) we
need a partial version.
Definition 4.2. Let U ,W be Hilbert spaces. Also let M, P ∈ L(U ;U ) and N ∈ L(W ;W ) with N ≥ 0,
M ≥ 0, and M ≥ P . We say say that T : U ⇒W is (P,N ,M)-partially subregular at (û, ŵ) ∈ graphT if
there exists a neighbourhoodU 3 û such that

(PSR) dist2N (ŵ,T (u)) + dist
2
M−P (u,T

−1(ŵ)) ≥ dist2M (u,T
−1(ŵ)) (u ∈ U).

We say that T is (N ,M)-subregular if P = M .
Lemma 4.3. SupposeZi+1Mi+1 ≥ 0 is self-adjoint and positive de�nite. Letui+1 be generated by (PP) given
ui . Then

(4.3) ‖ui+1 − ui ‖2Zi+1Mi+1
≥ dist2Zi+1(Zi+1Mi+1)−1Zi+1

(0,H (ui+1)).

T. Valkonen Partial subregularity
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Proof. Let qi+1 := −Mi+1(u
i+1 − ui ). Then qi+1 ∈ H (ui+1). By applying 〈 · ,ui+1 − ui 〉Zi+1 to (PP), we

therefore obtain
‖ui+1 − ui ‖2Zi+1Mi+1

= −〈qi+1,ui+1 − ui 〉Zi+1 .

By our assumptions Zi+1Mi+1 is invertible. Therefore we can solve ui+1 − ui = −(Zi+1Mi+1)
−1Zi+1q

i+1.
It follows

‖ui+1 − ui ‖2Zi+1Mi+1
= ‖qi+1‖2Z ∗i+1(Zi+1Mi+1)−1Zi+1

.

This immediately yields the claim. �

As a consequence we obtain:
Lemma 4.4. Suppose Zi+1Mi+1 is self-adjoint and positive de�nite. Let P i+1 ∈ L(U ;U ) and δ ∈ [0, 1].
Then the partial error bound (PEB) holds if H is (Zi+1Pi+1, δZ ∗i+1(Zi+1Mi+1)

−1Zi+1,Zi+2Mi+2)-partially
subregular at some û ∈ H−1(0) in a neighbourhoodU containing ui+1.

Proof. The condition (PSR) now reads

dist2δZ ∗i+1(Zi+1Mi+1)−1Zi+1
(0,H (u)) + dist2Zi+2Mi+2−Zi+1Pi+1(u,H

−1(0)) ≥ dist2Zi+2Mi+2
(u,H−1(0)) (u ∈ U).

Taking u = ui+1 and combining with (4.3) from Lemma 4.3 we obtain (PEB). �

Corollary 4.5. On a Hilbert space U , let H : U ⇒ U , and Mi+1,Zi+1, Pi+1 ∈ L(U ;U ) with Zi+1Mi+1 self-
adjoint for all i ∈ N. Suppose H−1(0) is non-empty and that (PP) is solvable for the iterates {ui+1}i ∈N
given u0 ∈ U . Pick δ ∈ [0, 1]. If H is (Zi+1Pi+1, δZ ∗i+1(Zi+1Mi+1)

−1Zi+1,Zi+2Mi+2)-partially subregular at
some (û, 0) ∈ graphH and (4.1) holds (in particular, if Zi+1H is monotone and

(4.4) Zi+1(Mi+1 + Pi+1) ≥ Zi+2Mi+2 (i ∈ N)),

then (3.2) holds provided {ui }Ni=0 ⊂ U for the neighbourhoodU of partial subregularity.

Proof. We use Lemma 4.4 with Theorem 4.1. �

Example 4.6 (Basic proximal point method, subregularity). Suppose H : U ⇒ U is monotone and
(π I , δτ 2I , (1+ π )I )-partially subregular at (û, 0) ∈ graphH in the neighbourhoodU for some τ > 0,
π ≥ 0, and δ ∈ [0, 1]. Let {ui+1}i ∈N be generated by the basic proximal point method of Example 3.12
for some initial u0 ∈ U . If {ui }i≥N ⊂ U for large enough N ∈ N, then dist2(ui ;H−1(0)) → 0 at a
linear rate.

Veri�cation. We take Mi+1 := τ−1I , Pi+1 := π I , and Zi+1 := ϕi I for ϕi+1 := ϕi (1 + π ) and ϕ0 := 1.
Then Zi+1(Mi+1 + Pi+1) = Zi+2Mi+2. Combined with the monotonicity of H , this veri�es (4.1). Observe
then that δZ ∗i+1(Zi+1Mi+1)

−1Zi+1 = δτ
2ϕi I . By scaling invariance (detailed in the next Proposition 4.7)

we thus verify that (π I , δτ 2I , (1 + π )I )-partial subregularity yields the subregularity demanded by
Lemma 4.4. Consequently we obtain the claim from Corollary 4.5. �

We do not in this instance provide further examples as they arise from those of Sections 3.4 and 3.5
combined with the relationships between submonotonicity and subregularity that we study in the next
section. They depend on the following transformation results.
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4.2 transformation of subregularity

The analogues of Propositions 3.7 and 3.10 hold for subregularity with virtually identical proofs.
Proposition 4.7. Suppose T : U ⇒ U is (P,N ,M)-partially subregular at (û, ŵ) ∈ graphT in a neigh-
bourhoodU. Then for any α > 0, at the same point (û, ŵ) in the same neighbourhoodU,

(i) T is (αP,αN ,αM)-partially subregular.
(ii) T is (P,N , (1 + α)M)-partially subregular.

