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Abstract

We consider an extended formulation of the transport equation that remains meaningful with
discontinuous velocity fields b, assuming that (1,b) is a special function of bounded deformation
(SBD). We study existence, uniqueness, and continuity /stability of the presented formulation. We
then apply this study to the problem of fitting to available data a space-time image subject to
the optical flow constraint. Moreover, in order to carry out these studies, we refine the SBD
approximation theorem of Chambolle to show the convergence of traces.

Resumé

Nous considérons une extension de l’équation de transport qui reste valide avec des champs de
vitesses discontinues b, en supposant que (1,b) est une fonction spécial de déformation bornée (SBD
’special function of bounded deformation’ en anglais). Nous étudions I’existence, 'unicité et de la
continuité /stabilité du modele présenté. Nous appliquons ensuite ces résultats dans le probleme de
I’ajustement d’une image sur I'espace-temps aux données disponibles, sous la contrainte du flux
optique. En outre, a fin de conclure ces études, on perfectionne la théoreme d’approximation des
SBD par Chambolle pour montrer la convergence des traces.
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1. Introduction

Our primary objective in this work is to extend the transport equation to model both jump
sources and sinks. We assume that u = (1,b) is a special function of bounded deformation (SBD;
see Temam [I] and Ambrosio et al. [2]), supported on cl((0,7) x Q) C R*"!. We then ask for the
existence of I : (0,7) x @ — R and 7 : J, — R, defined on the (H"-rectifiable) jump set of w,
satisfying the distributional equation

Div(Iu) — I divul™™ — 7Diviu =0 on R (1)

Constraints may be placed on the one-sided traces of I on parts of J,, including an initial condition
at time t = 0. We denote by divu and Div’ u, respectively, the absolutely continuous and jump
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parts of the distributional divergence Divu. Note that the first two terms of reduce to (VI,u)
when everything is smooth.

To motivate , in particular the introduction of the term 7 Div’ u, let us first take a look at
the conventional transport equation. Given a velocity field b : R"*! — R™ depending on (¢, ), and
initial data 7 : R™ — R, this is written with unknown I : R"*! = R as

O + (VoI,by =0, I(0,-)=r. 2)

If b and 7 are smooth, classical results on the ordinary differential equation ~/(t) = b(t,v(t)) then
show the existence of a unique smooth solution /. Starting with the renormalisation theory of
DiPerna and Lions [3], a body of more recent research exists on relaxed assumptions that still
ensure the meaningfulness and uniqueness of solutions to (2)). Usually one, however, encounters
an assumption of the type divb € LY(0,T; L>°(R")). This forces a great degree of regularity on
the problem: as shown by Ambrosio [4], there still exists a “regular Lagrangian flow” that can
transport I(t,-) between time instants. The least strict assumption that we have discovered is the
one-sided Lipschitz condition (OSLC) of Bouchut et al. [5] that is, in fact, also a sufficient condition
for uniqueness in Filippov’s theory [6] on solutions to differential inclusions. Roughly speaking,
it allows negative singularities or jumps in the distributional divergence of b, while disallowing
positive ones. But we want them!

In the context of imaging, the differential equation of is also known as the optical flow
constraint or equation; see, e.g., Aubert and Kornprobst [7]. The vector field b describes the
transformation of the scene I(t,-) at each time instant ¢ into the one at following instants. In
many imaging applications, the bounded-divergence theories are, however, insufficient. Consider
a simple example of a ball thrown into the air, imaged from the side. (See Figure ) As the
ball travels, part of the background becomes hidden, creating a sink or negative jump part in the
distributional divergence of b. This situation is still covered by the OSLC. However, part of the
scene is also revealed as the ball no longer occludes that part. There is a positive jump part in the
divergence of b, or a source. This is no longer covered by the earlier studies. Our introduction of
the term 7 Div’ u in will, as we shall see, facilitate the modelling of this situation.

Our task then is to study properties of . We prove the continuity of a set-valued functional
on (I,u) corresponding to , along with uniqueness and existence of solutions, subject to trace
constraints. Throughout we assume I and u bounded in L*°. While only convergence pointwise
almost everywhere is required of I, much stronger form of convergence is required of w in our
continuity results: a type of “segregated” weak convergence guaranteed by the SBD compactness
theorem of Bellettini et al. [§] along with convergence of the total variations | Div/ u|(R"+1). We
show the existence of solutions to subject to given traces in a rather weak distributional sense
on the “source parts” LI of the jump set .J,. These are defined as where (u*,4v;, ) > 0 and
(ut—u,vy,) # 0 (see Figure. The existence proof depends on approximating u by more regular
functions. For this we refine the SBD approximation theorem of Chambolle [9, 10] to ensure the
L' convergence of traces. As a byproduct, we are able to generalise the SBV approximation result
of Cortesani and Toader [11] to the SBD case when u € L?(f2), improving on an observation of
Negri; see, e.g., [12, Proposition 2.4]. Finally, we provide a result on uniqueness of solutions to (/1)
subject traces on L?f. The proof is based on renormalisation arguments similar to DiPerna and
Lions [3], and the related divergence chain rule due to Ambrosio et al. [13], 14].

Following the work of Borzi et al. [15], we will then apply condition (1)) to an image interpolation
problem. We want to fit to available data a space-time image I € BV((0,7T") x Q) subject to the
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optical flow constraint. Employing SBD/BV regularisation, this problem is exemplified by
minJ(I,u) subject to (1)) and |ju||pe < My, ||[I||z < M; with (3)

J(I,u) ;:/ |1 — 1|3 dL™ ™t + 6| DI|(R™)
Qq

(4)
+ B|E u|(R™F) + /w(yf;up AL+ n(Div? w) + AH™(J,).

Here Q4 C (0,7) x Q is the domain where the data I; is available. The term n(Div/ u) is a
regularisation tool that we develop for ensuring the discussed convergence of | Div/ u|(R"*1) subject
to weak™ convergence of Div’/ u. The latter is ensured by the other regularisation terms on u and
the L* bound.

When data is only available at initial and final times, solutions of can be used in image
registration applications. When more data is available, the solutions can be used for interpola-
tion/reconstruction of video sequences, for example. In this imaging context, a considerable body
of previous work on problems related to but different from exists in literature. In addition
to the already mentioned [I5], we therefore restrict ourselves to pointing out just a few particu-
lar examples most directly related to our work through either a discontinuous setting or elastic,
i.e., BD-type regularisation. Hinterberger et al. [16], for one, consider the problem of minimising
b [o0(|10:d + (ViI,b)]) at a single time instant when the image I and its space-time differential
are known at that instant. These authors consider, among others, BD velocity fields, but expect
considerable C? regularity from the known image. Aubert and Kornprobst [17], on the other hand,
conduct an intricate study of a particular example case of this problem with the image also allowed
to lie in SBV, while the velocity field is in BV with LP divergence — a type of assumption seen in
most work on the transport equation, as discussed above. Finally, in the paper of Keeling and Ring
[18], the image registration problem of finding a space-time image I that satisfies given initial and
final conditions is considered, minimising the deviation [ (|91 + (V,I,b)|) from the optical flow
constraint over all time instants. In this work also elastic regularisation is applied, but additional
assumptions are made to ensure the velocity field lies in H((0,7) x Q).

The rest of this paper is arranged as follows. In Section [2| we introduce the basic notation and
necessary preliminaries from the theory of functions of bounded deformation. In that section, we
also prove the refined SBD approximation result. Then, in Section |3, we study the extension (|1
of the transport equation . Finally, in Section {4 we briefly study theoretical properties of the
optical flow fitting problem , and conclude the paper. The study of theoretical and numerical
properties of discretisations of f is ongoing and future research.

2. Preliminaries

2.1. Basic notation

We denote the unit sphere in R™ by S™~!, and the open ball of radius p centred at x by
B(z, p). The boundary of a set A is denoted 0A, and the closure by cl A. For v € R™, we denote
the orthogonal hyperplane by v+ := {z € R™ | (v, z) = 0}.

The identity matrix is denoted id, and for u,v € R™, we define u® v € R™*™ by (v ®v)(z) :=
u(v,x). The trace of a matrix A € R"™*™ is denoted Tr A, and the k-dimensional Jacobian of a
linear map L : R¥ — R™ (k < m) is defined as Ji[L] := \/det(L* o L).
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We denote sets of functions essentially bounded by a given M > 0 by
L3r(A;B) :={f: A= B[ |fllLeo(a;py < M}

The space of (signed) finite Radon measures on an open set € is denoted M(2). The k-
dimensional Hausdorff measure, on any given ambient space R™, (k < m), is denoted by HE, while
L™ denotes the Lebesgue measure on R™. For a measure p and a measurable set A, we denote by
uL A the measure defined by (uLA)(B) := u(ANB). The total variation measure of p is denoted |u|.
The upper and lower k-dimensional densities of a positive Radon measure p at x are, respectively,

defined as

05 (1, ) == limsup pu(B(z,6))/(wrd®), and O.p(y, z) := liminf u(B(x,d))/(wrd®),
MNO N0

where wy, is the volume of the unit ball in R¥. When the limits agree, it is denoted Oy.

A set ¥ C R™ is said to be countably H*-rectifiable, if there exist countably many Lipschitz
functions f; : R¥ — R™, such that H*(X\ U2, fi(R¥)) = 0. If, moreover, H¥(¥) < oo, then X is
said to be HF-rectifiable.

If {Ai};’io is a sequence of sets in a topological space X, we then define the outer and inner
limits as

limsup A; := {z € X | 27 — x for some 2/ € A% and 0 < iy < i; <...}, and
1—+00
liminf A; := {z € X | #* — z for some z' € A" with i =0,1,2,...}.
1—00
If F: A = B is a set-valued function between topological spaces A and B, it is said to be
outer-semicontinuous if limsup, ,., F(z') C F(x) for any ' — x, and inner-semicontinuous if
lim inf; o F(2?) D F(x) for any z° — x; see e.g. [19].
Finally, given a vector field u € L>(R™; R™) such that the distributional divergence Divu is a
Radon measure, we define the normal trace on an open set  with C!' boundary as

Tr(u, 0N)(p) == /Q<Vg0,u) dﬁm—i—/ﬂgadDivu, (p € CZ(R™)).

The distribution Tr(u, 0) is a function concentrated on 92 and satisfying || Tr(u, 0Q)|| L (a0;rm) <
|u]| oo (@;rm); see [L3]. Using this definition, one-sided normal traces Tr*(u, ) can be defined on
an oriented C! hypersurface ¥, and, by extension, oriented countably H™~ !-rectifiable X.

2.2. Functions of bounded deformation

Following Temam [I], a function u : £ — R™ on a bounded open set 2 C R™, is said to be of
bounded deformation, denoted u € BD(Q), if its components are in L!(Q2), and the symmetrised
distributional gradient Fu := (Du + (Du)”)/2 is a bounded measure. In other words, all the
components (D;u; + Dju;)/2 with 4,5 = 1,...,m are measures with finite total variation.

If the boundary of (2 is Lipschitz (or C'), then the trace tr(u, 9§2) of u exists on 9.

Similarly to functions of bounded variation (see, e.g., [20]), given a sequence {u’}2; C BD(Q),
strong convergence to u € BD(Q) is defined as strong L! convergence |lu® — ul| 1) — 0 together
with convergence of the total variation |E(u —u®)|(€2) — 0. Weak convergence is defined as u’ — u
strongly in L'(Q) along with Eu’ = Eu weakly* in M(Q).

4



According to Ambrosio et al. [2], the symmetrised gradient may be decomposed as Fu = Eul™+
EJu + Eu, where Eu is the density of the absolutely continuous part, and equals (Vu 4+ (Vu)T) /2
L™-a.e. We sometimes use the notation E%u := EuLl™. The jump part E’u may be represented as

Flu=@w"—u)ov,H" L,
1

= 5((uJr —uT )@y, + vy, @ (Wt —uT))H™ T,

where z is in the jump set J, of u if for some v := vy, (x) there exist one-sided traces u™ () defined
as satisfying

(5)

i [ )~ () dy =0, (6)
B=*(z,p,v)

where B*(z,p,v) := {y € B(z,p) | £{y — x,v) > 0}. It turns out that .J, is countably ™ !-
rectifiable, and v is (a.e.) the normal to J,,. The remaining Cantor part Eu vanishes on any Borel
set o-finite with respect to H™~!. The space SBD(Q) of special functions of bounded deformation
is defined as those u € BD(Q?) with E°u = 0.

We may write the distributional divergence of u as Divu = Y /" (&, Fu&;) = Tr Eu when
&1,...,&n is the standard basis of R™. Accordingly, the absolutely continuous part, divw, can
be defined through divu = >, (&, Eu;), while the jump part of the divergence is defined as
Div/ u = Y1 (&, EIug;). This may also be written

Div/ u = (ut —u", vy YH" L,

We denote by S5, the complement of the set where the Lebesgue limit u exists. The latter is,

of course, defined by
1
lim/ u(z) —u(y)||dy = 0.
ST [a(z) — u(y)ll

Finally, we will be employing one-dimensional slices (or sections) of functions u € BD(2).
These are defined by ult€(t) := (u(y + t€), ) for y,& € R™. We also let

Q.= {yeet|y+teeQforsomet € R}, and QW .={teR|y+tsecl.

For the jump set J,,, we set Jy, ¢ := {z € J,, | (ut(z) —u"(x),&) # 0}. Then the Structure Theorem
of Ambrosio et al. [2] can be stated.

Theorem 1 (Structure Theorem [2]). Suppose u € BD(R2), and & € R™\ {0}. Then the following
points hold.
1. For any Borel set A C Q, we have (£, Eu&)(A) = [qq DeulvEl(AWE) ™1 (y) and
6 Eug)|(4) = foge | D241 (ALE) apm =1y, |
2. For any Borel set A C Q, we have (§, E'u&)(A) = [ DIyl (ALY di™=1(y) and
(&, EIug)|(A) = fore | DI ul S| (Al arm =1 (y).
3. The slices ulv& alw& € BV QWAL with ulv-€l = 4w a.e. with respect to L1 QW4
4. For H™ t-a.e. y € Q& the jump sets satisfy Syl = J¥E - and we have

u,
& ut(y+t8)) = WHE @) = lim alvd(s)
s—tE
for every t € Jﬂyf}- The normals of J,, and J,.¢ are oriented to satisfy (vy,,&) > 0 when

le[ty,f] =1



Here D®f and D7f denote the absolutely continuous and jump parts of the distributional
gradient Df of a function f of bounded variation. In the present one-dimensional setting of
f: QW& ¢ - R, they are equal to E°f and E7 f, but see [2, 20] for details.

The following compactness result of Bellettini et al. [8] will also be important.

Theorem 2 (SBD compactness [8]). Let Q@ C R™ be open and bounded. Suppose ¢ : [0,00) —
[0, 00) is non-decreasing with lim;_,oo ¥(t)/t = co. If {u'}22, C SBD(Q) with

w11 +/ Y(|E')) dx + | B’ (Q) + H™ H(J:) < K < oo,
Q

then there exists a subsequence of {u’ o, unrelabelled, such that

u' — u strongly in L*(Q), (7)

Eu' — Eu weakly in L' (), (8)
Fiu' = Flu weakly* in M(Q), and 9)
H™(J,) < liminf H™ (). (10)

2.3. An approximation result

In the following Theorem [3] we provide a refinement of the SBD approximation theorem of
Chambolle [9} 10]. Under the additional condition that w is essentially bounded, our claim is the
L' convergence of one-sided traces on the jump set. In fact, we find (see [I]) that traces in general
are convergent due to the consequent strong convergence of the approximations.

Definition. Given an open set Q C R™, we denote by W>(Q) the set of functions u : Q — R™
that are in C>°(2\ clJ) for some essentially closed J C Q (i.e. H™ Y((c1J N Q) \ J) = 0) that is
contained in the union of finitely many closed connected pieces of C! surfaces (of dimension m —1).

Definition. We say that a bounded open set  C R™ has C° boundary 95 if at each x € 99,
there exists a neighbourhood U of z, a unit vector e € R™ and a continuous map f : e- — R, such
that UN O =U N{x+ f(z)e |z € et}

Theorem 3. Let 2 C R™ be an open bounded set with C° boundary 0. Suppose u € SBD(£2) N
L (Q;R™) for some M < oo, and that u satisfies the bound

P(u) := /QW(Su(x)) dx 4+ H™1(J,) < oo, where W(A) := Tr(AAT) + (Tr(A))?/2.

Then there exists a sequence {u}2, C W™ (Q) N L3S (; R™) satisfying

u' — u strongly in L*(Q;R™), (11)

Eut — Eu strongly in L?(Q; R™*™), (12)

/ 1(u)* (@) — u*(2) || dH™ " (x) = 0, and (13)
JuUJui

H™ (T, AT,) — 0. (14)

In particular |Eu® — Eul(Q) — 0, so {u'}32, converge to u strongly in BD(Q).
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Proof. The proof and the construction are essentially the same as those presented in [9], with
some additional observations and minor modifications. As the proof is long, we will therefore not
attempt to replicate it in full. Rather, we sketch the overall idea of the original proof for the
reader’s convenience, and then describe the modifications and additional observations needed.

Given € > 0, first in [9, Theorem 2] a Besicovitch covering argument is used on .J,,. This yields
a finite collection of open balls Bj, (j = 1,...,k), such that the corresponding closed balls cl B;
are mutually disjoint, H™ (J,NIB;) = 0, and H™ (], \ Ujf:l Bj) < e. Moreover, minding that
Ju is H™-rectifiable and hence contained on at most countably many C'! surfaces {I';}2°, the balls
Bj are asked to be split into two open halves Uji by some I'y,, and to satisfy

H™ (T, Ady) Nl By) < e/(1—e)H™ 1 (Ju N By). (15)

Next, it is set A; := {z € R™ | dist(z, 2\ U§:1 clB;j) < t} for some small enough ¢ > 0
that H™(J, N A;) < 2e. Then a sequence of approximations {u},;}22, C W= (U) N LG (U; R™) is
constructed separately on each U = Uli, LU ki, (A; N Q) by invoking Lemma [2{ below, refining [9]
Theorem 1]. The approximations satisfy for some constant ¢,, > 0 that

Jut — UHLZ(U;Rm) — 0,

Htr(u@, oU) — tr(u,0U — 0, and (16)

) HL1 (OU;R™)

U

limsup/ W (Euy (z)) dz +H™ Ml (J,; NU)) < / W(Eu(z)) dz + ey H™ (T, NT).  (17)
U U

1—00
Setting uiBj (x) = U;in (x) when x € U ji, the approximations uiBl, e ,uin,uilt are then combined
for large enough ¢ (see [9, Lemma 3.1]) using a partition of unity on By, ..., By, A; to yield a final

approximation u. with energy P(u¢) that does not exceed P(u) by more than a constant factor of
e. Defining u’ := u,: for a sequence €'\, 0, the claims , , and

H™ () = H™ () (18)

of the original approximation result now follow without much effort from a variant of Theorem
see [9, Theorem 3].
We now have to prove and . Let us observe that thanks to we have

R = /J mij||<uiBj>i<x>—f(az)\}d%m1<x>ao, (i — o0).

Minding that Ju% ~ consists of points z € B; such that there exists two different one-sided limits

. . J
(uﬁgj)+(x) + (u’Bj)_(x)}, it follows that also
]{JZ = Hm—l(JuﬂBjﬁng \Juzéj) =0, (i— o).

For the proof of this fact we refer to Lemma in the Appendix. (There we take A = J, N B; NTy,,
vl = (uiBj)Jr - (uiBj)_, and p = H™ 1) Hence we may deduce that if we take i§ large enough, then
both ' ‘

Ri, MH; < Me/(1— e)H™ " (JuN By), (i >1if).
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From we also have
H™ (T, N Bj\Ty,) < e/(1— eH™ (J, N By).
Minding that [|ul|zeqrm) < M, we then get the estimate

| @) = @) ) < B+ MHm (0 BT

<2Me/(1— e H™ I, N By), (i>15),
along with

<2/(L—e)H™ ' (JuNBy), (i=>15).

Since the balls B; are mutually disjoint, constructing u. with i > i;, we therefore have by summing
over the estimates on By, ..., By and the bound H"(J, N A;) < 2¢ on A; that

k
/J | (@) — (@) dH™ L) < 2eM + 3 (2Me/(1 — H™1(J, (1 By))
u i=1
<2Me(1+H™ () /(1 —e)).

(21)

Likewise, employing , we deduce that

k
H™ N T\ o) <2+ (2¢/(1— e)H™ 1 (Ju N By)) < 2e(1+H™ ' (Ju)/(1 =€) (22)
j=1
Recalling that u® := u; and combining with (18], we obtain (14). In particular, H™ !(J,: \
Ju) — 0. Employing the bound ||u||pec(o;rm) < M, this implies

/ H(ul)i(az) — u(x)” d?—[mfl(x) — 0, (i— o0).
J,i\Ju

u

Combining this observation with completes the proof of .

We must still show strong convergence. Thanks to £™() < oo, it follows that the L? conver-
gences and hold in L' as well. Thus, in particular, ||Eu’ — Eullp1(rm) — 0. From
it follows that |E/u’ — Eu|(Q) — 0. Combined, we find |Eu’ — Eu|(Q2) — 0, so the claimed strong
convergence follows. O

To prove Lemma [2] employed in the above proof, we first need the following extension result.

Lemma 1. Suppose @ C R™ is a bounded open set with C° boundary 0. Let u € SBD(Q) N
L33 (Q;R™) be given with P(u) < oo. Then for any € > 0 there exists ' 3 Q and v € SBD() N
L3 (s R™) with

[u' — uHLQ(Q;Rm) <6 (23)

W (Eu (2)) d < / W(Eu(z)) dz + e, (24)
" H™ (T < Hmﬁ(Ju) +¢, and (25)
[|tr(u’, 092) — tr(u, aQ)HLl(m;Rm) <e. (26)

Moreover, H™ '-a.e. point x € 08 is a Lebesque point of u'.

8



Proof. This lemma improves [9, Lemma 3.2], and the construction employed is nearly the same,
just with more meticulous choice of the perturbations 2!, where originally simply z! = te;. We will
therefore not prove f as they follow exactly as in [9]. We only describe the construction
employed and show together with the Lebesgue point property.

The construction is as follows. Thanks to 9 being of class C°, we may cover it with finitely
many open balls {4;}¥_, such that there is another set of open balls B; 3 A;, directions ¢; € S™ !,
and continuous maps f; : D; C e — R that give B; N 9Q = B; N {z + fi(x)e; | * € D;}. In fact,
we may assume f; uniformly continuous, since we may replace B; by a smaller ball containing A;.
For ¢t > 0, let us set

Zi ={z e R" | ||z — (z,ei)ei|| < (z,e:i) € (0,1], AiNclQC AN (Q+2)}.

That is, Z! is the subset of perturbations in a truncated cone with axis e; that satisfy 4; NclQ C
A;N(Q+2z). For small perturbations z such that A; C B;+ z, this latter condition may equivalently
be written as

fi(x) < filx — (2 — (z,e5)€;)) + (z,€;) for x € D; with x + fi(x)e; € A;.

If we define the slices Zf := ZF N {z € R™ | (z,¢;) = s}, (s > 0), then z € Z¢ follows if both
A; C B;+ z and

fi(z) — fi(x + se; — z) < s for x € D; with z + f;(z)e; € A;.

Minding the inclusion B; 5 A; and the uniform continuity of f;, it follows that for each s > 0 there
exists ds > 0 such that z € Z7 if (z,e;) = s and ||z — se;|| < ds. Hence H™1(Zf) > 0, so that also

t
L™(ZY) :/ H™ N ZF) ds > 0.
0

For each t > 0, let us now choose some z! € Z!, to be determined later in more detail. Observe
that 2! — 0ast N\, 0. Within A;N(Q42!), we then define ul(x) := u(z—2z!). We also choose Ay € Q
such that clQ C Uf:o A;, and set uf(x) := u(z) in Ag. We choose a special smooth partition of
unity ¢, . .., @ on Ag, ..., A, given by [0, Lemma 3.1], that satisfies ”Hm_l((Juﬂ(Uf:O supp cl{0 <
0; < 1})) < €/(2(k + 1)). Then, we let u' := 25:0 put, which is a function in SBD(QF) for
Q= AgUUL, (Ai N (Q+2D).

The properties f now hold for v’ = u! and ' = €); when ¢t is small enough, exactly as
shown in [9]. To show (26)), we first observe that Efu(- —z!) = Eiu as well as |EJu|(- —z!) = |Eiu
weakly™ as measures as t \, 0. Secondly, from the expression for EJu, and the continuity of ¢;,
we observe that E7(p;ul) = p; E/ul. Therefore, for any ¢ € C.(R™),

ET (piuf) (@) = (il uf)(p) = Elu(- — 2) (i)
— Elu(pip) = (0 E7u)(9) = E' (pu)(p), (t\0;i=0,...,k),

so BJ(put) = p;FIu weakly* in M(R™). Consequently, weakly* in M(R™), we have

k k
Elul =) " El(puf) = > piBu = Elu, (t\,0). (27)
i=0 i=0
9



Likewise, minding that ¢ > 0, we find that ‘EJ(@luf) = cpi|Eju‘ ast \( 0 for i =0,...,k.
Now, ‘Ejut|(Q) — |E3u‘((2) as t N\, 0 follows similarly to if we can show that the total

variations measures decompose as \Ef:o piBut| = Zfzo‘goiEj uﬂ Towards this end, we have to

choose the perturbations zf € Zf carefully. By application of Fubini’s theorem, we observe that
the set

N:={zeR™ | H" Y (J,N(z+J,)) > 0}

has zero L™ measure, as do
Ni:={zeR™ | H" Y (J,+2)NoNANA) >0}, (i=1,... k).
Therefore, since L™(Z!) > 0 for ¢t > 0, as we have shown, it is possible to make the choices

deZI\N(NiUNU[JWV +2)).
j<i

Since J,+ = (Jut2H)N(A;N0QY), we then find that Hm_l(JugﬂJutﬂ(AiﬂAjﬂQt)) = O for all i # j with
i,7 =0,1,2,... k. (The sets N; have not been employed yet;J we will use them shortly to get the
claim on the Lebesgue points.) Clearly, minding (), we now have ‘Zle 0 B uﬂ = Zfzo‘gpiEj uf‘
Thus |E9ut|(Q) — |ETu|(Q) as ¢t \, 0.

Now, observe that Eu! — Eu strongly in L'(Q;R™*™) due to the strong convergence in
L*(UE_y Ai; R™*™) shown in [9], and £™(Q) < co. It follows that |Eut|(Q) — |Bu|(Q) as t \, 0.
Knowing (23)), also u’ — u strongly in L*(€;R™). Hence we find that u' converges to u “in the
intermediate sense” on . But the trace operator into L' is continuous in the topology of inter-
mediate convergence by [1, Theorem 3.1]. This gives for ' = u' and ' = Q! when ¢ is small
enough.

Finally, to show that H™ !-a.e. point z € 99 is a Lebesgue point of v/, first observe that for
i=1,...,k, we have H™ 1 ((J, + 21) N (002N 4;)) = 0 due to z! ¢ N;. This gives

Hmfl(Juﬁ NO2NA;)) =0.
But, recalling that S,: denotes the complement of the Lebesgue set of uﬁ, we also have
H™ (S \ T N(92 N 4;)) = 0.

This follows by choosing v = cxana, € BD(A;) for some constant ¢ € R™ \ {0} in [2, Theorem
6.1], which claims that |Ev|(S,: \ J,¢) = 0 for any v € BD(4;). Minding that Ay € Q, we have
therefore shown that l '

H™ (S N (02N A)) =0, (i=0,....k).

But this says that H™ -a.e. z € 90N A; is a Lebesgue point of ul. Hence, as u! = Zf:o put and
the partition of unity ¢; is smooth, we observe as claimed that H™ '-a.e. z € 99 is a Lebesgue
point of u!. O

Lemma 2. Suppose Q C R™ is a bounded open set with C° boundary 0. Let u € SBD(Q) N
LS (Q;R™) be given with P(u) < co. Then there exists a sequence {u'}2, C W (Q) N L33 (2 R™)
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with each J,i contained on finitely many (m — 1)-simplices, and we have

u’ ~ UHLQ(Q;RW) — 0, (28)

Htr (u’, 0Q) — tr(u, Q) HLl(BQ Ry ™ 0, and (29)

limsup/ W (Eu'(x)) dz + H™ el J i) / W (Eu(z)) dx + emM™ (), (30)
1—+00

where ¢, 15 a constant depending on the dimension m only.