Proposition 4.8. Let T : U ⇒ U , and P,N ,M ∈ L(U ;U ) withM ≥ P ≥ 0.
If (P,M − P) ∈ P(T −1(ŵ), û), then (N , P)-subregularity at (û, ŵ) ∈ graphT implies (P,N ,M)-partial

subregularity at the same point.
If T −1(ŵ) = {û} is a singleton, these two properties are equivalent.

The next lemma helps scale some of the factors of partial subregularity in more general cases.
Lemma 4.9. Let T : U ⇒ U , and P,N ,M ∈ L(U ;U ) with M ≥ 0, and M ≥ P . Also pick α ≥ 0,
and, if α ∈ (0, 1), suppose that (M,M − P) ∈ P(T −1(ŵ), û). Then T is (P,N ,M)-partially subregular at
(û, ŵ) ∈ graphT if it is (αP,αN ,M)-partially subregular at this point.

Conversely, if (M,M − αP) ∈ P(T −1(ŵ), û) when α > 1, thenT is (αP,αN ,M)-partially subregular at
(û, ŵ) ∈ graphT if it is (P,N ,M)-partially subregular at this point.
In particular, if (M,M −max{α, 1}P) ∈ P(T −1(ŵ), û), then the relationship is “if and only if”.

Proof. If T is (αP,αN ,M)-partially subregular, in some neighbourhoodU of û for every u∗ ∈ T −1(ŵ)
and u ∈ U it holds

dist2αN (ŵ,T (u)) + ‖u − u
∗‖2M−αP ≥ dist2M (u,T

−1(ŵ)).

After multiplying by α−1, we rearrange this as

dist2N (ŵ,T (u)) + ‖u − u
∗‖2M−P ≥ dist2α−1M (u,T

−1(ŵ)) + ‖u − u∗‖2M−α−1M .

If α < 1, we now let u∗ be the common projection of u to the closed setT −1(ŵ) in the norms ‖ · ‖M and
‖ · ‖M−P . Otherwise, if α ≥ 1, we just take the in�mum over u∗ ∈ T −1(ŵ) on both sides. This proves
(P,N ,M)-partial subregularity.

For the converse implication, we have to prove the relationship in the other direction. This amounts
to applying the �rst claim with α replaced by α−1 to (P ′,N ′,M) = (αP,αN ,M). If α ∈ (0, 1], the
projection condition is not required in this direction as α−1 ≥ 1; if α > 1 then we need the projection
to be the same with respect to M and M − P ′ = M − αP . This gives the projection condition in the
converse claim.

Finally, the “if and only if” claim just combines the two implications. �

5 relationships between subregularity and submonotonicity

Having introduced the distinct concepts of partial strong submonotonicity and partial subregularity
motivated by algorithmic needs, we now study some basic theoretical relationships between these
concepts. Throughout, we assume that U andW are Hilbert spaces.

5.1 general implications between submonotonicity and subregularity

The following lemmas generalise [3, Theorem 3.3] from convex subdi�erentials to general set-valued
maps and partial subregularity.
Lemma 5.1. With U andW Hilbert spaces, let T : U ⇒ U , and Ξ,N ,M ∈ L(U ;U ) with M ≥ 0. Pick
α > 0. Suppose the following structural conditions hold:
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(i) N = A∗B for some A,B ∈ L(W ;U ),

(ii) Ξα := α−1Ξ − α−2A∗A/4 ≤ min{1,α−1}M , and

(iii) (M,M − Ξα ) ∈ P(T
−1(ŵ), û) when α ∈ (0, 1).

Then T is (Ξα ,B
∗B,M)-partially subregular at (û, ŵ) ∈ graphT if it is (Ξ,N ,M)-partially strongly

submonotone at this point.
If (iii) does not hold, we still have (αΞα ,αB

∗B,M)-partial subregularity.

Proof. By partial strong submonotonicity, for some neighbourhoodU of û, for all u∗ ∈ T −1(ŵ), u ∈ U,
and w ∈ T (u) it holds

〈w − ŵ,u − u∗〉N + ‖u − u
∗‖2M−Ξ ≥ dist2M (u,T

−1(ŵ)).

By Young’s inequality and (i), for any α > 0 therefore

‖w − ŵ ‖2αB∗B + ‖u − u
∗‖2M−Ξ+A∗A/(4α ) ≥ dist2M (u,T

−1(ŵ)).

Since Ξ − A∗A/(4α) = αΞα , and M ≥ αΞα by (ii), we obtain (αΞα ,αB
∗B,M)-partial subregularity

after taking the in�mum over u∗ ∈ T −1(ŵ) and w ∈ T (u). By (ii) also M ≥ Ξα . Minding (iii), we may
therefore apply Lemma 4.9, which yields the claimed (Ξα ,B

∗B,M)-partial subregularity. �

For the converse relationship, we essentially have to assume that T is a convex subdi�erential.
Definition 5.2. Let T : U ⇒ U , N , Γ ∈ L(U ;U ), and (û, ŵ) ∈ graphT . We say that G̃ : U ×U → R is
an (N , Γ)-gap function forT at ŵ if for all u∗ ∈ T −1(ŵ) we have 〈T (u),u −u∗〉N ≥ G̃(u;u∗) + ‖u −u∗‖2Γ
with ∂G̃( · ;u∗) = NT , and G̃(u∗;u∗) = 0.