Proof. Once again, the construction and proof of this lemma are a refinement of [9, Theorem 1],
so we will only describe the overall idea and the additions needed to achieve our claims.

The first step of the construction is to choose an arbitrary e > 0 and apply Lemma [I] to extend
u as v’ from € onto a larger set ' €. Then a finite element approximation of v’ is performed
on ', while also preventing the blow-up of £u! and approximating the jump set of «/ with “jump
cubes”. The selection of these jump cubes and the interpolation grid is a rather lengthy process,
but for our purposes it suffices to mention that it is possible to choose arbitrarily a shift y from a
subset of positive measure of [0,1)™, such that when v for h > 0 is constructed as described next,
then

h —0, (h\,0), and (31)

HU - “,HLZ (QR™)

/ W (e (@) de+H™ el J) < [ W(EW (2)) da + conH™ " (Jur). (32)
Q/

To proceed with the construction, let us choose an orthonormal basis {e;}*; of R™, satisfying
H™  {z € Jy | (W) (z) — (/)" (x),e) = 0}) =0 for all e € {ex}7", U{er — er}iy—1- Then, given
h > 0 and letting G := 37" | Ze;, finite element interpolation is performed on the grid hy +hG N’
with shape functions of the form A(z) := [[iL; max{0,1 — [(ej, )|}, to yield

w'(z) = > u(hy+OA((x—&)/h—y).

EehGNQY

Next, cubes £ 4+ hQ, for £ € RZ™ and Q, = y + Z;”ZI[O, 1)e; are chosen as jump cubes if
¢ € Jy 4+ hV, where V is a one-dimensional set modelling the interactions between different nodes
€. Then the original final approximation in [9], satisfying , , is obtained by setting v"(x)
to w”(z) whenever z does not belong to a jump cube, and v"(z) to 0 when 2 does belong to a
jump cube. We will have to alter this construction a bit on the jump cubes.

In the original proof, the shift y € [0,1)™ is chosen arbitrarily from a subset of eligible points
of positive L™-measure. We can therefore assume that the choice is such that all the points of
hy + (hG N €Y), used in the construction of w”, are Lebesgue points of «/. Since H™ '-a.e. x € 9N
is, by Lemma (1], likewise a Lebesgue point of u/, it therefore follows from a simple mollification
argument that w” is convergent pointwise a.e. to v’ on 9. Since u’ is bounded and H™~1(9Q) < oo,
the Egorov and Vitali convergence theorems then establish L!(9€; R™) convergence of the traces
tr(w”, 00) to tr(u’, Q). But the convergence of traces may not hold for v", as 992 may be covered
by jump cubes. We therefore modify the construction as follows. Again on the grid hy + hG N/,
we define the piecewise constant approximations

X(e+hQy)ne (T) / /
u'(z)de.
fo%‘IQ’ £m 5 + th) N Q/) (f—i—th)lﬁlQ’

11



As above, we then observe that the traces tr(w",d9) converge to tr(u/,08) in L'(0Q;R™). Also
wh — o/ strongly in L2(€Y;R™) due to standard approximation results. Now we set

hz) {wh(x), x belongs to a jump cube,
x) =

w"(x), z does not belong to a jump cube.

By the discussion above and , it easily follows that

"

_h

— u,HLZ(Q;]Rm) — 0, and Htr(v ,0Q) — tr(u/, 8Q)HL1(BQ;RM) — 0, (h\/0). (33)
Regardlng , we observe that this modification does not alter the energles JoW (EvM(x)) dz, the
function @" being constant on each jump cube. Moreover, the estimate was actually obtained
n [9] through the estimates

clJ,n C U{0(§ +hQy) | £ € hG, £+ hQy jump cube}, and

/ W (Ev"(z)) de + KpyH™ H(hQy) < | W(EW (x)) dx + e H™ (),

o
where K} the number of jump cubes. But the jump cubes are not changed by our altered con-
struction (although the jump set J,» contained on their boundaries may be), so continues to
hold for o".

One issue however remains. The approximations v" are Lipschitz continuous away from the
jump cube boundaries, but not in W (2). This can be resolved by smoothing w". Indeed, we
only have to replace the shape function A by its mollification. Again, this change will not affect
the jump cubes and hence estimates of the energy of the jump set. Moreover, by choosing the
mollification parameter small enough for each h, the convergences can be maintained, and the
energy bound be replaced with

h

/ W(Ed"(z)) dz +H™ Nl Jpn) < | W(EW (x)) dx 4 e H™ H(Juw) + €. (34)
Q/

Finally, letting e \, 0, the existence of {ut}22, satisfying 1) follows from combining

the estimates . ) between u’' and ", and the estimates 1) between u and u/. This

concludes the proof O

Remark 1. If u € SBV(Q)NL>®(Q; R™) with ||Vul|1oqrmxm)+H™ 1 (J,) < oo, then the claim of
Theorem follows from the stronger approximation results of Cortesani and Toader [I1], that show
the existence of a sequence {u’}°, with J,; concentrated on finitely many (m — 1)-dimensional
simplices, and satisfying u’ — u strongly in L!'(Q; R™) and Vu' — Vu strongly in LP(£2; R™*™),
along with

lim sup / o, (), ()" vy ) dH™ L < / ot u vy, ) dHm!
ANJ ; ANdy

1—+00
for every A € © and upper semicontinuous function ¢ :  x R™ x R™ x S™~1 — [0,00) with
SO(IL‘, a, ba V) = @(IE, ba a, _V)‘
In fact, as Negri has observed in, e.g., [12, Proposition 2.4], this result of [11] may be partially
extended to the BD case by combining with the approximation theorem of Chambolle [9] [10], which
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we have refined above. The claim is only for surface energies of the form ¢(x,a,b,v) = ¢(v), and
no proof is provided. It however does not appear to be based on providing an SBD counterpart to
[11, Lemma 4.1], as this would show the case of general . Instead, in the isotropic case p(v) =
|v||2, the Claim seems to follow by directly employing (in [11l equation (5.2)]) the convergence of
| iy vy (@) dH™! = H™ 1 (J,:) that follows from . That this holds in the anisotropic case
as Well follows from Reshetnyak’s continuity theorem.

Now, how this discussion relates to our work here is that Theorem [3] provides the missing full
SBD counterpart to [11, Lemma 4.1], allowing full extension of [I1, Theorem 3.1] to SBD in the
case P(u) < oo (which is equivalent to [|Eu| p2(qmrmxm) + H™1(J,) < oo, hence comparable to the
assumption in the SBV case above).

3. The transport equation

3.1. The generalised formulation

Let © C R™ be open and bounded with Lipschitz boundary. Let the final time 7' > 0 be
specified, and set QT := (0,T) x Q. Also fix constants My, M,, M, € (0,00). We then consider

functions I and w in the spaces
X7 = ﬁI(QT), and
X, = {u e SBD(R"™) | u|QT = (1,b), u|(R"™\ QD) =0, ||ul|z~ < M,},

implicitly extending I outside Q" by zero. We take u € SBD(R™*!) instead of SBD(Q”), specifically
restricting support, for notational purposes: we want .J, and Div’ u to include the jump over 907,
and to record initial conditions at time zero with Div/ u

We then define the D’(R"*!) -valued functional corresponding to our extension F(I,u;7) = 0
of the transport equation for u € X,,, I € Xy, and 7 € L'(Div/ u) by

F(I,u;7)(¢) := (Div(Iu) — I div ul" — 7 Div? u) ()

—/(V¢,1u> acrt! —/@Idivudﬁ”“ —/wdDivJ u, (g € C®(R™1)),

Additionally, for use as a constraint in our image interpolation application of interest, we define
the set-valued function F : X; x X, = D'(R"*!) by

F(I,u) :={F(,u;7) | 7€ Ly (Ju)}.
The following example, already discussed in the Introduction, demonstrates the role of 7.

Example 1. Consider a moving ball (or other object) in one spatial dimension, as depicted in
Figure|l} The domain Q7 = (0,1)? can be divided into three subdomains: A;, A2, and B. In both
A; and Ag, we have u = (1,0), while in B, we have u = (1,v) for the speed v of movement of the
ball. Recalling that J, includes jumps on 907, we have

Ju = ({0,1} x [0,1]) U (04, N B) U (042 N dB) U (0B N oQL).

13



Figure 1: The situation of Example [l The ball drawn in black reveals and hides background as it travels.

We easily observe that divu = 0, while, denoting by v the unit vector orthogonal orthogonal to
(1,v) satisfying ¢ := ((1,0),v) > 0, the jump part of the divergence is
Div/u =(u™ —u", vy, H 'L,
=H' ({0} x [0,1]) — H' ({1} x [0,1])
+c(H'L(0A2NOB) — H' (041 N IB))
—o(H' (0B N {1} x [0,1]) = H' (0B N {0} x [0,1])).

(35)

The background intensity is constant in time, so in A; U Ag, the image I(t,z) = 79(x) for
any given “initial condition” 79. In B, we have I = [, where we have taken the moving ball
to have constant intensity 8. Thus, Div({u) — Idivu = Div(lu) = Div/(Iu). Clearly then
7 = dDiv/(Iu)/ dDiv’ u satisfies F'(I,u;7) = 0, provided Div/(Iu) < Div/ u. Let us calculate
Div? (Iu) explicitly. Abusing notation by writing 79(¢, z) = 79(x), we have

Div? (Tu) =(Itut — I"u™, vy, ) H ',
=70 (H'c ({0} x [0,1]) = H' ({1} x [0,1]))
+ 7oc(H'L(0A2 N OB) — H' (0A1 N OB))
— Bu(H' (0B N {1} x [0,1]) — H' (9B N {0} x [0,1])).

(36)

Comparing to ([36), we find, as expected, that 7(t,z) = 7o(x) on {0,1} x [0,1], and
7(t,x) = B on OB N INT. On (0A; UDAy) N B, we also have 7(t,z) = 79(x). In this particular
example, with the normal v always orthogonal to u on one side of jump set, 7 thus completely
describes “what goes of I into a sink, or comes from a source”. Furthermore, 7 is clearly bounded
when the background intensity is.

In the following, we study various properties of the function F'. We begin with showing that F’
is continuous in the set-valued sense of being both inner- and outer-semicontinuous. After that we
study existence and subsequently uniqueness of solutions to the inclusion 0 € F'(I,u).

3.2. Continuity

We now prove the following theorem that establishes the inner- and out outer-semicontinuities
of F.

14



Theorem 4. Suppose {I'}3°, C X1 converges to I € Xy pointwise a.e. in QT , and {u'}2, C X,
converges to u € X,, in the sense

u' — u strongly in L*(Q7), (37)
divu® — divu weakly in L*(Q7), (38)
Div? u' = Div/ u weakly* in M(R"™), and (39)
zliglo | Div? wf|(R™1) = | Div? u|(R™T). (40)
Then
limsup F(I',u’) C F(I,u)  weakly* in D'(R"*1). (41)
i—00

Suppose, moreover, that H"(J,) < co. Then for every T € L3 (Ju), there exist Tt e L37 (Jui),
(i=0,1,2,...), such that

P(I 7 = F(Iui7)  weakly* in D'(R"). )

In particular o
liminf F(I*,u') D F(I,u) weakly* in D'(R™1).
1—00
Observe that f follow from Theorem [2i We will return to conditions ensuring in
Section [dl The most important consequence of the theorem for our purposes is the following.

Corollary 1. Suppose {I'}22, C X; N BV(R"™1) converges to I € X N BV(R™™) weakly in
BV(R™1), and {u'}2, C X, converges to u € X, in the sense (37)-(d0). Then 0 € F(I',u’) for
i=0,1,2,... implies 0 € F(I,u).

Remark 2. Under the above assumption that I € X; "BV (R"™1), Proposition |5|in the Appendix
implies that the values of F' are, in fact, measures, not just distributions.

Proof of Theorem [l The outer-semicontinuity is established by showing continuity for each of
the terms Div(Iu), I divul"T!, and 7 Div/ u separately. We first tackle Div(Iu). By assumption,
we have u’ — u strongly in L'(QT;R"*1), and I — I pointwise a.e. in Q7. As £*(QT) < oo and
|18 e < M, we thus have I'u? — Tu weakly in L'(Q7); see, e.g., [2I, Proposition 2.61]. Since
Div is a continuous linear operator between the weak topology on L' and the weak* topology of
distributions, it follows that Div(I*u’) = Div(Iu) weakly* as distributions,

Next we consider Idivul™ . By (38), we have divu’ — divu weakly in L'(QT). From the
pointwise a.e. convergence of I’ we therefore get again that I’ divu’ — I divu weakly in L'(Q7).
In particular, I divu!L" = I divul™ weakly* as measures, hence as distributions.

Finally, we have to study subsequences of {7 Div/ u"}fio convergent weakly* as distributions.
From (40), v € BD(Q"), and 7" € L3 (J,i) we however observe that such sequences are bounded,
hence measures (see, e.g., [22]), and may be assumed to converge weakly* as measures. What
we therefore have to establish is that given a subsequence of {7! Div? 2o, unrelabelled, such
that 7/ Div/ u’ = v weakly* in M(R"!), then v = 7 Div/ u for some 7 € L37 (Ju). But, for any
¢ € C.(R™1), we may calculate

v(p) = lim 7' Div’ u'(p) < limsup |7*|| Div’ u*|(|¢|)

1—00 1—>00

< M, limsup | Divl u'|(|]) = M, | Divd u](|¢]),

11— 00
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where the last step follows from ({0]). This shows that |v| < M;|Div’ u|, allowing us to conclude

the proof of .
Now we have to show (42). We have already shown the continuity of Div(Iu) (as a distribution)

and of I divufl™. Therefore, to complete the proof, it suffices to show the existence of some 7% € X,
such that 7; Div/ u? = 7 Div/ u weakly* in M(R"*1).