In the next result, we stress thatU is open; otherwise in the present work, we do not strictly require
this, andU could indeed be any subset of U .
Lemma 5.3. Let T : U ⇒ U have closed values, and Ξ,N ,M, P ∈ L(U ;U ) with M ≥ 0, and M ≥ P .
Suppose the following structural conditions hold:

(i) N = A∗B for some A,B ∈ L(U ;U ).

(ii) A is invertible withM ≤ mA∗A for somem > 0.

(iii) T admits for some Γ ∈ L(U ;U ) an (N , Γ)-gap function G̃ at ŵ .

(iv) M − Ξ + Γ is self-adjoint and positive semi-de�nite.

(v) M ≤ αP for some 0 < α < 1/(16m).

(vi) (M,M − Ξα ) ∈ P(T
−1(ŵ), û) when α > 1.

Then T is (Ξ,N ,M)-partially strongly submonotone at (û, ŵ) ∈ graphT provided it is (P,B∗B,M)-
partially subregular at this point. In both properties, we require the neighbourhoodU to be open.

We may replace (vi) and (P,B∗B,M)-partial subregularity by (αP,αB∗B,M)-partial subregularity.

Remark 5.4. The condition (v) typically forces P > 0, so we require “full” subregularity in the sense of
non-singularity of P . Together with the condition M ≥ P , it may happen that only M = P is possible.

The proof follows ideas from [3, 4], adding the necessary extra work for partial regularity.
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Proof. Suppose, to reach a contradiction, that the claimed partial strong submonotonicity does not
hold in any neighbourhood of û. Then for any r > 0, we can �nd some u∗ ∈ T −1(ŵ) and

(5.1) u ′ ∈ B̃M (û, r ) := {u ∈ U | ‖û − u‖M < r , ‖û − u‖ < r }

with
inf

w ∈T (u′)

(
〈w − ŵ,u ′ − u∗〉N + ‖u

′ − u∗‖2M−Ξ
)
< dist2M (u

′,T −1(ŵ)).

This implies

(5.2) f (u ′) < ϵ := dist2M (u
′,T −1(ŵ)) − ‖u ′ − u∗‖2M−Ξ+Γ

for
f (u) := G̃(u;u∗) − 〈ŵ,u − u∗〉N .

Since Nŵ ∈ ∂G̃(u∗;u∗), clearlyu∗ is a minimiser of f . Moreover f (u∗) = 0 because G̃(u∗;u∗) = 0. Thus
f ≥ 0 and f (u ′) ≤ f (û) + ϵ . By Ekeland’s variational principle [16], given λ > 0 (to be speci�ed later),
there now exits vλ ∈ U with

‖u ′ −vλ ‖M ≤ λ,(5.3a)
f (vλ) ≤ f (u ′), and(5.3b)

f (x) > f (vλ) − (ϵ/λ)‖x −vλ ‖M (x , vλ).(5.3c)

It follows
f (x) + (ϵ/λ)‖x −vλ ‖M > f (vλ) + (ϵ/λ)‖vλ −vλ ‖M (x , vλ).

Thus vλ is a minimiser of the convex function x 7→ f (x) + (ϵ/λ)‖x −vλ ‖M . The necessary �rst-order
optimality conditions therefore state

N (T (vλ) − ŵ) + (ϵ/λ)Mq 3 0 for some ‖q‖ ≤ 1.

Since N = A∗B, using (ii) we obtain

(5.4) dist2B∗B(ŵ,T (vλ)) ≤ m(ϵ/λ)
2.

Under the assumption that T is (P,B∗B,M)-partially subregular at (û, ŵ) ∈ graphT , we obtain by
(vi) and Lemma 4.9 corresponding (αP,αB∗B,M)-partial subregularity. This implies

(5.5) dist2M (vλ,T
−1(ŵ)) − ‖vλ − u

∗‖2M−αP ≤ dist2αB∗B(ŵ,T (vλ)),

provided vλ ∈ U forU the neighbourhood of partial subregularity. We may without loss of generality
assume thatU = B̃M (û,R) for some R > 0.

Recalling the de�nition of ϵ in (5.2), using (iv) and Young’s inequality, we estimate

ϵ = dist2M (u
′,T −1(ŵ)) − ‖u ′ − u∗‖2M−Ξ+Γ ≤ dist2M (u

′,T −1(ŵ))

≤ 2[dist2M (vλ,T
−1(ŵ)) − ‖vλ − u

∗‖2M−αP ] + ‖vλ − u
∗‖22(M−αP ) + ‖u

′ −vλ ‖
2
2M .

(5.6)

Further using (5.3a), (5.4) and (5.5), and (v), we obtain

(5.7) ϵ ≤ 2α dist2B∗B(ŵ,T (vλ)) + 2λ
2 ≤ 2αm(ϵ/λ)2 + 2λ2.

By (5.2) and f ≥ 0, necessarily ϵ > 0. Choosing λ :=
√
mαθ−1ϵ for some θ > 0, (5.7) therefore shows

(5.8) 1 ≤ 2θ + 2αmθ−1.
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We recall that for (5.5) to hold we still need to ensure vλ ∈ U = B̃(û,R). By (5.1) and (5.3a), we have

‖vλ − û‖M ≤ ‖vλ − u
′‖M + ‖u

′ − û‖M ≤ λ + r .