Towards this end, we let p(z) := xp(o,1) () exp(—1/(1 — [|z]|*)) be the standard mollifier on
R and set pe(x) := e "p(z/€). Mind the factor e~ instead of e~ ("), Then we set

Te(x) := O pe x (TH" J))(x) = CF ; pe(x —y)7(y) dH" (y)
for a yet undetermined constant C'. We then observe that by choosing the constant C' appropriately,

when the n-dimensional density exists, we have

h\IJI(l] 7e(z) = O (TH " Jy,z) for H-a.e. z € R*T (43)

Indeed, let us write p(z) = foeXp(*l) Xp<t(x) dt. Minding that {z € R"™ | p(x) <t} = B(0, f(t))
for some decreasing f : [0,e] — [0,1], we get

Cro(a) = € / u / " oo (@ — 1)) drr(y) ()
- [ o ([ef( )R (B, e (1)) dr
0

By application of Fatou’s lemma and the fact that @ (TH"_Jy, x) exists for H"-a.e. z € R"*! by
rectifiability, we deduce (@) with C := [TV ([f(r)]" dr.

But, now, employlng our assumptlon H™(J, ) < 00, the jump set J,, is H"-rectifiable. Therefore,
On(TH" Iy, z) = 7(z) for H™-a.e. z € J,, and © (7"H Ly, z) = 0 for H"-a.e. x & Jy; see, e.g.,
[23, 2]. So, in summary, we get from that 7.(z) — 7(x) as € \, 0 for H"-a.e. x € R**1.

Let us then set 7(z) = max{min{7.(z), M.}, —M,}. Still we have 7. € C,.(R"*!), and, minding
that 7 € L3} (Ju), also 7c(z) = 7(x) as € \, 0 for H"-a.e. 2 € R"*!. In consequence,

7.Diviu = 7DivVu  weakly* in M(R™™), (e \,0),
Moreover, by the weak* convergence of Div? u’ to Div? u, for any € > 0, we have
7.DivV ' = 7. DivVu  weakly® in M(R"), (i — o).

Next we observe that all the involved measures lie in a bounded subset of M(R"*!). Hence the
weak™® convergences are given by a metric. We may thus perform a diagonal construction yielding
€ > 0and 7; := 7|, € L§7 (i), (1 =0,1,2,...), such that 7; Div/ u! = 7 Div/ u O

The next proposition shows that provided {I?}3°, converge weakly* in L>®(Q7T) (as is the case
for a subsequence when I € X7), then the functional F' is closed also with respect to specific
restricted mollifications u of u with weaker convergence properties than 7.

16



Proposition 1. Suppose u € Xy, and let {n}eso be a family of mollifiers on R". Let Q :=
(0,T) x R", and define u¢ : R**1 — R"*1 by

U, z el

(1,0), xe R\ QT (44)

u = XaQ - (Ne*xu), where u:= {

Suppose that {I°}22, C L57,(Q) converges weakly™ in L>(Q) to I € L3 (Q), and that My < M;.
Then, letting F5(I,u) := {F(l,u;7) | 7 € L37 ({0,T} x (2 + B(0,0)))} and taking a sequence
€\, 0, we have
limsup Fo, (I',u) € F(I,u) weakly* in D' (R™1).
1— 00

In particular, suppose I' are solutions of the classical transport equation for velocity field u®,
and initial condition ¢ € L37 ({0} x R™).  Suppose, moreover, that ¢ have support on {0} x
(Q+ B(0,2¢)), and are convergent weakly™ in L*>°({0} x Q) to 19. Then F(I,u;7) = 0 for some
T € L3y (Ju) satisfying T =79 on {0} x Q.

(The restriction of 7 in the definition of Fj is only needed because Div’/ u¢ has unbounded
support 9Q. We could alternatively restrict u¢ to [0,7] x (2 + B(0, 2¢;)), assuming that suppn. €
B(0,2¢).)

Proof. First of all, we claim that
divu® = ne * (Divur@) on Q. (45)

To see this, we observe that on {0, T} x Q, with normal v = (1,0), we have (a*, ) = 1. Therefore,
we necessarily have Div/ 4 ({0,7} x Q) = 0. Then we note that on (0,7) x 99 with normal v
satisfying (v, (1,0)) = 0 and pointing out of Q7' we get (a*,v) = 0 and (a~,v) = (u~,v). Thus the
jump divergence is unaffected: Div’/ @ ((0,T) x 99) = Div’ uL((0,T) x 09). As @ = 0 is constant
outside Q7 it follows that Div @ = DivuLQ. This shows .

Since DivuL@Q = divul™! 4+ Div/ uLQ, we now have for any ¢ € C°(R"*1) that

/ oI divu® dx :/ I (ne; * divu) dx—l—/ o' (e, * DivV uLQ))dz, (i=0,1,2,...). (46)
Q Q Q

We next study the convergence properties of the two terms on the right hand side of . Because
e, * (Div? u Q)L™ |(Q) < |Div?/ u|(R") < oo by standard properties of mollification, and
| I*||Lee < M < o0, it follows that there is a subsequence of {(I*, €;)}7°,, unrelabelled, such that

I'(ne, * (Div/ uL@)) = v weakly* in M(R"")

for some finite Radon measure v concentrated on cl Q). Now we observe that by standard mollifi-

cation results ‘ ‘
1e, * (Div? uL Q)L™ = | Divy ulQ|  weakly* in M(R™H).

As in the the proof of Theorem {l it therefore follows that there exists 7iny € L3y, (Div? uLQ) such
that
UV = Ting Div? uLQ.
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Next, we note that as 7, * divu — divu strongly in L'(Q), and I* = I weakly* in L*>(Q), we
have I*(n. * divu) — I divu weakly in L'(Q). The decomposition thus yields

/ @I divus dz — / el divudr + /cpﬁnt dDiv uLQ, (p € C(R™)). (47)
Q Q
Similarly, as u€ — u strongly in L'(Q), we also have
/ (Vo, T'u®) do — / (Vo, Tu)ydz, (o€ CZR™). (48)
Q Q

Next, we note that Div’ u¢ = H" {0} x R® — H" {T} x R" and Div/ uL0Q = H" {0} x Q —
H"{T} x Q. Hence, given 7° € L3} ({0,T} x (2 + B(0,2¢;))), (i = 0,1,2,...), we establish the
existence of some 79 € L7 ({0,T} x Q), such that for an unrelabelled subsequence

7 Div? u = 75 Divy uLdQ  weakly* in M(R™T). (49)

Combining —, we now obtain

/ (Ve, I'uS) da + / @I div us dx + / 7" dDiv? i
Q Q cl@

—>/<w,1u>dx+/ cpIdivudx—i—/ erdDiviu, (o€ CXR"M)), (50)
Q Q clQ

for 7 := Tt + 7. Because 7y is supported on 0Q and Ty on J, N Q with 0Q N Q = (), we have
171 oo (Divi ) < M7. We may therefore conclude from that any weak* limit v € D'(R"*!) of
a subsequence of {v'}%°, with v; € Fy, (1%, u), satisfies v € F(I,u). This concludes the proof of
the first part of the proposition.

It remains to study the case with {I° 2 solutions to the classical transport equation with
initial condition 7¢ and velocity field u. Regarding this, we observe from that 7 =19 = 79
on {0} x Q since 7°|({0} x Q) = 75 = 79 weakly™ in L>°({0} x 2). This completes the proof. [

Remark 3. The above outer-semicontinuity results prove some degree of stability of the inclusion
0 € F(I,u), however largely ignoring any “initial conditions on discontinuities in space-time” for I.
As this topic merits some more discussion, we will return to it in Remark [§ following our existence
theorem.

3.3. A technical lemma

We will need the following lemma for the existence and uniqueness results to follow. One of its
consequences is that even without assuming I to be of bounded variation, solutions I of 0 € F'(I,u)
(when H"(J,) < oo) have one-sided Lebesgue limits on J,, when u is not parallel to .J,. To state
the lemma, and for later use, we define

PE ={z e J,| (ut(z), vy, (z)) >0}, and (51)
Nt = {z e J, | (wt(z),+vy,(x)) < 0}. (52)
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Lemma 3. Suppose F(I,u;7) = 0 for some I € X7, u € X,, and 7 € LY(Div/ u). Then the
one-sided Lebesgue limits I* exist H™-a.e. on Pr U NE, and (Iu)* = I*u® (a.e.). Moreover,

u 0

defining I arbitrarily on J, \ (N U PF), we have Tv™(Iu, J,) = I*(u*,vy,), and

rut —u,vy) =TTt —Tu",vy,) H"-ae onJy,. (53)

Proof. First of all, since u is of bounded deformation, we observe that Tr*(u, J,) = (u*,v;,) on

Ju (H"-a.e.); see [I]. Next we note that the measures I divu£""! and 7 Div? u are bounded under
present assumptions. Hence it follows from F'(I,u;7) = 0 that Div(/u) is a bounded measure. We
may therefore apply [I3, Theorem 6.2] to show that I* exists H"-a.e. on .J, when Tr*(u,.J,) # 0,

i.e., on PfUNZ. In fact
I* =¥ (1w, J,) ) et (u, J,) H"-a.e. on PEUNZE. (54)

Since u and I are bounded, and u* and I* exist, it now follows easily from the definition (@ of
the one-sided Lebesgue limit that (Iu)* = ITu® on PF UNZF (H"-a.e.).
It remains to show . It follows from that

Tt (Tu, J,) = IF(u*,v;,) H'-ae. on PZUNZE. (55)

Next we deduce from, e.g., [I3, Theorem 4.2] (see (116))), that Tr*(Iu, J,) = 0 when Tr*(u, J,) = 0.
That is to say
Trt(Iu, J,) =0 H'-a.e onJ,\ (NI UPT). (56)

Finally, minding that F(I,u;7) = 0, we have Div(Iu)_.J, = 7 Div’ u. Therefore, e.g., [I3, Propo-
sition 3.4] shows that

7 Div’ u = Div(Tu)J, = (v (Tu, J,) — Tr™ (Tu, Jy ) ) H™ L T (57)
Defining I+ arbitrarily on J, \ (N;F U PF), we now deduce from (55)—(57). O

3.4. FExistence

We now provide a weak existence result, based on the approximation of Theorem [3| Of course,
any constant function I is always a solution to 0 € F([,u) given v € X, and no boundary
conditions. In Theorem [5| below, we show that we can at least in a very weak distributional sense,
control the traces of I € X on the one-sided “source parts” (see Figure [2)

LE .= prngdy (58)
of the jump set, where P is defined in , and
TV = {x € Ju | (u(2) — u (), vy, (2)) # 0}

For simplicity, here and throughout this section, we assume without loss of generality that v;, is
chosen continuously along each of the at most countably many C! surfaces {I';}22, containing .J,,
(The choice is to be approximately continuous on each surface I'; over the H"-negligible set where
these surfaces intersect.)

We begin with an existence result for more regular functions u. Although long and tedious to
prove, the proposition is rather obvious and most of the arguments quite standard for the transport
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Figure 2: The “source parts” LI of J,.

equation, although some changes in techniques are in order, because we need to piece together the
solution from flows originating from multiple surfaces. We have, however, been unable to find an
existing directly applicable result, so we provide an almost self-contained proof, skimming over
some of the arguments that follow exactly as in the classical case. Most of the work in the long
proof lies in showing that (Div(Iu) — I divu).(J \ J&V) = 0.

Proposition 2. Suppose u = (1,b) € W®(R")N X,. Let Y* ¢ LﬁI(Li) for some M; > 0
and Borel sets L* C LE. Then there exists a solution I € LOﬁI(QT) and 7 € LY(Div/(u)) to
F(Lu;7) =0 with [T =Y* on L* and I'" =1~ on JIV\ (LT UL™).

Proof. We divide the proof into four steps: ([Step 1)) Construction of flows X* and of I,
showing that 0 € F(I,u) holds along with (Step 3) I* = Y* on L*, subject to (Step 4) the
properties , , and of the auxiliary maps h and g. We begin, however, by establishing
some more notation used throughout the proof. First of all, we denote by J the discontinuity set
in the definition of W (R"*1) with normal v, (chosen continuously, as in the discussion above).
We have J, C J, but this inclusion may be strict, even satisfying H"(J \ J,) > 0. Nevertheless,
by the definition of the jump set, we have

TV ={z € J| (u*(z) —u”(x),vs(x)) # O}

We then denote by Jy C J the set of x € J where we have the existence of p > 0 such that the
ball B(z, p) is split into two open halves U*(x) by clU NT for one of the C' surfaces I' containing
J, and such that (cl B(x,p) \T)NJ = ). (The signs denoting sides are taken consistent with u®
and v;.) Clearly Jy is open relative to cl.J, and H"(clJ \ Jy) = 0. Finally, we will be extensively
working on the sets

P = {xc Jy| (ut(z),2vy(x)) > 0},
Nif = {z c Jo| (uF(z),+vs(2)) <0}, and
Z¥ = Jo \ (P U N§).

Step 1: Construction. By classical results, at any point (tg, ) € Q7 \ cl.J, there exists locally on
an interval around tg, a unique solution ~ of

7'(t) =b(t, (1), (to) = 0. (59)

Such a solution may further be uniquely extended to reach the set cl.J at both ends; see, e.g., [0].
(Recall that J includes the initial and final boundaries {0, T} x ©, as well as other parts of QT
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where u is not orthogonal to the normal of 90T.) At each (tg, 7o) € Jo, on the other hand, we may
find unique solutions y* and v~ to (59)) in U™ (tp, z9) and U~ (o, o) (choosing in (1,b) = u*
on Jy). Therefore, at any (to,zo) € (27 \ clJ) U (P U N§), we may identify a unique curve

7?;07139{ tla,q] = R” Satisfying on some interval [a, q) := [a%(to, o), ¢ (to, z0)) D to, and, as
we will show shortly, the inclusions

’y(j;o,xo)((av q)) c Q' \clJ (60)

Vo ay(@) € AT\ (NF UZT) N (N U Z5)),  and (61)

Vi) (@) € AT\ (B UZT) N (P U Z5), (62)

Moreover, ’y(to,xo) = Y(to.20) if (to, o) & clJ.