Since r > 0 was arbitrary, it su�ces to ensure λ < R. This will hold and we will contradict (5.8) if we
choose θ to satisfy

(5.9) 1 −
√
1 − 16αm < 4θ < 1 +

√
1 − 16αm, and mαϵ < θR2.

The expression under the square root is positive by (v). Therefore the �rst part of of (5.9) holds for
some θ > 0. From the �rst line of (5.6), we have ϵ ≤ ‖u ′ − û‖2M ≤ r 2. Therefore, the second part of (5.9)
can also be made to hold by taking r > 0 small enough. This gives the desired contradiction. �

5.2 concrete results in special cases

We now specialise the implications above to some simple cases.
Take M = I and let Ξ be a projection to a subspace. If T is (Ξ,κI , I )-partially strongly submonotone,

the next proposition yields (2Ξ − I ,κ2I , I )-partial subregularity, which reads

κ2 dist2I (ŵ,T (u)) + 2 dist
2
I−Ξ(u,T

−1(ŵ)) ≥ dist2I (u,T
−1(ŵ)) (u ∈ U).

If û ∈ T −1(ŵ) were unique, this would be the same as

κ2 dist2I (ŵ,T (u)) + dist
2
I−Ξ(u,T

−1(ŵ)) ≥ dist2Ξ(u,T
−1(ŵ)).

This is a stronger property than (Ξ,κ2I , I )-partially subregularity, for which (PSR) in the case of unique
û would read

κ2 dist2I (ŵ,T (u)) ≥ dist2Ξ(u,T
−1(ŵ)).

Of course, if Ξ = I , the two properties are the same.
Proposition 5.5. Let T : U ⇒ U have closed values, and M,Ξ ∈ L(U ;U ) with M positive de�nite and
self-adjoint. Let (û, ŵ) ∈ graphT , κ > 0.

Then T is (2Ξ − M,κ2M,M)-partially subregular if it is (Ξ,κM,M)-partially strongly submonotone,
Ξ ≤ M , and (M,M − Ξ) ∈ P(T −1(ŵ), û).
Conversely, T is (Ξ,κM,M)-partially strongly submonotone if it is (M, ρM,M)-partially subregular

for some ρ > (κ/4)2 in an open neighbourhood U 3 û, and admits an (M, Γ)-gap function at ŵ with
0 ≤ M − Ξ + Γ self-adjoint.

Proof. For the ‘non-converse’ claim, we use Lemma 5.1 with A = M 1/2 and B = (κM)1/2. Taking
α−1 = 2, we have Ξα = 2Ξ −A∗A = 2Ξ −M . For condition (ii) we then need our assumption Ξ ≤ M .
Since α ∈ (0, 1), for (iii) we need (M,M − Ξα ) ∈ P(T

−1(ŵ), û), which follows from us assuming
(M,M −Ξ) ∈ P(T −1(ŵ), û). Since B∗B = κM , we see from the lemma that (Ξ,κM,M)-submonotonicity
implies (2Ξ −M,κ2M,M)-partial subregularity.

For the ‘converse’ claim, we use Lemma 5.3, where (i) and (ii) withm = c−1κ−1 and A = (cκM)1/2, and
B = (c−1κM)1/2 are easily veri�ed for any c > 0. By assumption M − Ξ + Γ is self-adjoint and positive
semi-de�nite, so (iv) holds. For (v) we then require α ≤ cκ/16 and M ≤ αP . We also need P ≤ M .
We can take P = M and α = 1 if we take c > 16κ−1. Then B∗B = ρM for ρ = κc−1 > (κ/4)2. With
these choices α ≤ 1, so condition (iii) also holds. Now Lemma 5.3 shows that (M, ρM,M) subregularity
implies (Ξ,κM,M)-submonotonicity. �

The following generalises [3, Theorem 3.3] from the setting of convex functions. Because we
formulate subregularity using squared norms, the conversion also squares κ.
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Corollary 5.6. Let T : U ⇒ U have closed values, and M ∈ L(U ;U ) be positive de�nite and self-adjoint.
Let (û, ŵ) ∈ graphT , and κ > 0.
Then T is (κ2M,M)-subregular if it is (κM,M)-strongly submonotone.
Conversely, if T also admits an (M, 0)-gap function at ŵ , then T is (κM,M)-strongly submonotone if

it is (ρM,M)-subregular for some ρ > (κ/4)2 in an open neighbourhoodU 3 û.

Proof. We apply Proposition 5.5 with Ξ = M and Γ = 0. Clearly M ≥ Ξ, (M,M − Ξ) ∈ P(T −1(ŵ), û),
and M − Ξ + Γ is self-adjoint and positive semi-de�nite. �

Corollary 5.7. Let f : U → R be convex, proper, and lower semicontinuous, andM ∈ L(U ;U ) be positive
de�nite and self-adjoint. Let (û, ŵ) ∈ graph ∂ f , and κ > 0.

Then ∂ f is (κ2I , I )-subregular if it is (κI , I )-strongly submonotone.
Conversely, ∂ f is (κI , I )-strongly submonotone if it is (ρI , I )-subregular for some ρ > (κ/4)2 in an

open neighbourhoodU 3 û.

Proof. Since f is convex, ∂ f admits the (I , 0)-gap function G̃(u;u∗) := f (u) − f (u∗). Now we use
Corollary 5.6 with M = I . �

Remark 5.8. Each of the results in this section easily extends to submonotonicity of the form (Ξ,κN ,M)
for N = M 1/2B, and some κ > 0, B,Ξ ∈ L(U ;U ) if the corresponding subregularity is of the form
(P,κ ′B∗B,M) for some P and κ ′ > 0.