To establish , , we make the following observations: We let (¢,z) € P0+ , and set
z := vy(t,x). Observe that by taking § > 0 small enough, we may assume (z,u(y)) > 0 for
y € UT(t,x). Suppose then that we have a solution ~y of in U*(¢,z), defined on (tg,t], and
satisfying v(t) = z. We then have

(z,(t,x) — (5,7(5))) = (z,/ u(r,y(r))dr) >0 for s € (tg,t).

In particular, limg ~(z, (t,x) — (s,7(s)))/(t — s) = (z,u*(t,2)) > 0. On the other hand, mind-
ing that —z is the normal to the tangent cone of Ut(t,x) at (¢,x), we have lim, ~(z, (t,z) —
(5,7(s)))/(t —s) < 0. This contradiction shows that no solution can reach (t,z) € Py from
Ut (t,z). Next, we note that any solution to in clU*(tg, x) with (to,z0) € Z; will locally
stay on the manifold Zar . This is because the field u* on Zar is locally orthogonal to the normal,
so there is a solution curve v on the manifold, and solutions on clU™ are unique. Again this
shows that no solution can reach (¢,z) € Zg from U™ (t,x). As similar results hold on U~ (¢, x) for
(t,x) € Py and (t,z) € Z; , we conclude with (62)). Similarly, working with Nif and traversing ~y
“in reverse” we establish .
Let us now set

G* = (g (t2) x {(t2)} | (t,2) € Py}
Then, based on what we have shown so far, we may define on G and G~ the respective flows X
and X, satisfying at (¢, (to,0)) € G* the conditions

X (t, (to, x0)) = b* (£, X*(t, (o, z0))), (63)
X*(to, (to, z0)) = 9, and
XE(GE(t,0), (to,00) € oL\ (B UZE) N (Py U Z3)).

If we now set

E* = {(t, X (t, (to, 0))) | (£, (to, z0)) € G*},
then E¥ N E~ =0, and by (61)), @\ (E* U E~ U Jy) consists of points (¢, z) with ’y(it’x)(a(t, x)) in
the H"-negligible sets clJ \ (P U NE U ZF). Minding that we want to show the existence of I

with traces Y+ on L*, we may therefore largely limit our attention to the sets ET an E~.
Before defining I shortly, we introduce the auxiliary maps

hE(t, x) = (ai(t,m),'y(j:’x)(ai(t,ac),:v)), and
gi(ta QS‘) = (qi(t>$)7’7(ﬂ;,x)(qi(t>x)ax))'
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These give the initial and final points in space-time of the solution curve ’y(im). Observe that
gt (t,z) = (qi(t,x),Xi(qi(t,x), (t,z))) on PSE. Also h*(t,z) = [X*(t,- )] (z) when (¢,z) € ET,
but this does not apply when ¢ = ¢= (¢, ). Moreover, on Q7 \cl.J we have f* = f~ for f = a,q, g, h.
We therefore often drop the sign superscript when it makes no difference.
Finally, we set
Yt (ht(t,x)), (t,z)e ETUPY,
I(t,x) = Y~ (h(t,x)), (t,z)€ E-U(P; \B), (64)

0, otherwise.

Clearly then I € LG, (Q7) when the initial data, Y is defined recursively by

YE(t, @), (t,x) € PN L*,
Fra) o ) (T GR). () € (B \LH) N NT gt (R,
Y (W), (be) € (BN LE) NN ngT(Ry),

0, elsewhere on cl.J.

(65)

Step 2: Satisfaction 'of the transport equation. We now have to show that F(I,u;7) = 0 for a
choice of 7 € L*(Div’ u). So we pick a test function ¢ € C°(R"1), and observe, first of all, that
the definition yields

/ (Ve, Tu) dC™ + / el divudC™™ = 0. (66)
QT\(E+UE-) QT\(E+UE-)

For the remainder of this step of the proof, we study these integrals on E™ and E~. To do so, we
have to use the C! parametrisation of .Jy. We therefore choose a side f € {4+, —}, and let P C Pg
be such that there exists an open set V' C R™ and a one-to-one C! Lipschitz function f:V — P.
We then define

Xp(t,€) == X*(t, £(£))

on

Gy = J{(t.d'(t,2)) x {&} | (t, ) = f(&), E€V}

To improve the legibility of forthcoming formulae, we also write ay := alo f, and qr = ¢ o f.
Observe that ay(§) =t when f(§) = (¢, ), so, in particular, X¢(ar(£),£) = f(§) on V. We then
set

A= {(t, X*(t, (to, z0)) | (to,z0) € P, t € (to,q*(to, 70))}

67
= {(t, X;(£,) | € € V, t € (as(€),q(€))} C EF. (67)

Next, from, e.g., [6], we find that v, 4,)(f) depends continuously on the initial data (o, o) =
f(&) for t € (af(§),qp(€)). Therefore, in particular, X¢(¢,£") for ' close to & is defined when
t e (ar(€),qr(€)). One may then show, following the arguments in the classical case (that we skip;
see, e.g., [24] for a general presentation, or [25] for a short proof for the transport equation), that
Xf S Cl(Gf), and

O TIn[VX(t,-) ()] = (divu)(t, X; (¢, €)) Tn[VX;(t,-)(€)]  on Gy. (68)
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Moreover, from we deduce for ¢ € C2°(R""1) that

(Vi) o) (8 X¢(t,6)), ult, X¢(£,€))) = Oeleo(t, X4 (£,€))]  on Gy. (69)

An application of the area formula on the transformation X¢(t,-) together with now allow
us to calculate

T ~
Jweryact = [0 [ qaven).a) P ) ded
T ~
= [ [ ealTe e, X50.6) T ) TTH st )] d
qr(8) _
= [ et X0, €0) TV 1)) TR
V Jag(§)
Likewise, we deduce
T
/Acpldivudﬁn'H :/0 /Q(XAgodivu)(t, z) Y4(h(t,z)) dz dt
a5 (8) ~
-1/ o P 00) ()6 X (1.6) VX0, ) (O] V() de.
af
Integration by parts and an application of now establishes

/A (V, Tu)y dL™ + /A oI divudL™™!

ar(&) St
e T

- / PG F©)) TulVX (g (€), YOI THF(©)) de

\%

:/ch(t,Xf(t,f)) jn[va(ta')(f)]‘

- /v S(F(©)) Tl VX p(ay(€), ) ()] VH(F(€)) dE =: Oy — Or. (70)

Since (t, X¢(t,€)) at t = qf (&), ar(§) is on the the discontinuity set clJ, here J,[VXf(qr(§),-)(€)]
and J,[VXs(ar(§),-)(€)] have to be understood as traces with respect to time. Indeed, minding

(68), we can for any ty € (as(£),qr(€)) write

t
Tul VX5 (t, ()] = TnlV X s (to, ()] + / (divu)(s, X;(5,€)) TulVXf(s,)()]ds.  (71)
0

Observe that it follows from [70|that Div(Iu)— I div u is concentrated on J. We however need to
show concentration on J3V, for which we need to compare the partial solutions for varying source
sets P = f(V) covering PSE. To do so, we have to calculate the jacobians in the two terms O; and
O». This forms the bulk of the proof of the present proposition.

Regarding O1, an application of the area formula on the transformation f yields

. -1 €T ~
01 = [ ity PN, 0) arev ), (72)
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Now, observe that we may write f(§) = h(to, Xf(to,&)) when to € (as(£),qr(§)). (Recall that
h* =h~ in QT \clJ.) Minding that X;(to, f (¢, x)) = X*(to, (t,7)), we obtain from the definition
of 7, that

TalVF(f7H(t,2))] = TalVh(to, - )(XF(to, (t,2))] TV X (to ) (T (B 2))]s ((,2) € P),

provided that Vh(to,-) exists at X (to, (t,2)) on X¢(to, V). We claim that this is indeed the case,
and show in that

}3% Tn[Vh(to, (X (to, (t,2)))] = 1/[{W*(t, ), vs(t,2))], ((t,z) € P). (73)
Minding and that #(uf,v;) >0 on P C Pg , and give
O =t /P o(t, x) (ub(t, z), vy(t, )\ YH(t, 2) dH™(t, z). (74)

Next we study the term O of . We now intend to use the area formula on the transformation
g% o f. Tt is not, however, generally Lipschitz, as parts of the flow can end up on different surfaces.
But consider a point & € V such that g*(f(£)) € N for some b € {+, —}, and let tg € (af(€), g7()).
Then, as discussed in the beginning of the step, Xf(to, -) is locally C! at &, hence locally Lipschitz.
Moreover, we will show in that

The map g(to, -) is locally C' at Xf(¢g, &) when ¢y and & are as above. (75)

Thus ¢f o f = g(to, X #(to,-)) is locally Lipschitz at such & € V. From the uniqueness of solutions

v, discussed before 7, it follows that gﬁ|Péi is one-to-one in a neighbourhood of f(§). This
allows us to apply the Vitali covering theorem on V to yield a disjoint family {V* 72 of open balls
such that £"(V \ |J; V%) = 0, and where ¢g*|P" is a one-to-one (Lipschitz) map with inverse h’
between P := f(V?) and N* := g(P") C N”.

It now follows that

0= 3204:= 3 [ wldH(€) TulVXslar(©). JEO V£ de

Similarly to , an application of the area formula on the transformation ¢* o f now yields

i _ IV () (o ) (¢, )]
%= /N ol 2) TnlV(g# o FI(f~1 o h7)(t )]

Writing (g% o f)(€) = g(to, Xf(to,€)) when to € (az(£), qs(€)), yields again

YHR (¢, 2)) dH™ (¢, z).

TV (g* o F)((f o h¥)(t,2))]
= JalVg(to, ) (X (to, B (t,2)))] Tn[V X s (b0, )(f T o K (t,2))], (£, 2) € NY),

provided that Vg(to, -)(X*(to, h* (t,z))) exists. Again, we claim that this is the case, and

Jimy 3 [Vg(to. ) (X310 A" (1)) = 1/ (b vs(ba)l. (o) €N (T6)
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Minding that b;(u”, ;) < 0 on N* C Ngi, it follows that

Op = Z / ot 2) (=b) (Wi (8 @), vy (1, 1) YE(R (8, 7)) dH" (8, )

’:E u 7./1: ,*Z/ 1’$ Y h 1"’1/‘ d n 71: ) ‘

Provided that and hold along with , it follows from plugging and into
that

/A<V<p,lu> d£”+1+/AgDIdivud£”+1

= (jj/Pcpffﬁ(uﬁ, vy)dH" + Z b o(Yto ) (u’,vy) d?—["). (78)

vefr—} 7 NoNa(P)

Now, observe that the Vitali covering theorem again provides us with a disjoint family of sets
{P?}%2, such that ’H”(Pg \ U; P?) = 0, and there exist open sets V' C R™ and one-to-one C'
Lipschitz maps f*: V¢ — P?. The corresponding sets A’ defined by then cover almost all of
FE*, due to the uniqueness of solution curves 7 on POli . Therefore, recalling , we may deduce

from that
K = —(/ (V, Tu) dL" +/ soldivudE”“)
Q Q

=y <ﬁ/})u<p}7ﬁ<uﬁ,uj>d7'[”+

b/ o(Yto ) (u’, vy) d’H”.)
se{+-) Nena(F)

be{+,-}

Exchanging orders of the sums on the second term, we get

K= Z tt(/ugp};ﬁ(un,uﬁd’l-[”— Z b @(?boh_ﬁxu_ﬁ,yj)d?-[").

te{+-} “Fo efrimy N0 M9(RY)

By an application of we may restrict attention to LT = PF N JdV, yielding

K = / YiuP vy) dH" — b/ Yo h By (u 7t v d”H")
S o[, eretmar = S [ @)

ﬁ€{+77} 0 be{‘h*}
Jgiv

Since Y+ and u are bounded and H"(J) < oo, we deduce that K = [ord Div/ 4 for some
7 € LY(Div’ u) (independent of ¢). This shows F(I,u;7) = 0.

Z ﬁ<Xp§Yﬁ<uﬁ»VJ> - Z ng(Pg)mpg (?b © h_ﬂ)<u_ﬁ>’/J>> dH".

ﬁe{+7_} b€{+7_}

Step 3: Traces. Let (t,x) € Py and consider a small neighbourhood U := B((t,z),d) as in the
beginning of the proposition, split into open halves U™ := U™ (t,z) and U~ := U~ (¢, z) on different
sides of c1J NU. Let us set w := uyy+. If we repeat with I and w instead of u, and a
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U°(t, ) N B((t,x),d3)

Figure 3: The situation in the beginning of [Step 4] of Proposition [2]

test function ¢ € C°(U), the term Oy will be zero. We may, in fact, assume that 6 > 0 is small
enough that clJ N U is the image P of a single C* map f, and Ut C A. From and , we
then obtain

/ (Ve, TIw) dL" ! +/ I divwdL™ = —/ oY H(ut vy) dH",
U U clJNU

or

/U+<V90,Iu> dcntt 4+ /U+ ol divudC™t! = — /LmU oY T (ut, vy) dH".

This shows that Div Iu Ut = Idivul™!, because clJ N U does not intersect U+. Hence the
normal trace of Tu on the boundary QU™ satisfies

Tr(Tu, dUT)(p) = /U +<vgo,1u> et 4 /

- @ dDiv(Iu) = / oY T (ut,vy) dH".

clJnU
Consequently, we deduce that the normal trace on the positive side of Py, which is in the interior
of UT, satisfies
Tt (Tu, P = Y (u*, v ) H L Py

But Proposition [3| shows that Tr (Iu, PyY) = I (u™,v;)H" Pyf. Since (u™,v;) > 0 on By, it
follows that IT = YT on Pyf. In particular, since Lt \ Py is H"-negligible, we have It = Y+
a.e. on L. This is what we had to show.

Repeating the arguments above on the “minus side” U~ of Py yields I~ =Y~ on L™, showing
that I satisfies the trace claim of the proposition.

Step 4: Differentiability properties of g and h. To complete the proof of the present proposition,
it remains to show the Jacobian formulae and along with . As the proof of is
analogous to that of , merely traversing the flow backwards, we only show the latter. See also
[6] for other considerations of similar nature.