5.3 examples

The next example demonstrates that the ‘non-converse’ direction of Proposition 5.5 cannot in the general
case be improved to yield subregularity of similar “partiality” Ξ as the underlying submonotonicity.

Example 5.9 (Partial submonotonicity without corresponding subregularity). On R2, foru = (u1,u2)
and some γ ∈ [0, 1], let us de�ne

T (u) :=

(
γu1,

√
(1 − γ 2)u21 − u22

)
, (1 − γ 2)u21 ≥ u22 and u2 ≥ 0,

∅, otherwise.

LetΞ :=
( γ 0
0 0

)
. ThenT is (Ξ, I , I )-partially strongly monotone at (û, ŵ) := (0, 0) ∈ graphT . However,

T is not (Ξ, I , I )-partially subregular.

Veri�cation. Clearly T −1(0) = 0. With N := M := I , (PSM) expands as[
γu21 + u2

√
(1 − γ 2)u21 − u22

]
+ (1 − γ )u21 + u22 ≥ u21 + u

2
2 ((1 − γ 2)u21 ≥ u22, u2 ≥ 0).

This clearly holds.
Since T −1(0) = {0} is a singleton, the projection condition of Proposition 5.5 clearly holds. We also

have I ≥ Ξ. Referring to the proposition we therefore obtain (2Ξ − I , I , I )-partial subregularity, for
which (PSR) expands as

[γ 2u21 + ((1 − γ 2)u21 − u22)] + 2[(1 − γ )u21 + u22] ≥ u21 + u
2
2 ((1 − γ 2)u21 ≥ u22, u2 ≥ 0).

This clearly holds. On the other hand (PSR) for (Ξ, I , I )-partial subregularity would require

[γ 2u21 + ((1 − γ 2)u21 − u22)] + [(1 − γ )u21 + u22] ≥ u21 + u
2
2 ((1 − γ 2)u21 ≥ u22, u2 ≥ 0).

This can be simpli�ed as (1 − γ )u21 ≥ u22 . Taking u22 = (1 − γ 2)u21 , we see that the condition cannot hold
for γ ∈ (0, 1). �

T. Valkonen Partial subregularity



Manuscript, 2017-11-15 (revised 2020-02-28) page 18 of 26

Finally, having already showed the converse, we show that subregularity is also not a weaker property
than strong submonotonicity.

Example 5.10 (Subregularity without strong submonotonicity). On R2, with u = (u1,u2), let

T (u) =

{
(u2,u1), u1,u2 ≥ 0,
∅, otherwise.

Then T is (I , I , I )-partially subregular at (û, ŵ) = 0 ∈ graphT , but (Ξ, I , I )-partially strongly sub-
monotone with 0 ≤ Ξ ≤ I only for Ξ = 0.

Veri�cation. Clearly 0 = û ∈ T −1(0) is unique. Therefore, since 〈T (u),u〉 = 2u1u2 for u1,u2 ≥ 0, (PSM)
for M = N = I and arbitrary 0 ≤ Ξ ≤ I reads

2u1u2 ≥ ‖(u1,u2)‖2Ξ (u1,u2 ≥ 0).

This clearly holds for Ξ = 0. Generally, for Ξ ≤
( a b
c d

)
, it is necessary that 2 ≥ b + c and a,d = 0. The

only positive semi-de�nite choice that satis�es this is Ξ = 0.
On the other hand, (PSR) for (I , I , I )-partially subregularity withU = U reads

‖T (u1,u2)‖
2 ≥ ‖(u1,u2)‖

2 (u1,u2 ≥ 0).

Since ‖T (u)‖2 = u22 + u21 , this immediately holds. �

6 primal-dual methods

We now apply the work of the previous sections to primal-dual methods. We concentrate on sub-
monotonicity, as it appears in general to be easier to prove directly than subregularity. If in a speci�c
application subregularity is known, it can using the results of Section 5 be converted into submono-
tonicity. We start with general results on saddle-point problems, follow with the primal-dual proximal
splitting method (PDPS) of [8], and �nish with examples regarding speci�c applications.

6.1 saddle-point problems

Many problems in data science and image processing can be written in the form

(6.1) min
x

G(x) + F (Kx),

forG : X → R and F : Y → R be convex, proper and lower semicontinuous, and K ∈ L(X ;Y ). In image
processing one would often work in the Banach space of functions of bounded variation, but after
discretisation, if necessary, we can assume that the spaces X and Y are Hilbert (and �nite-dimensional).

It can be di�cult to apply an optimisation algorithm directly to (6.1): F is typically nonsmooth, so
gradient steps are out of the question. Due to the coupling e�ects of K , also a proximal step for F ◦ K
is not feasible. This is why we are interested in the equivalent saddle point problem. For F ∗ the convex
conjugate of F , this can be written

(6.2) min
x

max
y

G(x) + 〈Kx,y〉 − F ∗(y).

The �rst-order necessary optimality conditions for (6.2) can be written

(6.3) − K∗ŷ ∈ ∂G(x̂), and Kx̂ ∈ ∂F ∗(ŷ).
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Setting U := X × Y and introducing the variable splitting notation u = (x,y), û = (x̂, ŷ), etc., this can
succinctly be written as 0 ∈ H (û) in terms of the operator

(6.4) H (u) :=
(
∂G(x) + K∗y
∂F ∗(y) − Kx

)
.