Let then (t,2) € N§, and (to,50) € Q7 \ clJ with ty < t be such that (t,z) = g(to, o).
Denote @ := u(t,x), and v := vy, (t,z). Let Vy be an open neighbourhood of yy such that ¢y €
(a(to,y),q(to,y)) when y € Vj. (Such a neighbourhood exists, as discussed in [Step 2|) Also write
ty = q(to,y) and zy = g(to,y), and set VOT ={yeW|t, >t} and VOi =W\ Vy. Fory € VOT, we
get (see Figure

g(to,y) — g(to, yo) = g(tvry(to,y) (t) — (t ), (79)
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where we have to mind the correct side b at (¢,z). Given € > 0, we will show below that there exist
63 > 0 and € € (0,¢€) such that when (t,2) € U’(t,z) N B((t,z),d3), we can (for fixed z) write

olt.5) = () = (10 220 ) (02 —a) (30)
for some
u € B(u,e'), and ©ve B(pd), |7 =1, (81)
all of which satisfy
URU URU
— < 2
Wy wmn| =° (52)

We may also write

min{¢,ty}
Vitoy) (1) — @ = do(y) = (y — yo) + / U(S, Yito,y)(5)) — uls, Vto,po) (8)) ds. (83)

to

On the other hand, for y € Voi7 we may similarly to write

g(to,y) — g(to, yo) = (tyvxy) - gb(ty»V(to,yo)(ty))- (84)

Also analogously to , it can be shown that there exists d4 > 0 such that whenever (., xy), (t5,2) €
U (t,x) N B((t,x),0d4), we have
. UV
() = ¢ 1,9) = (10 = =) 0., = 2) (55)

(u,v)

for some u and v satisfying and . Observing that also

Ly — ’Y(to,yo) (ty) = dO(y)v

it follows from , and , that in some open neighbourhood V' C V; of yg, we have
uRU
(u,v)
for some w and v dependent on y and satisfying and . Since € > 0 was arbitrary, it
easily follows, using (82)), that g(to,) is continuous at yo. In particular ¢(to,-) = ((1,0), g(to, ")) is
continuous at 1yy. By repeating the arguments above with other yy € V', we obtain continuity on
V.

To show differentiability, mind that, by assumption, u is smooth in Q7 \ cl.J. Moreover, since
V(to.o)(8) & clJ, by classical results, y > 7,4 (5) is locally Lipschitz and C! for s € (to,t) (again,
similarly to as discussed in [Step 2). By the continuity of ¢, = ¢(t9,y) on V, shown above, it thus
follows that dp is C' on a neighbourhood V' C V of yy. Since € > 0 was arbitrary, it is then easy

to deduce from , using , that

g(to,y) — glto, yo) = (id - ) (0, do(y)) (86)

Vy(to, )(yo) = HVdo(yo), where H(v) := (id - ?ﬂ®ﬂl§> (0,v).
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By the already observed continuity of g(to,-) on V, we deduce that @ = u(g(to,y0)) and v =
v, (9(to,y0)) depend continuously on yo in V. We can therefore conclude that g(to, -) is locally C*,
SO holds. Moreover, by application of some elementary row transformations and the Cauchy-
Binet formula, one can show that J,[H] = 1/|(u, 7)|. Therefore, observing that lim, ~ Vdo(yo) =
id (where yo varies with ¢y, converging to z), we obtain (76).

To complete the proof, we now have to show . Since the proof will be of local nature, to
ease the notation, we translate the problem so that (¢,z) = 0. Since 0 = (t,x) € N’ C NJ, we may
assume that (0,y) € U”(0) C B(0,0), where § is as in the beginning of the proposition. Let us also
observe that

b qb(ovy)
7(0,) = (0,y) + / u(5, (0 (5)) ds. (87)
0

Let then € > 0 be arbitrary. Since (4,7) # 0, there exists € € (0,¢) such that holds
whenever does. There also exists 61 € (0,9) such that |u(s,y) — 4| < € when (s,y) €
U”(0) N B(0,01). Moreover, there exists dy € (0,d;) such that

clJNB(0,6,) C Ko :=| J{7* |7 € B(w,€), 7] =1}.
Let us abbreviate ¢(y) := ¢°(0,y). Applying (87), we now have
¢’(0,) = (0,4) + q(y)u  for some & € B(a,¢), (88)

as long as we have (s,7(0,(s)) € U,(0) N B(0,61) for s € [0,¢(y)). But this follows if ¢(y) is small
enough that
(0,y) + q(y)u € B(0,61) for all uw € B(a,¢). (89)

To find ¢(y), we want to solve (0,y) + ¢(y)u € clJ. Approximating clJ by K., we have
(0,4) + q(y)u € v+ for some ¥ € B(7,€), |7]| = 1.

Taking the inner product on both sides by v, we obtain

This is well-defined thanks to (82)). Inserting ¢(y) into the condition (89), it becomes
uRV
id — —— B(0,67).
<1 <ﬂ7 ,]j>) (07 y) € (07 1)
By choosing d3 € (0, 62) small enough, by (82)), this can be made to hold for all (0,y) € B(0,d3) and

v and u satisfying . In consequence, holds for (0,y) € B(0,d3). Minding the expression
for ¢(y), and the translation of (¢, z) to 0, this establishes (80]), thus completing the proof. [

We next state our main existence theorem. For the stronger version of it, bounding 7, we
assume boundedness on JZV from

(1) 1= [(u" (), v, (@) + [{u” (@), v, (2))]
S et (@), v, (@) = (u (@), v, ()]

What this roughly says is that if Div’ u approaches zero on J&V, then the normal traces (u
must also approach zero at a similar rate.

(91)
ﬁ:7 VJu)
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Theorem 5. Suppose u € X, with Eu € L*(QT;RO+Dx(+1)y gnq H™(Ju) < co. Given
Y+ e L, (LE) for some My > 0, there then exist I € X; and 7 € LY(Div’ u) with F(I,u;7) =0
and . N _

Divu = (Y ut =Y u, vy )H "y (92)

for some Y* € L57,(Ju) satisfying YE=Y* on LE (a.e.). .
Additionally, if for some M > 1 we have k,, € L33(JIV), then T € LOA?[IM(JSW).

Proof. We take an approximating sequence {u'}3°, C W (QT)n L3, (QT; R™1) of u, as given by
Theorem (3, extending v’ outside Q7 by zero. We then have

u' — u strongly in L*(Q;R™™1),
Eu' — Eu strongly in LZ(Q; R("H‘l)X(n—i—l))’
H(u’):l: _ uiHLl(JuUJui;R") — 0, and

Hn(JuzAJu) — 0.

Observe, moreover, from the finite element construction in the proof of Theorem [3| (Lemma [2)),
that the (1,b) structure of u is preserved, i.e., u’ € X,.

Next we construct a solution to the (extended) transport equation with velocity field u’. For
initial /source data, we set

YH*:=Y* on (L')*:=L5nL{. (97)

Proposition [2| then gives a solution pair I* € X7 and 70 € LY(Div? u') to F(I*,u’;7") = 0 with
(IN* = (YH* on (LY)*, and (I')* = (I")~ on J,: \ L, where we denote L’ := (L})* U (L¥)~. For
later use, we also introduce the analogous notation L, := L} U L.

We cannot use Theorem W] as this point, because {7°}%°, may not be bounded in L°°, and
because {I'}>°, may not converge pointwise-a.e. The sequence {I'}3°, however is bounded in
L>(QT), so we may assume it weak* convergent to some I € L>(Q7). Applying and , it
therefore follows for any ¢ € C°(R™ 1) that

- / (Ve, I'u®y da — / el divu' dz — — (Vo, Iu) dv — / el divudz. (98)
Rn+l Rn+1 Rn+1 Rn+l

It remains to study the behaviour of the term 7° Div/ u* of F(I',u%; 7). By Proposition [3| we

7' Div? ' = Div? (I'u’) = ((I") " (u')" = (1)~ (") ", vy, ) H LT i, (99)

where (I°)* exist on .J,; when ((u!)*, v J,:) # 0, and are defined arbitrarily otherwise. Minding

that I € L3 (QF), we extend (I')* to L3 (Ju U Jyi) by defining (I')= = 0 on J, \ Jyi- After

possibly switching to subsequences, unrelabelled, we may then assume the sequences {(I*)*]J, }32,

convergent weakly™ in L°°(.J,,) to some Y+ € L7, (Ju). Moreover, by application of Lemma|7|in the

Appendix (with A = LE, p=H" LE, and v' = min{max{0, ((u))*, vs,)}, [{(u)T — (u)F, v )]}),
we obtain A

MLy \ (L)) = H(Ly \ L) = 0, (i = o0). (100)

(The converse, H”(Li \ L) — 0, may not hold.) Therefore, minding that (I')* = (Y))* = Y+

on (L)%, we deduce that Y+ = Y+ on L

w, as required by the lemma.
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Employing (95), we now find (see, e.g., [21])
(IN*W)* = YFur  weakly in L' (J; R™Y), (i — o0). (101)
Since, by (96), H"(J;AJy,) — 0, and I* and u' are bounded, we deduce for all ¢ € C.(R™*!) that
/ngidDivj ut = / gp<([i)+(ui)+ — (Ii)_(ui)_, I/Jui> dH"
J

ul (102)

— gp<}~/+u+ —Y u, vy, ) dH".
Ju

To see this, observe that the integral on the left may be written as the sum of integrals over J,
and J,i \ Ju, due to the extension of (I)* to J, \ J,: by zero.
Next, we observe that by our choice (97) of (L?)* and (Y?)*, we may refine into

T Divy ul = (I') T (u')" = (") (w') ", vy, YH"LL + T Div? w'c (0 \ L), (103)
for some I' € L37,(Jyi \ L'). Calculating that
(Jui \ LYA(Ju \ Lu) € (JuAJyi) U (La \ LY),
due to the choice of L' C L,, we deduce from and that
H™((J,i \ LYA(J, \ Ly)) — 0.
By this and , it follows that
Div’ u'L(J,i \ L) — Div/ uL(J, \ L,) in total variation, (i — o).

Because It € L3, (T \ L?), following the proof of Theorem {4} we then observe the existence of
T E LﬁI(Ju \ L,) such that for an unrelabelled subsequence

I'Div’ ' (J,i \ LY) = 1 Divy ui (J, \ L) weakly* in M(R™™Y), (i — o0), (104)

We also have 71 € L'(Div’ u), because, by the assumption P(u) < oo, we have H"(J,) < ooc.
Regarding the first term on the right side of (103)), we deduce from (101]) and (100) that, again
after possibly moving to an unrelabelled subsequence

(I ()T — (1)~ (') vy YR = (VR =Y u” vy YH Ly, (i — 00), (105)
weakly* in M(R"*1). Recalling that L, C J&V, we may write
YHut =Y~ u, vy YH" L, = 7 Divl u (106)

for some Borel function 9. In fact, since the assumption P(u) < oo implies H"(J,) < oo, and
because both u® and Y* are bounded, we may conclude that 7 € LY(Div? u).

Let us now set 7 := 71 + 7. Then 7 € L'(Div/ u), and by combining the observations (103)-
(106]), we find for all ¢ € C.(R™!) that

/gm'idDivj u' — /cpTdDiVj u. (107)
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Comparing @ to , we deduce that holds. Moreover, since F(I*,u';7%) = 0, it follows
from and (107) that F(I,u;7) = 0.

We still have to consider the case k, € LS5 (J3Y). We already showed that 71 € L5, (Ju \ Ly).
For 15, we may deduce from that [72(z)| < M|k (z)| for z € Ly. Hence |72 poo(r,,) < MM,

and so it follows that 7 € L3 M(Jgiv), as claimed. The proof can now be concluded. O

Remark 4. We have not shown that the traces I* would equal Y+ on Lf, only that 7 is of a
form that would be had if this were the case. From the construction it is apparent that if we
had the strict convergence ||I — I'|| 1 (qr) + |DI|(QT) — |DI'|(QT)]| — 0, in which case traces are
convergent, then this property would hold. Proposition [ shows that the one one-sided Lebesgue
limits /T however exist on NfUPZF, and (Iu)* = I*u*. Thus, in particular, (ITut —I"u",v,,) =
(Y+tut —Y~u~,vy,). From this it follows that I¥ = Y* when (u¥,v;,) = 0, and so the trace is
as requested, e.g., at the initial time ¢t = 0.

Remark 5. One further remark is in order, regarding the stability of the condition 0 € F(I,u).
All three, Theorem [ Proposition [I} and the proof of Theorem [5] provide a stability result of one
type or the other. Theorem {4]is the strongest in the sense that the jump sets of v’ may vary, but
in no way does it show the convergence of the traces of I* on the jump parts Lf of the jump set.
Proposition [1| provides a stability result that is much stronger with regard to initial conditions, but
only for mollifier approximations of u. Finally, the proof of Theorem [5| provides a stability result
with regard to the relatively strong form of convergence f. It still shows full stability with
regard to initial data, because at time zero (u~,vz,) = 0, but for sources on jumps in space-time
not satisfying a property of this type, the stability is somewhat weaker.

A limitation with the stability result in the proof of Theorem [5]is that the jump set is expected
to be mostly stationary. To overcome this, and to support more arbitrary approximating sequences
{ui}fi’io, the techniques of the outer-semicontinuity proof of Theorem 4| and of Theorem [5| could be
combined. For example, by requiring that each k,: € Lﬁ(JS}V), so that 7 are also bounded, we
could get by using the techniques of Theorem [4, even when the jump sets J,,; are not mostly
stationary. To get in this case, we could require in advance

1. The weak* convergence of (Y¥)*((u?)*, Z/Jui>7‘[nl_LZ:i to Y& (u®, vy, YH " L, and
2. Weak* convergence of ((u®)*, VJui>7-t”|_(J32V \ Li) to (u®, vy, YH "L (JIV\ LE), along with
convergence of total variations.
Following the techniques of the outer-semicontinuity proof in Theorem [4] again, the latter condition
would then show the weak* convergence of a subsequence of (I')*{(u’)*, v Jui)H”L(JS}V \ Lfl) to
some (Y)E(u, vy, YH" (JI\ LE). Hence, by combining with the first condition, we would obtain
(102). Again comparing to (107)) would then show stability of solutions in the weak sense (92)).