From now on, we will not explicitly assume G and F ∗ to be convex functions, indeed ∂G and ∂F ∗ can
be replaced by any set-valued operators. In particular, they can be nonconvex functions, and ∂ can be
replaced by the Clarke, limiting, or other subdi�erential of nonconvex functions. In this case, it should
be shown that (6.3) characterises critical points to (6.2) or (6.1).

For some primal and dual step length τi ,σi+1 > 0 and testing parametersψi ,ψk+1 > 0, we take

(6.5) Zi+1 :=
(
ϕiτi I 0
0 ψi+1σi+1I

)
.

For some γ , ρ ≥ 0 we also introduce

(6.6) Ξ0
i+1 :=

(
0 2τiK∗

−2σi+1K 0

)
, and Ξi+1 := Ξ0

i+1 +

(
τiγ 0
0 σi+1ρ

)
.

We want to use Theorem 3.5 to prove the convergence of (PP) for H de�ned in (6.4) for some linear
preconditioner Mk+1 ∈ L(U ;U ). To do so, we need to prove the (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partial
strong submonotonicity for H at (û, 0) ∈ graphH . Dividing (PSM) by 2, this amounts to showing

(6.7) inf
u∗∈H−1(0)

(
〈w,u − u∗〉Zi+1 +

1
2 ‖u − u

∗‖2Zi+2Mi+2−Zi+1Ξi+1

)
≥

1
2 dist2Zi+2Mi+2

(u,H−1(0))

for all u ∈ U and w ∈ H (u) in some neighbourhoodU of û.
By (6.4), for some q ∈ ∂G(u), z ∈ ∂F ∗(y), q∗ := −K∗y∗ ∈ ∂G(x∗), and z∗ := Kx∗ ∈ ∂F ∗(y∗) we have

〈w,u − u∗〉Zi+1 = ϕiτi 〈q − q
∗, x − x∗〉 +ψi+1σi+1〈z − z

∗,y − y∗〉 +
1
2 ‖u − u

∗‖2Zi+1Ξ0
i+1

Recalling (6.6), to show (6.7), it remains to prove

inf
u∗∈H−1(0)

(
ϕiτi [〈q − q

∗, x − x∗〉 −
γ

2 ‖x − x
∗‖2] +ψi+1σi+1[〈z − z

∗,y − y∗〉 −
ρ

2 ‖y − y
∗‖2]

+
1
2 ‖u − u

∗‖2Zi+2Mi+2

)
≥ inf

u∗∗∈H−1(0)

1
2 ‖u − u

∗∗‖2Zi+2Mi+2
.

Splitting the in�mum on the left hand side over the three terms, we obtain the “marginalised” condition:
Proposition 6.1. Let the operator H de�ned in (6.4), and Ξi+1 in (6.6) for some γ ≥ 0 and ρ ≥ 0. For any
u∗ = (x∗,y∗) ∈ H−1(0), let q∗ := −K∗y∗ ∈ ∂G(x∗), and z∗ := Kx∗ ∈ ∂F ∗(y∗). Suppose for u = (x,y) ∈ U
in some neighbourhoodU of û it holds

inf
u∗∈H−1(0)

[〈∂G(x) − q∗, x − x∗〉 −
γ

2 ‖x − x
∗‖2] ≥ 0, and(6.8a)

inf
u∗∈H−1(0)

[〈∂F ∗(y) − z∗,y − y∗〉 −
ρ

2 ‖y − y
∗‖2] ≥ 0.(6.8b)

Then H is (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partially strongly submonotone at (û, 0) ∈ graphH .

The conditions (6.8) amount to (γ I , 2I , 0)-partial strong submonotonicity, which is simply local strong
monotonicity at every respective x∗ for q∗ or y∗ for z∗ with (x∗,y∗) ∈ H−1(0). It is a much stronger
requirement than “proper” submonotonicity, but weaker than strong monotonicity. A challenging
alternative is to try to prove the (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partial strong submonotonicity ofH directly.
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6.2 the primal-dual proximal splitting

The primal-dual proximal splitting (PDPS) of [8] consists of iterating the system

x i+1 := (I + τi∂G)−1(x i − τiK∗y i ),
sx i+1 := ωi (x

i+1 − x i ) + x i+1,

y i+1 := (I + σi+1∂F ∗)−1(y i + σi+1Ksx i+1).

Setting ωi := ψ−1i+1σ−1i+1ϕiτi , according to [22], see also [45, 43], this can also be obtained from (PP) with

(6.9) Mi+1 =

(
τ−1i I −K∗

−ωiK σ−1i+1I

)
so that Zi+1Mi+1 =

(
ϕi I −ϕiτiK

∗

−ϕiτiK ψi+1I

)
.

The role of the top-right o�-diagonal term in Mi+1 is to decouple the update of the primal variable x i+1
to not depend on y i+1, and so make the algorithm computable. The bottom-left o�-diagonal is then
chosen to ensure the self-adjointness of Zi+1Mi+1.1

Theorem 6.2. Take H as in (6.4), Zi+1 as in (6.5), andMi+1 as in (6.9). Also let Ξi+1 be as in (6.6) for some
γ , ρ ≥ 0. Suppose the testing and step length parameters τi ,σi ,ϕi , andψi satisfy for some δ ∈ (0, 1),

ϕi+1 ≤ ϕi (1 + γτi ), ψi+2 ≤ ψi+1(1 + ρσi+1), and(6.10a)
ϕiτi = ψiσi , ψ−1i ψi+1 ≥ (1 − δ )τiσi ‖K ‖2.(6.10b)

Suppose H is (Zi+1Ξi+1, 2Zi+1,Zi+2Mi+2)-partially strongly submonotone at (û, 0) ∈ graphH with the
neighbourhood of submonotonicity satisfying {ui }Ni=0 ⊂ U. Then the condition (3.6) of Theorem 3.5
holds, and

(6.11) Zi+1Mi+1 ≥

(
δϕi I 0
0 0

)
.