3.5. Renormalisation and uniqueness

We finally study the uniqueness of solutions I to 0 € F(I,u) subject to one-sided traces on
L. (At this point it is advisable to recall the definition of these sets from (58), as well as that
of J4V.) We begin by rewriting the condition F(I,u;7) = 0 with respect to integral over time. A
Gronwall-type estimate then leads to a preliminary uniqueness result under positivity assumptions
on I and the bound fOT | max{0,div b(t, ) }|| () dt < co. This bound is akin to what is found in
other recent works [4], 5], although by div b(t, -) we refer to the mere absolutely continuous part of
the distributional divergence Div b(t,-). Finally, we do away with the positivity assumption with
the help of a renormalisation argument.
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Lemma 4. Let I € X1, u € X, and 7 € LY(Div’ u) with F(I,u;7) = 0. Denote I;(x) := I(t,z),
and by(x) == b(t,z), where w = (1,b). Then for all § € C>(R),

_/OTgf(t) [/Qltd:n} dt:/OTa(t) [/Qltdivbtda:] dt+/0T9(t) [/Tthivj bt] dt (108

+9(0)/Qfodx—e(T)/QTde.

In particular, t — [ I; dz is absolutely continuous on (0,T).

Proof. Choose ¢ € C°(R™) such that ¢ = 1 in K 3 Q. Set ¢(z,t) := 6(t)y(x). Writing out
F(I,u;7) =0, we have

—/ (Vo, Iu) d(t, z) —/ el divud(t,x) —/gm‘dDivju =0.
QT QT

Because V(z,t) = (0'(t)y(x), Vip(2)0(t)), we obtain

/OTGI(t)/QwItdxdt/OTG(t)/Q<v¢’Itbt>d$dt

T .
_ /0 o(t) /Q Wl div by da dt — / 0(0) () (1, ) d Div? u(t, z) = 0.

Employing the fact that v» =1 on K 3 2, this reduces into

T T
—/ 6’(t)/ Itd:r;dt—/ e(t)/ Itdivbtda:dt—/Q(t)T(t,x)dDivju(t,x):O.
0 Q 0 Q
Thus (108]) follows if

/ 0(t)r(t, ) d Div u(t, ) — /0 "ot [ / 7, dDiv? bt} dt + 6(0) /Q 7o dz — 0(T) / rdo. (109)

Q

To show ([109)), we will employ the Structure Theorem. Towards this end, we let (o, ...,&,) be
the standard basis of R"*. Then Div/ u = Y I (FIu;,&;), where, according to Theorem [l for
any o € C°(R"1) it holds

el = [ ( [ ot apinde ) an) (110)

Additionally, for H™-a.e. y € £+, we have

Juwa = JYT = {teR | w =y +1€ € Ty, (u¥(2) —u™(2),€) # 0}

u

as well as (ulV€)*(t) = (u* (y+t€),€) forall t € ngyég]. The normals are oriented so that (v, ,£) > 0
if and only if v; e =1 In particular, we may observe for H"-a.e. y € £ that

Diulv8 = (et — )=y, [y75]>’H0|_Ju[y7§]

— (ut(y + 1) — u(y +1€), vy, o HOIE,
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We now let ¢ = & = (1,0,...,0). Then &+ = {0} x R". Because (u,&) = 1 on QT (111
vanishes except at t = 0 or t = T for y € {0} x Q. Moreover, (u,&) = 0 a.e. on R"*1\ Q7. We
therefore have for y € {0} x Q that

DIulv) = (ut (y + 060), E)HOL{O} — (u (y + Té0), &) HO AT} = HOL{0} — HO{TY,
while Dulv40] = 0 for H"-a.e. y € €1\ ({0} x Q). Here we have oriented v;, on {0,T} x Q to
equal &. Consequently, by application of , for p € C.(R™™1) and ¢ := ©(s, - ), we obtain

Busa, o)) = [ eoti)di = [ r()di
On the other hand, when £ = (0,() € {&1,...,&:}, and y = (s,7), we may write
u(y +t€) = (1,b(s, g +t¢)) and  ulvd = (b,)lF<],

Now note that it follows from [2, Proposition 3.4] that by € BD(R") for H!-a.e. s € [0,T]. Observe
also that &+ = R x ¢*. Therefore, applying (110) and Fubini’s theorem on w and bs, we find for
¢ € Co(R™1) that

whee)(e) = [ ([ ety reyapuetn ) e

-/ ([ e+ 10)aD 0510 ) amr= ) s
— [(Ehc. e ds

Thus,

n

Div/ u(p) = Z<E]U§u§z>(90)

1=0

=Y [(B0G. G ds + (Bugo. ) (o) (112)
i=1

_ / Divd by(y) ds + /ﬂ o(9) dij — /Q or(9) d.

This implies (109)), completing the proof. O

Remark 6. From (112) one may observe that the divergence of u is, in a sense, “absolutely
continuous in time” in (0,7"). The discontinuities at 0 and F' correspond to the initial condition
and the “final result”, which are both subsumed into the “jump variable” 7.

We now have the following Gronwall estimate.
Lemma 5. Let I € X7, u = (1,b) € X, and 7 € LY(Div/ u) with F(I,u;7) = 0. Suppose
fOT | max{0, div bs }|| oo () dt < 00, and I > 0. Defining n(t) := [ I;(z) dx, we then have

n(t) < efo lmax{0divb} ooy ds| /

t
Todx+//TsdDivjbsds], te0,T). (113)
Q 0
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Proof. Tt follows from the absolute continuity assertion and of Lemma [4| that
0 (t) = /Q I div by do + / 7 dDiv/ by for a.e. t € (0,T).
Employing the assumption I > 0, we deduce
7' (t) < || max{0, div by }|| oo ()0 (£) + /Tt dDivi by for a.e. t € (0,T).
By application of Gronwall’s lemma
n(t) < efo lImax{0.divbs}izoo (o) ds [7(0) —|—/0t/TsdDiVj bsds| fort € [0,T].
Since 7 is zero outside [0, T, inspecting the jumps on the right hand side of shows that the

distributional trace of n at 0 is [, 70 dz. Thus (113) follows. O

Proposition 3. Suppose I € X7, u € Xy, and 7 € LY(Div/ u) with F(I,u;7) = 0 and I > 0.
Suppose also fOT | max{0, div b }|| oo () dt < 0. Then I =0 (a.e.), if T =0 (a.c.) on Ly UL,.

Proof. The claim follows by direct application of Lemma [5] if we show

t
/Toda:—i—/ /TsdDivjbsdsg().
Q 0

Minding (109), this amounts to showing 7 Div’/ u < 0. We indeed have 7Divi uL(LF UL;) <0 by
the assumption 7 = 0 on L7 U L, so it remains to show 7 Div’ uL (J&V\ (L U Ly)) < 0.
From Proposition [3] we deduce that IT exists a.e. on N U P (which we recall being defined

in (51)),(52)), and
rut —u,vy) =TTt —T"u",vy,) H"ae. on J,, (114)

with I > 0 defined arbitrarily on J, \ (N UPZF). Now, on JEV\ (LI UL;) = JIV\ (PFUP,), we
have both (u™,v,,) <0and (u~,—v;,) < 0. Therefore, I > 0 and imply 7(ut —u~,v;,) <0
a.e. on JIV\ (Lt U Ly). This means 7 DivZ u (J&V\ (L} ULy )) < 0. We may thus conclude that
7Div/ v < 0, as required. O

With the help of the renormalisation idea due to DiPerna and Lions [3], we can forgo the
assumption I > 0, and thus show uniqueness with respect to boundary conditions and jumps. The
definition of k, may be recalled from . Observe that k,, € Ll(DiVj u) holds automatically when
H"(Jy) < 00, because u is bounded.

Lemma 6. Let u € Xy, and I € Xy, and suppose ky € LY(Div’ u) as well as 0 € F(I,u;T) for
some 7 € LY(Div’ u). Then F(B(I),u;75) =0 for some 75 € L'(Div’ u) for all Lipschitz functions
B € CLR).

Proof. The proof is a rather straightforward application of the chain rule [I4} 13] for divergences
of composition of the form S(I)u. First of all, we observe from the condition 0 € F(I,u) that
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Div(Iu) is a measure with finite variation; cf. Proposition [3] Accordingly, by [14] the absolutely
continuous part of the distributional divergence Div(5(I)u) can be written

div(B(I)u) = (B(I) — 1B'(1)) divu + /(1) div(Iu), (115)

while the singular part satisfies for any oriented countably H"-rectifiable > with normal field v the
condition

Div(B(I)u)LX = [Tr+(u, )3 (m) —Tr™ (u, ¥)B (Wﬂ HLY. (116)

When Tr*(u,X) = 0, the corresponding argument of 3 is defined arbitrarily here. Moreover, if
Div/ (Iu) is concentrated on a countably H"-rectifiable set %, then Div/ (8(I)u) is concentrated on
>

Now, regarding the absolutely continuous part, since 0 € F(I,u), we have div(Iu) = I div u.
Therefore also div(B(I)u) = B(I) div by (L15). Thus the absolutely continuous part of the condition
0 € F(B(I),u) has been taken care of.

As for the jump part, from above we have Div/ (8(I)u) < Div’(Iu), while 0 € F(I,u) implies
Div/(Iu) < Div/u. Tt follows that Div/(8(I)u) = 75 Div’ u, for some measurable function 74
defined on J3. We have to show that 75 € L!'(Div/ u). Minding Proposition 3| the one-sided
Lebesgue limits I+ exist a.e. when (u*,v;,) # 0, and (Tu)* = ITu*. Therefore we may simplify

to |
Div(B(Nu).X = [(ut, vy, )BIT) = (u™,vy,)BUI7) ] H'(JgY NE). (117)

Observe now that, a.e. on J{fi", we have
ma(u™ —u” vy = Kut vg)BUIT) = (™, v )BUI7)| < Mey[(u® —u™,vg,)],

where M := max B([—Mj, M;]) < co. When &, € L'(Div’/ u), as we have assumed, it thus follows
that 75 € LY(Div’ u).

Finally, it remains to show that Div®(5(I)u) vanishes. This is not directly covered by the
results of [I4], but can be obtained as follows. First of all, denoting E* := EJ + E¢, and Div® :=
Div? + Div¢, by the proof of [T4, Theorem 3.3], Div®(3(I)u) is the limit, in the sense of distributions,
of

CY + G5 + CF = B'(I5)(Div* (Tu) * ps) + [B(I5) — 158'(Is)] Diviu + B'(I5)T, as 6 \,0. (118)
Here ps := 0"T!p(- /p) are standard the mollifiers on R"*!, the commutator
Ts := Div(Iu) * ps — Div(I(u * ps)),

and Is := I % ps. By [14, Proposition 3.4], any weak* limit o of {|Ts|} is a singular measure
satisfying oL A < ||| o4y L|E°u| for any Borel set A and a constant L dependent on p and n.
Since u € SBD(R"*1), and I € L®(R"!), we get ¢ < |F/u|. In particular, any limit of CJ as
6\, 0 is absolutely continuous with respect to |E7u|. We also have that any limit of C¢ as § \, 0
is absolutely continuous with respect to Div®(Iu) = Div/(Iu) < Div/ u, and any limit of CJ is
absolutely continuous with respect to Div® u = Div/ u. It thus follows that Div*(8(I)u) < |E7ul.
But E’u is concentrated on the countably H"-rectifiable set .J,, and the Cantor part of E(B(I)u)
vanishes on such sets. Hence Div¢(3(I)u) vanishes, so Div*(8(I)u) = Div/(8(I)u). The claim
follows. O
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We have finally reached our main uniqueness result.

Theorem 6. Suppose u € X,, with fOT | maxc{0, div by } || oo () dt < 00 and Ky € L'(Div? u). Then,
given Y* € LﬁI(Lff), there is at most one solution pair I € X1 and T € LY (Div/ u) of 0 € F(I,u;T)
with one-sided traces satisfying IT =Y+ on L} and I- =Y~ on L.

Proof. Observe, first of all, that by Proposition [3] the one-sided Lebesgue limits I+ of I exist
a.e. on L. Suppose then that there are two solutions I, I’ € X7 and 7,7' € L'(Div’ u) satisfying
T(I,u;7) =0and T(I',u;7") = 0 with I* = Y* on Lf and with (I')* = Y* on L. In particular,
T(I —I'Ju;m—7') =0 with (I - I')Y* = (Y* —Y*)=0o0n LE.

Now, according to Lemma@, I —I' is a renormalised solution, i.e., given, e.g., B(¢) := [t|?/(1 +
It]), we have 0 € F(B(I — I'),u;75) for some 753 € L' (Div’ u). Recalling that

Ly = {z € Jg" | (u*(x), +v(x)) > 0},
and observing that 8 > 0, an inspection of (117)) now reveals that
Div(B(I — I')u)LJIY < 0.

But thanks to F(B(I — I'),u;75) = 0, we have Div(B(I — I')u).JI = 74 Div/ u, so it follows that
73 Div/u < 0. A direct application of Lemma |5 similarly to Proposition [3| therefore shows that
B(I'—I)=0 (a.e.). Thus I = I’ (a.e.). Moreover, 7 is easily seen to be uniquely determined (a.e.)
by I and u on J3V. The solution I, 7 must therefore be unique. O

Remark 7. Because I — I’ may be negative, it is not sufficient to assume that 7 — 7/ = 0 on
L} UL,, as in Proposition |3} Just consider u(t,z) = (1,sgnx) in QT := (0,7) x (=1,1). Then
Ju = [0,T)x{0}yudQ?, and L} UL, =[0,T]x{0}U{0} x [~1,1]. Moreover, L} NL; = [0,T] x{0}.
Given any a € R, let us set I,(t,z) := o for £ < ¢t < T, and I,(¢t,z) := 0 elsewhere in
[0,T] x [-1,1]. Then I, is a solution of 0 € F(I,u) with 7 =0on L} UL,.

In the case of “at most one-sided sources” with not both (u*,v,,) > 0 and —(u™,v,,) > 0,
it is easy to see formally that it suffices to assume 7 = 7/ on L} U L,,. To see this, note that

F(I —I'ju;7 — 7') = 0 then implies
(I-1YYutvy,) T -1 {(u,vy,)=0 onLfUL,.

Thus, when (uF,v;,) = 0, trivially (I —I')* = 0 on L} UL, . Otherwise, when both (u*,v;,) #0
and (u~,v;,) # 0, we deduce sgn(I — I')* = sgn(I — I')~. Consequently, with 3(¢) = |¢| (which is
not admissible for Lemma @, we get

BT =I) ) ub wy,) = B = 1) ) u vy,) = [ = T) ub vy,) = (T = I) " (u",v,)] =0

on L UL,. An inspection of (117) would now, formally, show that Div(3(I — I")u).J, < 0. An
approximation argument on S could be used to establish this more rigorously.

4. The image interpolation problem

4.1. Problem formulation

We now intend to study the problem of fitting to available data a space-time image [
satisfying our generalisation 0 € T'(I,u) of the optical flow constraint for some SBD velocity field
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u. Such an “optimal control” approach to the optical flow problem has been previously studied in
[15] in a Sobolev space setting.

Let a, 8 > 0 and 0,7 > 0. Suppose ¥ : [0,00) — [0,00) is convex, increasing, and satisfies
p(t)/t — 0o as t — oco. Suppose ¥y : Q7 x R — [0,00) is Borel measurable, and that ¥y(z,-)
is convex and continuous for a.e. x € Q7. With  : M(Q) — R yet to be determined, we then
consider the functional

Irw) = [ Wala105) 42" () + 61DI()
g
+allull -+ BLE|® ) + [ w(€u) L™+ y(Divi w) + K (),

and the problem
min J(I,u) subjectto I € Xr,u€ X,, and0¢€ F(I,u). (P)
The first term in , involving W, is the data-fitting term, and the rest are regularisation terms.

Example 2. Typically ¥, is taken to measure the distance to available data. For example,

Wy, ) = I 1a(z) — s]|?/2, € Qq,
’ 0, otherwise,

where 5 C Q7 is an open set where data is available, and I; is the data. As a particular case,
when data is available at times t; < to < ... < t,, € [0,7] with measurement accuracy (voxel
length in time) §, we might have Qg = (J; (ti, t; + ) x Q.

4.2. Divergence reqularisation

We would like to show the existence of solutions to (]ED Towards this end, we need to ensure
that any minimising sequence {(I*, )}, admits a subsequence converging in the sense required
by Theorem [4, showing the outer-semicontinuity of F'. This will be guaranteed by the regularisation
terms of , if we define 1 appropriately. More precisely, we need some way to force , that is,
| Div? | (R"1) — | Div? w|(R™H).

One simple approach would be to require that for a given 6 > 0, we would have | Div/(B(y, 6))| =
| Div? |(B(y, 6)) for all y € R"*1. That is, in each ball of radius d, the density of Div/ u with respect
to H"™ would either be a.e. negative or a.e. positive. This would keep the positive and negative
parts of the measure apart and prevent cancellation at the limit. However, we do not need to
force such strong separation, and can instead penalise based on the same idea. This is how we will
construct in the next proposition the yet undetermined term n(Divj u) of .

Definition. A sequence {(f;,v;)}72, of bounded Borel functions fi: R™ — R with compact
support and continuous in R\ S, along with Borel probability measures vJ on R™ is said to form
a nested sequence of functions if fj(z) = [ fiy1(z —y) dvj(y) (a.e.).

Proposition 4. Let @ C R™ be an open bounded set, and {(f;,v;)}52, a nested sequence of
functions such that f; >0, and [ f;jdx =1. For p € M(R™), set

UW%:E:/‘UMHEWWM%ENW% where 1o f(y) = f(y — ).
j=0/R™
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Suppose {p'}22, C M(R™) weakly™ converges to i € M(R™) with supp p¢ C Q and sup; |t (Q) +
n(pt) < oco. If also '] = A, then X = |u|. Moreover, the functional n is lower-semicontinuous
with respect to the simultaneous weak* convergence of {(u', |u*|)}52,

If each f; € C.(R™), then it is not necessary to assume the weak* convergence of |u'| to .

Proof. Observe that by application of Fubini’s theorem and the assumption [ f; dz = 1, we have

|oletyde = [ [ gt -2 dedinl) = .

Hence, we may alternatively write
oo
=Y 0. where ny(u) = lul(®) — [ Jurasy)] da. (119)
j=0

Recall that Sy denotes the set of (approximate) discontinuity points of f. Fubini’s theorem
and the fact that Sy is an £™-negligible Borel set, imply that [ A(S;, f;)dr = 0. This shows that
A(Sr,f;) = 0 for a.e. € R™. As a consequence (see, e.g., [2, Proposition 1.62]), we have p'(7, f;) —

w(zfj) for a.e. x € R™. Minding that sup; |uf[(2) < oo and Q is bounded by assumption, an
application of the dominated convergence theorem then shows that

[ eslde > [utsyldz (i ). (120)

We stress that holds because of the convergence |u!| = X. Since the total variation |u|(Q) is
lower-semicontinuous with respect to weak™ convergence, it follows from - that each 7; is lower-
semicontinuous with respect to the simultaneous weak* convergence of {(u’, |u’[)}22,. Consequently
also 7 is lower-semicontinuous.

If f; is actually continuous with compact support, then u' (7, f;) — p(7,f;) for all z € Q2 by the
weak* convergence of u' to u alone, so (120]) and lower-semicontinuity holds without assumptions
on the convergence of {|u’|}5°,

Observe now that thanks to the fact that {(f;,v;)}2, is a nested sequence of functions,
{nj (1) }32o forms a decreasing sequence (for any u € M(Q)). Indeed, as fj(z) = [ fit1(z—y) dv;(y)
and vj(R™) =1 with v; > 0, we have

[ st = [ ] / u<u+yfj+1>duj<y>’ o< [ [ ety dvity) de
/ / 1(Tary fi40)| dz du;(y / (T fye)] do

after a change of variables in the last step to eliminate y. Minding the definition , it follows
from here that n;(p) > n41(p).

To show the convergence of the total variation measures |u’| to |u|, we only have to show
|t[(Q) — |u|(€2). To see this, we choose an arbitrary e > 0, and write

el (€2) = 11 1(2) = () — () +/|u(7a:fj)! — | (7o f)| d. (121)

Next we observe from the already proved lower semi-continuity of  and the bound sup; n(u?) =:
K < oo that n(u) < K as well. Therefore, recalling that {n;(u)}32; and {n; (1) 22, for i =
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0,1,2,... are decreasing sequences, as shown above, it follows that by taking j large enough,
we can ascertain that sup{n;(u),n;j(u!),n;(4?),...} < e. (Note that n; > 0!) Employing this
observation in (121]), we find that

1l(9) — | ()] < 2¢ + \ [t = gl d

for any large enough j and all 4. The integral term tends to zero as i — oo by (120]). Therefore,
we have

Tim [](62) — | ()] < 3e.
Since € > 0 was arbitrary, the proof can be concluded. O

Remark 8. Let the functions f; > 0 be in C.(R™) and instead of [ f; dz = 1, satisfy deajzm Tefj =
1 for some d; > 0. Proposition {4f then holds with nearly identical proof if we define

nw) =Y >, (!MI(T&fj)—!M(Téfj)\)—Z(!MI(Q)— > M(T&fj)\)-

Jj=0¢eé;zm 7=0 geo;m

Example 3. The following form nested sequences of functions satisfying the conditions f; > 0
and [ fjdz = 1.
1. The indicator functions f; := 2ij27jQ, where @ := [0, 1]™.
2. On R, the triangular functions f;(z) := 2/ f(27z), where f(z) = max{0,1 — |z[}. On R™
we can similarly take a more complicated (shape) function related regular simplicial meshes,
and appropriate weights for f;.
3. For a decreasing sequence d; ~, 0, the mollifiers f; := (s,, when the semigroup property
Cers = (e * (s 1s satisfied.

Example 4. Let us take f; := 2% x5-;q, where Q := [0, 1]%, as above. We also let R := {0} x[0,1] C
R2, and e := (1,0). Then we study boundedness of n(u’) the following cases:
1.yt :=HWR —H' (e/i+ R). Now |u|(R?) = 2, but u* = 0, so by Proposition |4| necessarily
n(p') = oo.
2. p':=HWR— (1/i)H ' (e/i + R). This time |p*|(R?) = 1+ 1/i, and p* = H'LR, so it would
be desirable to have sup, n(u!) < co. Let us verify that this is indeed the case. For each z
such that the square x + 277Q touches both R and e/i + R, we have

(1o fi) = 10 (1o fy)| = 1224 (2 + 277 Q) — [2% ' (z + 277 Q)]
<2%((1+1/1)279 — (1 —1/i)277]) < 27t /i.

Such x = (x1,x2) must satisfy 1/i —277 < 1 <0 and —277 < 29 < 1. As squares that do
not touch both R and e/i + R do not contribute to 7;, this gives

/‘Ni’(Txfj) = |p' (e i)l do < max{0,277 = 1/i}(1 +277)27 "1 /i < (6/i) max{0,1 — 2/ /i}.

Since this is non-zero only for j < logs i, summing over j, we have n(u’) < 6(logyi + 1)/i.
Thus n(u') is bounded for i > 0. In fact, it tends to zero as i — oo.
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3. pti=HWR —H' (1/i)(e + R). Again |u!|(R?) = 1+ 1/i, and p* — H'LR, while for any x
such that the square x 4+ 277Q touches both R and (1/i)(e + R) one has

|Ni‘(72fj) - |Ni(7'wfj)| < 2% . 2/i.

As such squares must satisfy 1/i — 277 <z <0and =277 < 29 <277, it follows that
/W\(waj) — |u (7 )| do < max{0,277 — 1/i}2% 41+ /i — (4 /i) max{0,1 — 27 /i}.

Hence, as in Case [2, we get n(u’) \ 0.

4.3. Existence of solutions

With n defined, we may finally conclude the paper with the following existence result.
Theorem 7. Problem (]ED admits a solution.

Proof. Let {(I',u")}2, be a minimising sequence for J. We may assume that J(I%,u’) < K < oo.
It follows that {(I%,u?)}$°, admits a subsequence, unrelabelled, such that {I‘}%°, is convergent
weakly in BV(Q7) to some I € X;NBV(QT). We now want to extract a further subsequence such
that {u’}22, is also convergent in the senses f and .

We do this by applying Theorem [2| and Proposition |4 Even when o = 0, we have an L' bound
for u’ from L*1(QT) < oo and [[u'||pe(gry < My. Similarly we can bound |E7u|(R™*!) when
B = 0 by employing vH"(J,) < K and v > 0. Therefore, as J(I,u) includes the remaining terms
J ¥(Eu) dz and H"(J,) required to be bounded by Theorem [2| it follows that there is a further
subsequence of {(I*,u')}2,, unrelabelled, such that {u’}22, is convergent to some u € X, in the
sense (7)-(L0). In particular, it follows from (9) that Div/ «’ = Div/ u weakly* in M(R"*1). By
extracting a further subsequence, still unrelabelled, we may assume that {| Div/ u*|}3°, is weakly™
convergent to some A € M(R"*1). Observing the bound n(u’) < K, Proposition 4/ now shows that
A = | Div/ u|. This proves (40).

The convergences f follow from f@. We have therefore shown that all the conditions
of Corollary [l hold, and so 0 € F(I,u). It only remains to show that J(I, u) is lower-semicontinuous
with respect to weak convergence of {I'}2°, in BV(QT) and the convergences (7)-(10),(40) of
{u?}22,. Most of this is standard. Since W4(z,-) is lower-semicontinuous for a.e. z € QF, and
W, is Borel measurable and bounded from below, I — [ Vg(z, I(x)) dz is lower-semicontinuous
with respect to strong convergence in L'(Q7); see, e.g., [21, Theorem 6.49]. It is well known that
|DI|(Q7) is lower-semicontinuous with respect to weak convergence in BV(Q7), while Proposition
provides the required lower-semicontinuity of 7. Finally, the terms

allull 1 + Bl E ul (R™F) Jr/?l)(IFJU\)dﬁ"*1 +yH"(Ju)

related to Theorem [2| are lower-semicontinuous by, e.g., [8, Corollary 1.2]. This completes the
proof. O
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Appendix A. Auxiliary results

Lemma 7. Let u € M(A), and suppose v,v°,v', ... € L'(u; R¥) with v' — v strongly. If p({z €
Alv(z) =0}) =0, then lim;_oo u({x € A | vi(z) = 0}) = 0.

Proof. Let € > 0 be arbitrary. We assume the contrary of the claim: that for some § > 0 and each
i=0,1,2,..., the sets Z; := {z € A | v'(z) = 0} satisfy u(Z;) > 24. Since L' convergence implies
convergence in measure, we find that the sets E* := {x € A | |[v'(z) —v()|| > €} satisfy u(E7) < §
for some large index j. Let D, := Z; \ EJ. We then have

lo(@)ll < [Jv(z) =’ (@) + [/ (2)] <€, (2 € De),

as well as u(Do) > (Z;) — ul(E}) > 6.

Let then Fj, := |J32, Dy—¢. From the preceding, we deduce |[v(z)| < 27% on Fy, and p(Fy) > 6.
Taking D := (-, Fk, we then have pu(D) > § and v = 0 on D. This is in contradiction to
u({x € Al v(xr) =0}) =0. The proof is concluded. O

Proposition 5. Suppose u € BD(Q) N L3y () and I € BV(Q) N L3, (). Then Iu € BD(Q) with
|E(Iu)|(2) < M7|Eu|(2) + M,|DI|(£).

Proof. The proof is similar to the initial parts of the proof of the BV chain rule |20, Theorem 3.96].
Firstly, that Tu € L'(Q) is obvious from both I and u being L' and bounded on €. To bound the
total deformation |E(Iu)|(2), we take C! approximations u® — u and I* — I strongly in L' with
|Eut|(Q) — |Eu|(Q) and |DIY|(Q) — |DI|(2). Then
| o o
E(Iu’) = 5 [V(I'u') + (V(I'u)']
=3 [IY(Vu') + I'(Vu')T + (VI @ u' +u' ® (VI')]
=I'u' +VI' O

Now, since I'u® € C1(Q),

B(I'a)|(9) = / E(TP) e < |17 e / €] do + [[uf]| / VI da
Q Q Q
< My|Ed|(Q) + M, DI|(),

By the lower semicontinuity of the total variation, letting ¢ — oo, we obtain the claim. O
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