In particular, we have the convergence rate estimate

(6.12) dist2(xN ; X̂ ) ≤ ϕ−1N δ
−1 dist2Z1M1

(u0;H−1(0)) where X̂ := {x∗ | (x∗,y∗) ∈ H−1(0)}.

Proof. It is easy to see thatZi+1(Mi+1+Ξi+1) ≥ Zi+2Mi+2 if we enforce the �rst three conditions of (6.10)
[43]. To ensure (6.11), using Young’s inequality in (6.9), we derive the conditionψi+1 ≥ (1− δ )ϕiτ 2i ‖K ‖2.
Using the third condition of (6.10), this can alternatively be written as the last condition of (6.10).
Finally, Theorem 3.5 shows the basic estimate (3.2). Using (6.11) in (3.2), we derive (6.12). �

We now need to satisfy (6.10) and, minding (6.12), to derive convergence rates, try to make ϕi grow
as fast as possible. The latter analysis is also based on the rules (6.10), and proceeds exactly as in [43, 12]
(where ρ and γ arise from mere (strong) monotonicity).

Example 6.3 (Weak convergence). If ρ = 0 and γ = 0, by (6.10) ϕi andψi+1 remain constant, so we
obtain no convergence rates, merely weak convergence of subsequences of iterates; see [43, 12].
By (6.10) the step lengths τi = τ and σi = σ need to be constant and satisfy 1 ≥ (1 − δ )τσ ‖K ‖2. It
is also possible [8, 43] to derive O(1/N ) convergence of an ergodic duality gap, which we have
avoided introducing here. Note that ωi ≡ 1.

1The PDPS is sometimes called the Primal-Dual Hybrid Gradient Method, Modi�ed (PDHGM) [17]. The word “modi�ed”
refers to this self-adjoint part. The “unmodi�ed” PDHG would have zero in this corner [49, 22].
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Example 6.4 (Acceleration to O(1/N 2)). If ρ = 0 and γ > 0, we still haveψi+1 = ψ0 constant. We can
initialise 1 ≥ (1−δ )τ0σ0‖K ‖2 and update σi+1 := σiτi/τi+1. Taking τi = ϕ−1/2i , and ϕi+1 := ϕi (1+ γ̃τi )
for some γ̃ ∈ (0,γ ], we can prove that ϕi is of the order Θ(N 2). Therefore we obtain from (6.12)
O(1/N 2) convergence rates for the primal variable x . Note that ωi = ψ

−1
i+1σ

−1
i+1ϕiτi = ϕ

−1
i+1τ

−1
i+1ϕiτi =

τi+1/τi < 1.

Example 6.5 (Linear rates). If both ρ > 0 and γ > 0, take σi+1 = σ and τi = τ as constants satisfying

θ := 1 +min{ρσ ,γτ } ≥ (1 − δ )τσ ‖K ‖2.

Then with ψ0 = ϕ0τσ
−1, ϕi+1 := θϕi , and ψi+1 := θψi we verify (6.10). Note that c > 1, so {ϕi }i ∈N

grows exponentially. Thus we obtain linear convergence of the primal variables from (6.11) and
(6.12).2 Note that ωi = ψ

−1
i+1σ

−1
i+1ϕiτi = 1 as in Example 6.3.

Remark 6.6 (Global and local convergence). Convergence results based on submonotonicity are gen-
erally local due to the neighbourhoodU. With G and F ∗ convex, H is monotone (γ = 0 and ρ = 0).
Therefore the weak convergence results of Example 6.3 are global. This is an a priori convergence
property. In �nite dimensions, the convergence is strong, so eventually the iterates will be in the neigh-
bourhoodU (for some û ∈ H−1(0)) of partial strong submonotonicity. Then the algorithm switches to
faster convergence. This is only known a posteriori as it depends on û.

6.3 application examples

We now look at regularity and convergence rate results for a few prototypical applications. We will
show that linear convergence of the PDPS can in speci�c cases be obtained by the unaccelerated primal-
dual algorithm without full strong convexity. These results improve known convergence results for this
algorithm. These results are comparable to those obtained in [28, 30] for other classes of algorithms
based on a related theory of smooth submanifolds. Throughout, we rely on the marginalisation of
submonotonicity in Proposition 6.1, so seek to verify (6.8).

Example 6.7 (Lasso). For some data matrix and vector K ∈ Rm×n and b ∈ Rm , and regularisation
parameter α > 0, consider the Lasso or regularised regression problem

min
x

1
2 ‖b − Kx ‖

2 + α ‖x ‖1.

This can be written in the saddle point form (6.2) with G(x) = α ‖x ‖1, and F ∗(y) = 1
2 ‖y ‖

2 − 〈b,y〉.
Let (x̂, ŷ) ∈ H−1(0) for H as in (6.4). The PDPS converges linearly whenever the primal solution
x̂ = 0 and is unique, and any corresponding dual solution is strictly complementary (|[K∗ŷ]k | < 1
for all coordinates k = 1, . . . ,n).

Veri�cation. We use Proposition 6.1 with Theorem 6.2 and Example 6.5. We therefore need to verify (6.8).
Since F ∗ is strongly convex, we can take ρ = 1 in (6.8b). To prove (6.8a) forG(x) =

∑n
k=1 |xk |, we proceed

as in Lemma 3.16, however (6.8a) is much more restrictive than the (I ,γ I )-strong submonotonicity shown
in the lemma. Let (x∗,y∗) ∈ H−1(0). Write q∗ := (q∗1 , . . . ,q∗n) = −K∗y∗ ∈ ∂G(x∗) and x∗ = (x∗1 , . . . , x

∗
n).

Of course q∗k ∈ ∂ | · |(0). We need to prove

(6.13) 〈qk − q
∗
k , xk − x

∗
k 〉 ≥

γ

2 |xk − x
∗
k |

2 (qk ∈ ∂ | · |(xk ); k = 1, . . . ,n).

2It is possible to improve (6.11) for linear convergence of the dual variables.
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If x∗k , 0 for some k , we are only able to take γ = 0 using the monotonicity of ∂ | · |. However, by
assumption, x∗k = 0 for all k . Fix k and let γ > 0 be arbitrary. If xk > 0, qk = 1 ≥ q∗k . Under strictly
complementarity the inequality is strict, so (6.13) for this k holds in a small enough neighbourhood
of x∗k = 0. The case xk < 0 is analogous. This proves, via Proposition 6.1, the submonotonicity of H
required by Theorem 6.2. Finally, Example 6.5 proves (6.10) with testing parameters that yield linear
convergence. By Remark 6.6 the convergence is global. �

Example 6.8 (Denoising-type problems). Consider then for K ∈ Rm×n and vector b ∈ Rn a problem
of the form

min
x

1
2 ‖b − x ‖

2 + α ‖Kx ‖1,

WithK a discretised gradient operator this includes in particular total variation denoising (anisotropic,
for simplicity) and withK representing decomposition into a wavelet basis, wavelet-based denoising.
In the saddle point form the problem is

min
x

max
y

1
2 ‖b − x ‖

2 + 〈Kx,y〉 + δ[−α ,α ]m (y).

Since the indicator function F ∗ = δ[−α ,α ]m is not strongly convex, but G(x) = 1
2 ‖b − x ‖

2 is strongly
convex, standard results [8] give the O(1/N 2) rate for the accelerated PDPS.

Let (x̂, ŷ) ∈ H−1(0) for H as in (6.4). Using subregularity the PDPS, in fact, converges linearly
whenever [Kx̂]k , 0 for all k = 1, . . . ,m. In the TV denoising case, this means that the method
convergences linearly when the solution image does not contain any �at regions, while in the
wavelet denoising case this means that all wavelet coe�cients of the solution have to be non-zero.

Veri�cation. We again use Proposition 6.1 with Theorem 6.2 and Example 6.5. We therefore need to
verify (6.8). Since G is strongly convex, we can take γ = 1 in (6.8a). To prove (6.8b), we proceed as in
Lemma 3.15, however (6.8b) is much more restrictive than the (I ,γ I )-strong submonotonicity shown
in the lemma. Let (x∗,y∗) ∈ H−1(0). Observe that x∗ is unique by the strong convexity of G. Write
z∗ = z∗ = (z∗1 , . . . , z

∗
m) := Kx∗ ∈ ∂F ∗(y∗). Then z∗k ∈ ∂δ[−α ,α ](y

∗
k ). We need to prove

(6.14) 〈zk − z
∗
k ,yk − y

∗
k 〉 ≥

ρ

2 |yk − y
∗
k |

2 (zk ∈ ∂δ[−α ,α ](yk ); k = 1, . . . ,m).

If z∗k = 0 for some k , we are only able to take ρ = 0 using the monotonicity of ∂F ∗. Otherwise, let
ρ > 0 be arbitrary and k �xed. If z∗k > 0, we have y∗k = α . Then yk ≤ y∗k . It is clear that (6.14) holds
for yk = y∗k where as for yk < y∗k , we have zk = 0. Thus the left hand side of (6.14) is positive, and
the inequality holds for yk in a small enough neighbourhood around y∗k = α . The case z∗k < 0 is
similar. This proves, via Proposition 6.1, the submonotonicity of H required by Theorem 6.2. Finally,
Example 6.5 proves (6.10) with testing parameters that yield linear convergence. By Remark 6.6 the
convergence is global. �

7 conclusions

We have studied notions of partial strong submonotonicity and partial subregularity motivated by
convergence proofs of optimisation methods. We have showed that these concepts can be used to a
show improved linear convergence rates, where conventional strong convexity or strong monotonicity
is not present. To facilitate the veri�cation of partial submonotonicity, in particular for saddle point
problems, in further research we would like to develop a characterisation of partial submonotonicity
based on nonsmooth derivatives, similar in spirit to the Mordukhovich criterion for the Aubin property.
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The latter we have studied in context of the PDPS for nonlinear K in [11]. Considering the non-
trivial characterisations of metric subregularity in [18], this may or may not be a fruitful path. For local
monotonicity and hypomonotonicity, which do not involve the in�misation present in submonotonicity,
coderivative characterisations are considered in [35, 9].
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